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I ʊʨʠʛʦʥʦʤʝʪʨʠʿʩʢʝ ʜʝʬʠʥʠʮʠʿʝ 
ʊʨʠʛʦʥʦʤʝʪʨʠʿʘ (ʛʨʯ. Űɟɑɔɤɜɞɜ ï ʪʨʦʫʛʘʦ, ɛɏŰɟɞɜ ï ʤʿʝʨʝˁʝ) ʿʝ ʛʨʘʥʘ 

ʤʘʪʝʤʘʪʠʢʝ ʢʦʿʘ ʧʨʠʤʘʨʥʦ ʧʨʦʫʯʘʚʘ ʦʜʥʦʩʝ ʠʟʤʝʹʫ ʩʪʨʘʥʘ ʠ ʫʛʣʦʚʘ ʪʨʦʫʛʣʦʚʘ, 

ʢʘʦ ʠ ʧʝʨʠʦʜʠʯʥʝ ʧʦʿʘʚʝ ʧʦʧʫʪ ʪʘʣʘʩʘ. ɼʘˀˁʘ ʧʦʜʿʝʣʘ ʪʨʠʛʦʥʦʤʝʪʨʠʿʝ ʿʝ ʥʘ 

ʛʝʦʤʝʪʨʠʿʩʢʫ, ʘʣʛʝʙʘʨʩʢʫ ʠ ʬʫʥʢʮʠʿʦʥʘʣʫ, ʘ ʦʚʜʿʝ ʩʣʠʿʝʜʠʤʦ ʧʨʚʠ ʜʠʦ ʪʝ 

ʧʦʜʿʝʣʝ.  

 

ʋ ʦʩʥʦʚʠ ʥʘʟʠʚʘ ʪʨʠʛʦʥʦʤʝʪʨʠʿʝ ʩʫ ʪʨʠ ʩʪʘʨʦʛʨʯʢʝ ʠ ʣʘʪʠʥʩʢʝ ʨʠʿʝʯʠ: Tri-Gonia-

Metron (ʪʨʦ-ʫʛʘʦʥʦ-ʤʿʝʨʝˁʝ). ɿʙʠʨ ʩʚʘ ʪʨʠ ʫʛʣʘ ʫ ʪʨʦʫʛʣʫ ʿʝ 180 ̄ʧʘ ʧʨʝʤʘ ʪʦʤʝ 

ʪʨʦʫʛʣʦʚʝ ʜʿʝʣʠʤʦ ʥʘ:  

¶ ʧʨʘʚʦʫʛʣʝ ï ʪʨʦʫʛʣʦʚʠ ʢʦʿʠ ʠʤʘʿʫ ʿʝʜʘʥ ʫʛʘʦ ʧʨʘʚ (90)̄ ʠ ʜʚʘ ʦʰʪʨʘ; 

¶ ʦʰʪʨʦʫʛʣʝ ï ʢʦʿʠ ʠʤʘʿʫ ʩʚʘ ʪʨʠ ʫʛʣʘ ʦʰʪʨʘ (ʤʘˁʘ ʦʜ 90)̄; 

¶ ʪʫʧʦʫʛʣʝ ï ʢʦʿʠʤʘ ʿʝ ʿʝʜʘʥ ʫʛʘʦ ʪʫʧ (ʦʜ 90 ̄ʜʦ 180)̄, ʦʩʪʘʣʘ ʜʚʘ ʦʰʪʨʠ. 

 

ʊʨʦʫʛʣʦʚʝ ʜʠʿʝʣʠʤʦ ʠ ʧʨʝʤʘ ʦʩʦʙʠʥʘʤʘ ˁʠʭʦʚʝ ʪʨʠ ʩʪʨʘʥʠʮʝ ʥʘ: 

¶ ʨʘʟʥʦʩʪʨʘʥʝ ï ʢʦʿʠʤʘ ʩʫ ʩʚʝ ʪʨʠ ʩʪʨʘʥʠʮʝ ʨʘʟʣʠʯʠʪʝ ʜʫʞʠʥʝ; 

¶ ʿʝʜʥʘʢʦʢʨʘʢʝ ï ʢʦʿʠ ʠʤʘʿʫ ʜʚʠʿʝ ʩʪʨʘʥʠʮʝ ʿʝʜʥʘʢʝ; 

¶ ʿʝʜʥʘʢʦʩʪʨʘʥʠʯʥʝ ï ʪʨʦʫʛʣʦʚʠ ʩʘ ʪʨʠ ʤʝʹʫʩʦʙʥʦ ʿʝʜʥʘʢʝ ʩʪʨʘʥʠʮʝ. 

 

ʋ ʘʥʪʠʯʢʦʤ ɽʛʠʧʪʫ, ʫ ʚʨʠʿʝʤʝ ʧʨʠʿʝ 1600. ʛ.ʧ.ʥ.ʝ. ʙʠʣʝ ʩʫ ʧʦʟʥʘʪʝ ʥʝʢʝ ʪʝʦʨʝʤʝ ʦ 

ʩʪʨʘʥʘʤʘ ʪʨʦʫʛʣʘ ʠ ʩʣʠʯʥʦʩʪʠ (ʪʨʠʣʘʪʝʨʘʤʝʪʨʠʿʘ). ʄʝʹʫʪʠʤ, ʉʪʘʨʠ ɽʛʠʧ˂ʘʥʠ ʩʝ 

ʥʠʩʫ ʤʥʦʛʦ ʙʘʚʠʣʠ ʤʿʝʨʝˁʝʤ ʫʛʣʦʚʘ (ʪʨʠʛʦʥʦʤʝʪʨʠʿʦʤ). 

 

 

ɻʨʮʠ, ʩʫ ʩʝ ʦʢʦ 180. ʛ.ʧ.ʥ.ʝ. ʙʘʚʠʣʠ 

ʪʝʪʠʚʘʤʘ ʢʨʫʛʘ ʠ ʘʥʘʣʦʛʥʠʤ 

ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʠʤ ʤʿʝʨʝˁʠʤʘ. ʀʟ 

ʪʦʛ ʧʝʨʠʦʜʘ ʠ ʦʜ ʭʝʣʝʥʠʩʪʠʯʢʠʭ 

ʤʘʪʝʤʘʪʠʯʘʨʘ (ʦʢʦ 150. ʛ.ʧ.ʥ.ʝ.) ʩʫ 

ʥʘʤ ʧʦʟʥʘʪʠ ʛʣʘʚʥʠ ʜʘʥʘʰˁʠ 

ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʠ ʠʜʝʥʪʠʪʝʪʠ.  

 

ʆʜ ɺʘʚʠʣʦˁʘʥʘ ʠʤʘʤʦ ʤʿʝʨʝ 

ʫʛʣʦʚʘ ʫ ʩʪʝʧʝʥʠʤʘ, ʤʠʥʫʪʘʤʘ ʠ 

ʩʝʢʫʥʜʘʤʘ. 

 

ɿʥʘʯʘʿʘʥ ʨʘʟʚʦʿ ʪʨʠʛʦʥʦʤʝʪʨʠʿʝ 

ʟʘʙʠˀʝʞʝʥ ʿʝ ʦʜ ʠʥʜʠʿʩʢʠʭ 

ʤʘʪʝʤʘʪʠʯʘʨʘ 4. ʠ 5. ʚʿʝʢʘ ʥʦʚʝ 

ʝʨʝ, ʤʝʹʫ ʢʦʿʠʤʘ ʩʫ ʥʘʿʠʩʪʘʢʥʫʪʠʿʠ 

ʙʠʣʠ ʉʠʜʭʘʥʪʭʘʩ ʠ ɸʨʠʘʙʭʘʪʘ. 

ɺʿʝʨʫʿʝʤʦ ʜʘ ʧʨʚʝ ʪʘʙʣʠʮʝ ʩʠʥʫʩʘ 

ʠ ʢʦʩʠʥʫʩʘ ʫʨʘʜʠʣʠ ʀʥʜʠʿʮʠ.  

 

ɿʘʪʠʤ ʩʫ ʪʨʠʛʦʥʦʤʝʪʨʠʿʫ ʦʜ 9. ʜʦ  
Claudius Ptolemaeus, 90. ï 186. ʛʦʜ.  

14. ʚʠʿʝʢʘ ʨʘʟʚʠʿʘʣʠ ʂʠʥʝʟʠ, ʘ ʦʜ 14. ʜʦ 18. ʚʠʿʝʢʘ ɽʚʨʦʧˀʘʥʠ. 

 

ʆʜ ʧʨʘʩʪʘʨʠʭ ʚʨʝʤʝʥʘ ʜʦ ʜʘʥʘʩ ʪʨʠʛʦʥʦʤʝʪʨʠʿʘ ʩʝ ʢʦʨʠʩʪʠ ʫ ʚʝʦʤʘ ʨʘʟʣʠʯʠʪʠʤ 

ʜʠʩʮʠʧʣʠʥʘʤʘ ʦʜ ʢʦʿʠ ʩʫ ʥʝʢʝ: ʛʝʦʜʝʟʠʿʘ, ʥʘʚʠʛʘʮʠʿʘ, ʘʩʪʨʦʥʦʤʠʿʘ, ʘʝʨʦʥʘʫʪʠʢʘ. 
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ʇʪʦʣʦʤʝʿʝʚʘ ʪʝʦʨʝʤʘ 0.0.1. ʏʝʪʚʦʨʦʫʛʘʦ ʿʝ ʪʝʪʠʚʘʥ (ʫʧʠʩʘʥ ʫ ʢʨʫʞʥʠʮʫ) ʘʢʦ ʠ 

ʩʘʤʦ ʘʢʦ ʤʫ ʿʝ ʧʨʦʠʟʚʦʜ ʜʠʿʘʛʦʥʘʣʘ ʿʝʜʥʘʢ ʟʙʠʨʫ ʧʨʦʠʟʚʦʜʘ ʩʫʧʨʦʪʥʠʭ ʩʪʨʘʥʠʮʘ, 

ʜʨʫʛʠʤ ʨʠʿʝʯʠʤʘ ʘʢʢʦ ʿʝ ACÖBD = ABÖCD + BCÖAD, ʢʘʦ ʥʘ ʩˀʝʜʝ˂ʦʿ ʩʣʠʮʠ.  

 

ɼʦʢʘʟ: ʇʝʨʠʬʝʨʥʠ ʫʛʣʦʚʠ ʥʘʜ ʠʩʪʦʤ ʪʝʪʠʚʦʤ ʩʫ 

ʿʝʜʥʘʢʠ, ʧʘ ʿʝ ÏBAC = ÏBDC = b ʠ ÏCAD = 

ÏCBD = g. ʅʝʢʘ ʿʝ ÏDCE = ÏBCA = a. ʊʘʜʘ 

ʠʤʘʤʦ ʩʣʠʯʥʝ ʪʨʦʫʛʣʦʚʝ: DCDE ~ DACB ʠ DACD 

~ DBCE. ʆʪʫʜʘ DE : CD = AB : AC ʠ BE : BC = AD 

: AC, ʧʘ ʜʦʙʠʿʘʤʦ DEÖAC = CDÖAB ʠ BEÖAC = 

BCÖAD. ʉʘʙʠʨʘˁʝʤ ʦʚʠʭ ʿʝʜʥʘʢʦʩʪʠ DEÖAC + 

BEÖAC = CDÖAB + BCÖAD, ʪʿ. (DE + BE)ÖAC = 

CDÖAB + BCÖAD. ʂʘʢʦ ʿʝ DE + BE = BD ʪʦ ʿʝ 

BDÖAC = CDÖAB + BCÖAD.§  
 

1. ʇʨʘʚʦʫʛʣʠ ʪʨʦʫʛʘʦ 

ʆʩʥʦʚʥʝ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʝ ʬʫʥʢʮʠʿʝ ʜʝʬʠʥʠʰʝʤʦ ʥʘ ʧʨʘʚʦʫʛʣʦʤ ʪʨʦʫʛʣʫ. 

c

a
=asin , 

c

b
acos , tg a = 

b

a
, ctg a = 

a

b
. 

ʆʩʥʦʚʥʠ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʠ ʠʜʝʥʪʠʪʝʪʠ 

ʩʫ: 

1cossin 22 =+ aa , tg a = 
a

a

cos

sin
, ctg a = 

a

a

sin

cos
, ba cossin = , tg a = ctg b. ʊʘʢʦʹʝ 

 

21
sin

t

t

+
=a , 

21

1
cos

t+
=a , ʛʜʿʝ t = tg a, ʘ ʟʘ ʦʰʪʨʝ ʫʛʣʦʚʝ (0-90̄ ) ʧʨʝʜʟʥʘʢ 

ʿʝ ʧʣʫʩ. 

1.1. ʆʩʥʦʚʥʝ ʦʩʦʙʠʥʝ 

ʆʩʥʦʚʥʝ ʬʦʨʤʫʣʝ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʠʭ ʬʫʥʢʮʠʿʘ ʩʫ ʥʘʤ ʧʦʟʥʘʪʝ ʿʦʰ ʠʟ ʧʨʚʠʭ 

ʨʘʟʨʝʜʘ ʩʨʝʜˁʝ ʰʢʦʣʝ ʧʘ ˂ʝʤʦ ʠʭ ʦʚʜʿʝ ʩʘʤʦ ʧʦʥʦʚʠʪʠ ʢʨʦʟ ʧʨʠʤʿʝʨʝ ʠ ʟʘʜʘʪʢʝ. 

ʊʦ ʩʫ ʜʝʬʠʥʠʮʠʿʝ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʠʭ ʬʫʥʢʮʠʿʘ ʥʘ ʧʨʘʚʦʫʛʣʦʤ ʪʨʦʫʛʣʫ ʠ ʧʘʨ 

ʪʝʦʨʝʤʘ ʟʘ ʨʿʝʰʘʚʘˁʝ ʪʨʦʫʛʣʦʚʘ. 

 

ʇʨʠʤʿʝʨ 1.1.1. ʅʘʠ˂ ʫʛʘʦ a  ʫ (ʦʰʪʨʦʫʛʣʦʤ) ʪʨʦʫʛʣʫ ABC, ʯʠʿʝ ʩʫ ʩʪʨʘʥʠʮʝ AB ʠ  

BC ʜʫʞʠʥʝ 20 ʠ 10 ʮʝʥʪʠʤʝʪʘʨʘ, ʘ ÏB = 50̄ . 

 

ʈʿʝʰʝˁʝ: ʅʘ ʩʣʠʮʠ ʜʝʩʥʦ, ʜʘʪʦʤ ʪʨʦʫʛʣʫ ABC 

ʧʦʚʫʯʝʥʘ ʿʝ ʚʠʩʠʥʘ CD = h, ʢʦʿʘ ʩʪʨʘʥʠʮʫ AB 

ʜʠʿʝʣʠ ʥʘ ʜʫʞʠ AD ʠ DB = q.  

 



ʈʘʩʪʢʦ ɺʫʢʦʚʠ˂: ʄʘʪʝʤʘʪʠʢʘ II 

ɻʠʤʥʘʟʠʿʘ ɹʘˁʘ ʃʫʢʘ, 2011. 7 

ʀʟ DBCD:  
BD

CD
=̄50sin  = 

10

h
  Ú  h = 10Ösin 50̄ , ʪʘʢʦʹʝ 

CD

BD
=̄50cos  = 

10

q
  Ú  q 

= 10Öcos 50̄ . ʉʘ ʜʨʫʛʝ ʩʪʨʘʥʝ, ʠʟ DACD:  tg a = 
q

h

AD

CD

-
=

20
 = 

¯Ö-

¯Ö

50cos1020

50sin10
 = 

0,564425 ʟʘʦʢʨʫʞʝʥʦ ʥʘ 5 ʜʝʮʠʤʘʣʘ. ʆʪʫʜʘ a = 29,44̄. ʂʘʢʦ ʫ ʩʪʝʧʝʥʫ ʠʤʘ 60 

ʤʠʥʫʪʘ, ʘ ʫ ʤʠʥʫʪʠ 60 ʩʝʢʫʥʜʠ, ʟʙʦʛ 0,44̄Ö60 = 26,4ô ʠ 0,4ôÖ60 = 24ò ʜʦʙʠʿʘʤʦ a = 

29̄  26ô 24ò.§ 

 

ʇʨʠʤʿʝʨ 1.1.2. ɹʝʟ ʫʧʦʪʨʝʙʝ ʪʘʙʣʠʮʘ ʠʣʠ ʢʘʣʢʫʣʘʪʦʨʘ ʠʟʨʘʯʫʥʘʪʠ: 

ʘ) tg 15̄ ; ʙ) sin 18̄ . 

 

ʈʿʝʰʝˁʝ:  

ʘ) ʅʘ ʩʣʠʮʠ ʣʠʿʝʚʦ, ʜʘʪ ʿʝ ʿʝʜʥʘʢʦʢʨʘʢʠ ʪʨʦʫʛʘʦ ABC, ʛʜʿʝ ʿʝ 

AB = AC = 2, ÏABC = ÏBCA = 75̄ , ʚʠʩʠʥʘ ʠʟ ʪʿʝʤʝʥʘ B ʜʘʪʦʛ 

ʪʨʦʫʛʣʘ BD = 1.  

 

ʂʘʢʦ ʿʝ AD = 3, ʠʟ ʧʨʘʚʦʫʛʣʦʛ ʪʨʦʫʛʣʘ BCD ʜʦʙʠʿʘʤʦ  

tg 15̄  = CD = AC ï AD = 2 ï 3 . ʇʨʝʤʘ ʪʦʤʝ tg 15̄  = 2 ï 3 . 

 

ʙ) ʅʘ ʩˀʝʜʝ˂ʦʿ ʩʣʠʮʠ ʜʝʩʥʦ ʜʘʪ ʿʝ ʿʝʜʥʘʢʦʢʨʘʢʠ ʪʨʦʫʛʘʦ 

ABC, ʛʜʿʝ ʿʝ AB = AC = 1 ʠ ÏABC = ÏACB = 72̄ . AD ʿʝ  

ʚʠʩʠʥʘ, BE ʿʝ ʩʠʤʝʪʨʘʣʘ ʫʛʣʘ.  

ʅʝʢʘ ʿʝ BC = x. ʊʘʜʘ ʿʝ AE = BE = BC = x ʠ 
2

18sin
x
=̄ . ʀʟ 

ʩʣʠʯʥʦʩʪʠ ʪʨʦʫʛʣʦʚʘ ABC ʠ BCE ʩʣʠʝʿʜʠ x : (1 ï x) = 1 : x, 

ʠʣʠ x
2
 + x ï 1 = 0, ʦʜʥʦʩʥʦ 01

4

1

4

12 =--ö
÷

õ
æ
ç

å
++xx . ʆʪʫʜʘ 

0
4

5

2

1
2

=-ö
÷

õ
æ
ç

å
+x , ʠʣʠ 

2

5

2

1 °
=+x , ʪʿ. 

2

51
2,1

°-
=x . 

ɿʘʜʦʚʦˀʘʚʘ ʩʘʤʦ ʿʝʜʥʦ ʨʿʝʰʝˁʝ 
2

15
1

-
=x . ʇʨʝʤʘ ʪʦʤʝ,  

 

4

15
18sin

-
=̄ , ʪʿ. sin 18̄  = j / 2, ʛʜʿʝ ʿʝ ʙʨʦʿ j  ʪʟʚ. ʟʣʘʪʥʠ ʧʨʝʩʿʝʢ.§ 

 

ɿʘʜʘʮʠ 1.1.3. 

1. ʂʦʨʠʩʪʝ˂ʠ ʩʣʠʢʫ ʧʨʘʚʦʫʛʣʦʛ ʪʨʦʫʛʣʘ: 

ʘ) ʅʘʧʠʩʘʪʠ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʝ ʬʫʥʢʮʠʿʝ ʟʘ ʫʛʣʦʚʝ ʘʣʬʘ ʠ ʙʝʪʘ; 

ʙ) ɼʦʢʘʟʘʪʠ ʦʩʥʦʚʥʝ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʝ ʠʜʝʥʪʠʪʝʪʝ. 

 

2. ʎʨʪʝʞʠʤʘ ʿʝʜʥʘʢʦʩʪʨʘʥʠʯʥʦʛ ʪʨʦʫʛʣʘ ʠ ʢʚʘʜʨʘʪʘ, ʜʦʢʘʟʘʪʠ: 

a 30̄  45̄  60̄  

sin a 
2

1
 

2

2
 

2

3
 

cos a 
2

3
 

2

2
 

2

1
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tg a 
3

3
 1 3  

 

3. ʅʘ˂ʠ ʥʝʧʦʟʥʘʪʠ ʝʣʝʤʝʥʘʪ ʭ ʥʘ ʩʣʠʮʠ:  

  

 
 

4. ʀʟʨʘʯʫʥʘʪʠ ʚʨʠʿʝʜʥʦʩʪʠ ʦʩʪʘʣʠʭ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʠʭ ʬʫʥʢʮʠʿʘ ʦʰʪʨʦʛ ʫʛʣʘ a 

ʠ ʢʦʥʩʪʨʫʠʩʘʪʠ ʦʜʛʦʚʘʨʘʿʫ˂ʠ ʧʨʘʚʦʫʛʣʠ ʪʨʦʫʛʘʦ, ʘʢʦ ʿʝ: 

ʘ) 
13

5
sin =a ;  ʙ) 

25

7
cos =a ;  

ʚ) tg a = 
20

21
;  ʛ) ctg a = 

8

15
.  

 

5. ʄʦʛʫ ʣʠ ʩʠʥʫʩ ʠ ʢʦʩʠʥʫʩ ʠʩʪʦʛ ʫʛʣʘ ʙʠʪʠ:  

ʘ) 
7

2
 ʠ 

7

5
?  ʙ) 

13

5
 ʠ 

13

10
? 

 

6. ʆʜʨʝʜʠʪʠ ʚʨʠʿʝʜʥʦʩʪʠ ʦʩʪʘʣʠʭ ʬʫʥʢʮʠʿʘ ʜʘʪʦʛ ʫʛʣʘ, ʘʢʦ ʩʝ ʟʥʘ:  

ʘ) 32
2

1
15sin -=̄ ;  ʙ) 22

2

1
'3022cos +=¯ . 

 

7. ɸʢʦ ʿʝ tg x = 2, ʠʟʨʘʯʫʥʘʪʠ 
xx

xx
33

33

cossin

cossin

-

+
. 

 

8. ɸʢʦ ʿʝ 1
cos2sin

cossin3
=

+

-

xx

xx
, ʠʟʨʘʯʫʥʘʪʠ tg x. 

 

9. ɸʢʦ ʿʝ tg x + ctg x = a, ʠʟʨʘʯʫʥʘʪʠ tg
2
 x + ctg

2
 x.  

 

10. ɸʢʦ ʿʝ sin x + cos x = a ʠ sin xÖcos x = b, ʜʦʢʘʟʘʪʠ ʜʘ ʿʝ )1(
2

1 2-= ab .  

 

11. ʋʧʨʦʩʪʠʪʠ ʠʟʨʘʟ 
b

b

sin1

cos

+
 + tg b. 

 

12. ʄʘʨʢʦ ʿʝ ʦʪʠʰʘʦ 8 ʢʠʣʦʤʝʪʘʨʘ ʫ ʧʨʘʚʮʫ ʩʿʝʚʝʨʦʠʩʪʦʢʘ, ʟʘʪʠʤ 11 km ʫ ʧʨʘʚʮʫ 

ʿʫʛʦʠʩʪʦʢʘ. ʅʘ˂ʠ ˁʝʛʦʚʫ ʫʜʘˀʝʥʦʩʪ ʦʜ ʧʦʯʝʪʥʝ ʪʘʯʢʝ ʠ ʫʛʘʦ ʫ ʦʜʥʦʩʫ ʥʘ ʩʿʝʚʝʨ. 

[13,6 km; 98,97̄ ] 
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1.2. ʆʩʥʦʚʥʝ ʧʨʠʤʿʝʥʝ 

ʋ ʟʝʤˀʠʰʥʦʿ ʥʘʚʠʛʘʮʠʿʠ, ʫʛʘʦ ʠʟʤʝʹʫ ʧʨʘʚʮʘ ʩʿʝʚʝʨʘ ʠ ʜʘʪʦʛ ʧʨʘʚʮʘ ʥʘʟʠʚʘ ʩʝ 

ʩʿʝʚʝʨʥʠ ʘʟʠʤʫʪ (ʘʨ. ϜЬЀаϤ as-simt ï ʧʨʘʚʘʮ), ʠʣʠ ʙʝʨʠʥʛ (ʝʥʛ. bearing). 

ɽʥʛʣʝʩʢʠ, ʙʝʨʠʥʛ ʿʝ ʫʛʘʦ ʫ ʩʪʝʧʝʥʠʤʘ ʤʿʝʨʝʥ ʫ ʩʤʿʝʨʫ ʢʘʟʘˀʢʝ ʥʘ ʩʘʪʫ ʢʦʿʠ ʩʝ 

ʦʙʠʯʥʦ ʧʠʰʝ ʪʨʦʮʠʬʨʝʥʦ ʠ ʟʘʚʨʰʘʚʘ ʩʣʦʚʦʤ ʊ. ʅʘ ʧʨʠʤʿʝʨ 045ʊ̄ ʿʝ 

ʩʿʝʚʝʨʦʠʩʪʦʯʥʦ, ʥʘ 225ʊ̄ ʿʝ ʿʫʛʦʟʘʧʘʜ. 

 

ʇʨʠʤʿʝʨ 1.2.1. ʇʨʚʠʤ ʦʩʤʘʪʨʘˁʝʤ ʩʘ ʙʨʦʜʘ ʢʦʿʠ ʧʣʦʚʠ ʢʘ ʠʩʪʦʢʫ ʦʧʘʞʝʥʦ ʿʝ 

ʩʚʝʪʠʦʥʠʢ ʥʘ ʧʨʘʚʮʫ (ʙʝʨʠʥʛʫ) 050ʊ̄. ʂʘʜʘ ʿʝ ʙʨʦʜ ʧʨʝʰʘʦ 4 ʢʠʣʦʤʝʪʘʨʘ ʠʩʪʠ 

ʩʚʿʝʪʠʦʥʠʢ ʿʝ ʦʧʘʞʝʥ ʩʘ ʧʨʘʚʮʝʤ 035ʊ̄. ʂʦʣʠʢʘ ʿʝ ʫʜʘˀʝʥʦʩʪ ʠʟʚʦʨʘ ʩʚʿʝʪʣʘ ʦʜ 

ʙʨʦʜʘ ʫ ʜʨʫʛʦʤ ʦʧʘʞʘˁʫ?  

 

ʈʿʝʰʝˁʝ: ʅʘ ʩʣʠʮʠ ʜʝʩʥʦ, ʙʨʦʜ ʩʘ ʧʨʚʝ ʪʘʯʢʝ A ʦʧʘʞʘ ʩʚʿʝʪʠʦʥʠʢ, ʪʘʯʢʫ D ʧʦʜ  

ʫʛʣʦʤ a = 050̄  ʫ ʦʜʥʦʩʫ ʥʘ ʩʿʝʚʝʨ (ʝʥʛ. North), ʟʘʪʠʤ 

ʥʘʢʦʥ ʧʨʝʹʝʥʠʭ m = 4 km ʧʣʦʚʝ˂ʠ ʫ ʧʨʘʚʮʫ ʠʩʪʦʢʘ 

(East), ʠʟ ʪʘʯʢʝ B ʠʩʪʫ ʪʘʯʢʫ D ʦʧʘʞʘ ʧʦʜ ʫʛʣʦʤ 

(bearing) b = 035̄. ʅʘ ʧʨʘʚʮʫ ʧʫʪʦʚʘˁʘ ʙʨʦʜʘ 

ʥʘʿʙʣʠʞʘ ʪʘʯʢʘ ʩʚʝʪʠʦʥʠʢʫ ʿʝ C. ʀʟ DACD ʠʤʘʤʦ 

tg(90̄ -a) = 
dm

b

AC

DC

+
= , ʪʿ. b = (m + d)Öctg a . 

 

ʀʟ DBCD ʠʤʘʤʦ tg(90̄ -b) = 
d

b

BC

DC
= , ʪʿ. b = dÖctg b.  

ʆʪʫʜʘ (m + d)Öctg a = dÖctg b, ʪʝ BC = 
ab

a

ctgctg

ctg

-

Ö
=

m
d  º 5,7 km, ʧʘ ʿʝ  

DC = 
ab

ba

ctgctg

ctgctg

-

ÖÖ
=

m
b  º 8,1 km.  

ʂʦʨʠʩʪʝ˂ʠ ʇʠʪʘʛʦʨʠʥʫ ʪʝʦʨʝʤʫ BD
2
 = BC

2
 + CD

2
, ʪʿ. c

2
 = d

2
 + b

2
 ʜʦʙʠʿʘʤʦ 

bsin

d
c=  º 9,9 km.§ 

 

ɽʣʝʚʘʮʠʿʘ ʿʝ ʚʠʩʠʥʘ ʪʘʯʢʝ ʠʟʥʘʜ ʥʝʢʝ ʦʩʥʦʚʝ, ʠʣʠ ʨʘʚʥʠ. ʋʛʘʦ ʝʣʝʚʘʮʠʿʝ ʿʝ ʫʛʘʦ 

ʧʦʜ ʢʦʿʠʤ ʩʝ ʚʠʜʠ ʫʟʚʠʰʝʥʘ ʪʘʯʢʘ. ʉʣʠʯʥʦ, ʫʛʘʦ ʜʝʧʨʝʩʠʿʝ ʿʝ ʫʛʘʦ ʧʦʜ ʢʦʿʠʤ ʩʝ 

ʚʠʜʠ ʥʝʢʘ ʪʘʯʢʘ ʠʩʧʦʜ ʥʝʢʝ ʦʩʥʦʚʝ, ʠʣʠ ʨʘʚʥʠ. 

 

ʇʨʠʤʿʝʨ 1.2.2. ʆʜ ʪʘʯʢʝ A ʫ ʧʨʘʚʮʫ ʩʿʝʚʝʨʘ ʜʦ ʧʦʜʥʦʞʿʘ ʩʪʿʝʥʝ ʠʤʘ 100 ʤʝʪʘʨʘ, ʘ 

ʫʛʘʦ ʝʣʝʚʘʮʠʿʝ ʚʨʭʘ ʩʪʠʿʝʥʝ ʿʝ 35.̄ ɺʨʭ ʩʪʠʿʝʥʝ ʩʝ ʚʠʜʠ ʠʟ ʪʘʯʢʝ B ʫ ʧʨʘʚʮʫ 

ʠʩʪʦʢʘ ʧʦʜ ʫʛʣʦʤ ʝʣʝʚʘʮʠʿʝ 25.̄ ʂʦʣʠʢʦ ʩʫ ʫʜʘˀʝʥʝ ʪʘʯʢʝ A ʠ B ? 

 

ʈʿʝʰʝˁʝ: ʅʘ ʩʣʠʮʠ ʣʠʿʝʚʦ, ÏCAD = a = 35̄  ʫʛʘʦ ʝʣʝʚʘʮʠʿʝ ʚʨʭʘ ʩʪʠʿʝʥʝ (D) ʠʟ 

 

ʪʘʯʢʝ A. ʋʜʘˀʝʥʦʩʪ ʜʦ ʧʦʜʥʦʞʿʘ 

ʩʪʿʝʥʝ ʿʝ AC = b = 100 m. ʋʛʘʦ 

ʝʣʝʚʘʮʠʿʝ ʩʪʿʝʥʝ ʠʟ ʠʩʪʦʯʥʝ ʪʘʯʢʝ B ʿʝ 

ÏCBD = b = 25̄ .  

ʀʟ DABC ʠʤʘʤʦ AB
2
 = AC

2
 + BC

2
.  

ʀʟ DBCD ʠʤʘʤʦ tg b = 
BC

CD
.  
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ʀʟ DACD ʠʤʘʤʦ tg a = 
b

h

AC

CD
= , ʪʿ. h = bÖtg a = 100Ötg 35̄  º 70 ʤʝʪʘʨʘ. ʀʟ 

ʧʨʝʪʭʦʜʥʝ, a =
btg

CD
BC=  = 

b

a

tg

tgÖb
 = 

¯

¯Ö

25tg

35tg100
 º 150 m. ʇʦʥʦʚʦ ʧʨʝʜʭʦʜʥʘ 

ʿʝʜʥʘʢʦʩʪ c
2
 = b

2
 + a

2
, ʩʘʜʘ ʜʘʿʝ c

2
 =  b

2
 + 

b

a
2

22

tg

tgb
, ʪʿ. ba 22 ctgtg1 Ö+=bc  º 

180 m. ʇʨʝʤʘ ʪʦʤʝ, ʪʨʘʞʝʥʘ ʫʜʘˀʝʥʦʩʪ AB ʧʨʠʙʣʠʞʥʦ ʿʝ 180 ʤʝʪʘʨʘ.§ 

 

ɿʘʜʘʮʠ 1.2.3. 

1. ʋʛʘʦ ʜʝʧʨʝʩʠʿʝ ʩʘ ʟʛʨʘʜʝ ʚʠʩʦʢʝ 30 ʤʝʪʘʨʘ ʧʦʜ ʢʦʿʠʤ ʩʝ ʚʠʜʠ ʦʙʣʠʞˁʘ 

ʬʦʥʪʘʥʘ ʿʝ 48.̄ ʂʦʣʠʢʘ ʿʝ ʫʜʘˀʝʥʦʩʪ ʬʦʥʪʘʥʝ ʜʦ ʟʛʨʘʜʝ? 

 

2. ʂʘʜʘ ʿʝ ʉʫʥʮʝ ʧʦʜ ʫʛʣʦʤ 70 ̄ʠʟʥʘʜ ʭʦʨʠʟʦʥʪʘ, ʚʝʨʪʠʢʘʣʥʠ ʰʪʘʧ ʙʘʮʘ ʩʿʝʥʢʫ 

ʜʫʞʠʥʝ 9 m. ʂʦʣʠʢʘ ʿʝ ʩʿʝʥʢʘ ʠʩʪʦʛ ʰʪʘʧʘ ʢʘʜʘ ʿʝ ʉʫʥʮʝ ʧʦʜ ʫʛʣʦʤ 60 ̄? 

 

3. ɻʨʘʜʦʚʠ A ʠ B ʩʫ ʫʜʘˀʝʥʠ 60 km. ʉʧʦʨʪʩʢʠ ʘʝʨʦʜʨʦʤ ʿʝ ʦʜ ʛʨʘʜʘ A ʫ ʦʜʥʦʩʫ 

ʥʘ ʧʨʘʚʘʮ ʩʿʝʚʝʨʘ (ʙʝʨʠʥʛ) ʧʦʜ ʫʛʣʦʤ 050ʊ̄, ʘ ʠʩʪʠ ʿʝ ʫ ʦʜʥʦʩʫ ʥʘ ʛʨʘʜ B ʧʦʜ 

ʫʛʣʦʤ 300ʊ̄. ʂʦʣʠʢʘ ʿʝ ʫʜʘˀʝʥʦʩʪ ʩʧʦʨʪʩʢʦʛ ʘʝʨʦʜʨʦʤʘ ʦʜ ʛʨʘʜʘ ɸ ? 

 

4. ʅʘ ʩʣʠʮʠ ʜʝʩʥʦ ʚʠʜʠʤʦ ʢʣʠʥ ʫʛʣʘ ÏCBE 

= 20̄  ʠ ʚʠʩʠʥʝ ʦʩʥʦʚʝ CE = 10 cm. ɸʢʦ ʩʝ 

ʟʥʘ ʜʘ ʿʝ ÏEAF = 60̄ , ʢʦʣʠʢʠ ʩʫ ʨʘʩʪʦʿʘˁʝ 

AE ʠ ʫʛʘʦ ÏEAC ? 

 
5. ʅʘ˂ʠ ʧʦʚʨʰʠʥʝ ʪʨʦʫʛʣʦʚʘ ʥʘ ʩʣʠʢʘʤʘ, ʨʘʟʣʘʞʫ˂ʠ ʠʭ ʥʘ ʧʨʘʚʦʫʛʣʝ:  

 

 
 

 

6. ʇʦʚʨʰʠʥʘ ʪʨʦʫʛʣʘ ʥʘ ʩˀʝʜʝ˂ʦʿ ʩʣʠʮʠ ʿʝ 110 cm
2
. ʅʘ˂ʠ x. 

 

1.3. ʉʠʥʫʩʥʘ ʠ ʢʦʩʠʥʫʩʥʘ ʪʝʦʨʝʤʘ 

ɼʘʪ ʿʝ ʧʨʦʠʟʚʦˀʘʥ ʪʨʦʫʛʘʦ ʩʘ ʪʿʝʤʝʥʠʤʘ A, B ʠ C, ʫʛʣʦʚʠʤʘ ʨʝʜʦʤ a, b ʠ g, ʠ 
ʥʘʩʧʨʘʤʥʠʤ ʩʪʨʘʥʠʮʘʤʘ a, b ʠ c. R ʠ r ʩʫ ʧʦʣʫʧʨʝʯʥʠʮʠ ʦʧʠʩʘʥʝ ʠ ʫʧʠʩʘʥʝ 

ʢʨʫʞʥʠʮʝ ʜʘʪʦʛ ʪʨʦʫʛʣʘ.  

 

ʈʿʝʰʠʪʠ ʪʨʦʫʛʘʦ ʟʥʘʯʠ ʥʘ˂ʠ ˁʝʛʦʚʝ ʩʪʨʘʥʠʮʝ ʠ ʫʛʣʦʚʝ. 
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ʉʠʥʫʩʥʘ ʪʝʦʨʝʤʘ: 

R
cba

2
sinsinsin

===
gba

, 

ʥʘʿʯʝʰ˂ʝ ʩʣʫʞʠ ʟʘ ʨʿʝʰʘʚʘˁʝ ʪʨʦʫʛʣʘ ʢʘʜʘ ʩʫ ʜʘʪʘ ʜʚʘ ˁʝʛʦʚʘ ʫʛʣʘ ʠ ʩʪʨʘʥʠʮʘ, 

ʠʣʠ ʩʫ ʜʘʪʝ ʜʚʠʿʝ ʩʪʨʘʥʠʮʝ ʠ ʫʛʘʦ ʥʘʩʧʨʘʤ ʿʝʜʥʝ ʦʜ ˁʠʭ. ʉʚʠ ʦʚʠ ʩʣʫʯʘʿʝʚʠ 

ʠʤʘʿʫ ʿʝʜʥʦ ʨʿʝʰʝˁʝ, ʦʩʠʤ ʧʦʩˀʝʜˁʝʛ ï ʢʘʜʘ ʠʤʘʤʦ ʜʚʘ ʨʿʝʰʝˁʘ ʘʢʦ ʿʝ ʜʘʪʠ 

ʫʛʘʦ ʥʘʩʧʨʘʤ ʢʨʘ˂ʝ ʩʪʨʘʥʝ. 

 

ʂʦʩʠʥʫʩʥʘ ʪʝʦʨʝʤʘ:  

a
2
 = b

2
 + c

2
 ï 2bcÖcos a,  

b
2
 = c

2
 + a

2
 ï 2caÖcos b,  

c
2
 = a

2
 + b

2
 ï 2abÖcos g.  

ʂʦʩʠʥʫʩʥʘ ʪʝʦʨʝʤʘ ʩʣʫʞʠ ʟʘ ʨʿʝʰʘʚʘˁʝ ʪʨʦʫʛʣʘ ʢʘʜʘ ʩʫ ʜʘʪʠ ˁʝʛʦʚ ʫʛʘʦ ʠ 

ʟʘʭʚʘ˂ʝʥʝ ʜʚʠʿʝ ʩʪʨʘʥʝ, ʠʣʠ ʩʫ ʧʦʟʥʘʪʝ ʩʚʝ ʪʨʠ ʩʪʨʘʥʝ. 

 

ʇʦʚʨʰʠʥʘ ʪʨʦʫʛʣʘ ʿʝ 

2

aha
P

Ö
=D  = gsin

2

ab
 = 

R

abc

4
 = rs, ʛʜʿʝ ʿʝ ʧʦʣʫʦʙʠʤ 

2

cba
s

++
= .  

ɱʝʜʥʘʢʦ ʚʘʞʠ ʠ ʍʝʨʦʥʦʚ ʦʙʨʘʟʘʮ ))()(( csbsassP ---=D . 

 

ɿʘʜʘʮʠ 1.3.1.  

1. ʉʘ ʚʨʭʘ ʟʛʨʘʜʝ ʚʠʩʦʢʝ 80 ʤʝʪʘʨʘ ʚʠʜʠ ʩʝ ʚʨʭ ʜʨʚʝʪʘ ʧʦʜ ʫʛʣʦʤ ʜʝʧʨʝʩʠʿʝ 63.̄ 

ʉʘ ʧʦʜʥʦʞʿʘ ʟʛʨʘʜʝ ʚʨʭ ʠʩʪʦʛ ʜʨʚʝʪʘ ʩʝ ʚʠʜʠ ʧʦʜ ʫʛʣʦʤ 34.̄  

ʘ) ʂʦʣʠʢʦ ʿʝ ʚʠʩʦʢʦ ʜʨʚʦ? 

ʙ) ʂʦʣʠʢʦ ʿʝ ʜʨʚʦ ʫʜʘˀʝʥʦ ʦʜ ʟʛʨʘʜʝ? 

[20,5 m; 30,3m] 

 

2. ʇʨʦʬʝʩʠʦʥʘʣʥʠ ʬʫʜʙʘʣʩʢʠ ʛʦʣ ʿʝ ʚʠʩʠʥʝ 2,44 ʤʝʪʨʘ (8 ʩʪʦʧʘ) ʠ ʰʠʨʠʥʝ 7,32 m 

(24 ʩʪʦʧʝ). ʇʝʥʘʣ ʩʝ ʰʫʪʠʨʘ ʩʘ ʫʜʘˀʝʥʦʩʪʠ 11 m ʨʘʚʥʦ ʠʩʧʨʝʜ ʛʦʣʘ. 

ʘ) ʂʘʜʘ ʰʫʪʠʨʘ ʧʝʥʘʣ ʧʦʜ ʢʦʿʠʤ ʫʛʣʦʤ ʠʛʨʘʯ ʚʠʜʠ (ʭʦʨʠʟʦʥʪʘʣʥʠ) ʨʘʟʤʘʢ 

ʩʪʘʪʠʚʘ; ʧʦʜ ʢʦʿʠʤ ʫʛʣʦʤ (ʝʣʝʚʘʮʠʿʦʤ) ʩʝ ʚʠʜʠ ʧʨʝʯʢʘ? 

ʙ) ʂʘʜʘ ʿʝ ʬʫʜʙʘʣʝʨ ʫʜʘˀʝʥ 23 m ʦʜ ʿʝʜʥʝ ʩʪʘʪʠʚʝ ʠ 21 m ʦʜ ʜʨʫʛʝ, ʧʦʜ ʢʦʿʠʤ ˂ʝ 

ʫʛʣʦʤ ʚʠʜʿʝʪʠ ʛʦʣ (ʩʪʘʪʠʚʝ)?  

[36,8̄ ; 12,5̄ ;18,4̄ ]  

 

3. ɼʦʢʘʟʘʪʠ ʩʠʥʫʩʥʫ ʪʝʦʨʝʤʫ. 

 

4. ɼʦʢʘʟʘʪʠ ʢʦʩʠʥʫʩʥʫ ʪʝʦʨʝʤʫ. 

 

5. ʅʘ˂ʠ ʧʦʚʨʰʠʥʫ DABC ʜʘʪʦʛ ʩˀʝʜʝ˂ʠʤ ʜʠʿʘʛʨʘʤʦʤ. 

 
 

6. ʅʘ ʩˀʝʜʝ˂ʦʿ ʩʣʠʮʠ ʿʝ ʧʨʠʢʘʟʘʥʘ ʯʝʚʦʨʦʫʛʘʦʥʘ ʙʘʟʘ ABCD ʫʩʧʨʘʚʥʝ ʧʨʠʟʤʝ 

ʚʠʩʠʥʝ 0,5 ʤʝʪʘʨʘ. ʅʘ˂ʠ BD, ÏABD, BC, ʧʦʚʨʰʠʥʫ ʙʘʟʝ ʠ ʟʘʧʨʝʤʠʥʫ ʧʨʠʟʤʝ. 
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[55,7 cm; 51̄ ; 48,7 cm; 1957 cm

2
; 978272 cm

3
] 

 

7. ɱʘʭʪʘ ʧʣʦʚʠ 7 km ʫʛʣʦʤ (ʙʝʨʠʥʛʦʤ) 130ʊ̄, ʟʘʪʠʤ 5 km ʫʛʣʦʤ 060ʊ̄.  

ʘ) ʂʦʣʠʢʦ ʿʝ ʫʜʘˀʝʥʘ ʦʜ ʧʦʯʝʪʥʝ ʧʦʟʠʮʠʿʝ? 

ʙ) ʂʦʣʠʢʠ ʿʝ ˁʝʥ ʩʿʝʚʝʨʥʠ ʫʛʘʦ (ʙʝʨʠʥʛ) ʫ ʦʜʥʦʩʫ ʥʘ ʧʦʯʝʪʥʫ ʧʦʟʠʮʠʿʫ? 

[9,9 km; 101,7̄ʊ] 

2. ɱʝʜʠʥʠʯʥʘ ʢʨʫʞʥʠʮʘ 

ɺʨʠʿʝʜʥʦʩʪʠ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʠʭ ʬʫʥʢʠʮʠʿʘ ʩʝ ʤʦʛʫ ʨʘʟʫʤʿʝʪʠ ʛʝʦʤʝʪʨʠʿʩʢʠ ʠ 

ʧʦʤʦ˂ʫ ʿʝʜʠʥʠʯʥʝ ʢʨʫʞʥʠʮʝ ʙʝʟ ʢʦʦʨʜʠʥʘʪʥʦʛ ʩʠʩʪʝʤʘ, ʢʘʦ ʥʘ ʩˀʝʜʝ˂ʦʿ ʩʣʠʮʠ. 

 

asin=AD  - ʩʠʥʫʩ ʫʛʣʘ ʘʣʬʘ,  

acos=OA  - ʢʦʩʠʥʫʩ, 

CD = tg a - ʪʘʥʛʝʥʩ, 

DE = ctg a - ʢʦʪʘʥʛʝʥʩ, 

OC = sec a 
acos

1
=  - ʩʝʢʘʥʩ, 

OE = csec a 
asin

1
=  - 

ʢʦʩʝʢʘʥʩ. 

ɿʘʪʠʤ, ʩʠʥʫʩ ʚʝʨʩʫʩ ʠ ʝʢʩ 

ʩʝʢʘʥʩ: 

AB = versin a = 1 ï cos a, 

BC = exsec a = sec a - 1. 

ʅʘʚʦʜʠʤʦ ʿʝ ʩʘʤʦ ʨʘʜʠ ʢʦʤʧʣʝʪʠʨʘˁʘ ʜʝʬʠʥʠʮʠʿʘ ʩʚʠʭ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʠʭ 

ʬʫʥʢʮʠʿʘ, ʘ ʤʝʹʫ ˁʠʤʘ ʠ ʪʘʢʚʠʭ ʢʘʦ ʰʪʦ ʩʫ ʢʦʩʝʢʘʥʩ, ʠʣʠ ʚʝʨʩʫʩ ʩʠʥʫʩ ʩʘ 

ʢʦʿʠʤʘ ʦʚʜʿʝ ʥʝ ʨʘʜʠʤʦ.  

 

ʋ ʩˀʝʜʝ˂ʘ ʜʚʘ ʧʨʠʤʿʝʨʘ, ʥʘʩʫʧʨʦʪ ʩʪʨʘʥʠʮʘʤʘ a, b ʠ c ʪʨʦʫʛʣʘ ABC ʥʘʣʘʟʝ ʩʝ 

ʫʛʣʦʚʠ a, b ʠ g. ʇʦʣʫʧʨʝʯʥʠʢ ʢʨʫʞʥʠʮʝ ʫʧʠʩʘʥʝ ʫ ʪʨʦʫʛʘʦ ʦʟʥʘʯʘʚʘʤʦ ʩʘ r, ʘ 

ʧʦʣʫʧʨʝʯʥʠʢ ʦʧʠʩʘʥʝ ʩʘ R. 
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ʇʨʠʤʿʝʨ 2.0.1. ʉʠʥʫʩʥʘ ʪʝʦʨʝʤʘ. 

ɼʦʢʘʟʘʪʠ R
cba

2
sinsinsin

===
gba

 

 

ɼʦʢʘʟ: ʅʘ ʩʣʠʮʠ ʜʝʩʥʦ, DABC ʿʝ ʫʧʠʩʘʥ ʫ ʢʨʫʛ 

ʧʨʝʯʥʠʢʘ 2R = A1C. ʋʛʘʦ ʥʘʜ ʧʨʝʯʥʠʢʦʤ Ï A1BC 

ʿʝ ʧʨʘʚ, ʘ ʫʛʣʦʚʠ Ïɸ ʠ Ïɸ1 ʥʘʜ ʠʩʪʦʤ ʪʝʪʠʚʦʤ 

BC ʩʫ ʿʝʜʥʘʢʠ a. ɿʘʪʦ ʿʝ 
R

a

2
sin =a , ʪʿ. 

R
a

2
sin

=
a

.   

ɸʥʘʣʦʛʥʦ ʜʦʙʠʿʘʤʦ R
b

2
sin

=
b

 ʠ R
c

2
sin

=
g

, ʧʘ ʠʟ ʪʨʘʥʟʠʪʠʚʥʦʩʪʠ ʿʝʜʥʘʢʦʩʪʠ 

ʩʣʠʿʝʜʠ ʩʠʥʫʩʥʘ ʪʝʦʨʝʤʘ. § 

 

ʇʨʠʤʿʝʨ 2.0.2. ɼʦʢʘʟʘʪʠ ʢʦʩʠʥʫʩʥʫ ʪʝʦʨʝʤʫ: 

acos2222 bccba -+= , 

bcos2222 accab -+= , 

gcos2222 abbac -+= . 

 

ɼʦʢʘʟ: ʅʘ ʩʣʠʮʠ ʜʝʩʥʦ, ʚʠʩʠʥʘ h = CD 

ʪʨʦʫʛʣʘ ABC ʜʿʝʣʠ ʩʪʨʘʥʠʮʫ c ʥʘ ʦʜʩʿʝʯʢʝ x ʠ 

y. ʇʨʝʤʘ  

ʇʠʪʘʛʦʨʠʥʦʿ ʪʝʦʨʝʤʠ ʠʤʘʤʦ 22222 xbyah -=-= , ʧʘ ʟʙʦʛ xcy -=  ʩʣʠʿʝʜʠ 
22222 )2( xbxcxca -=+--  ʠ ʦʪʫʜʘ cxcba 2222 -+= . ʂʘʢʦ ʿʝ acosbx= , ʪʦ ʿʝ 

ʜʦʢʘʟʘʥʘ ʧʨʚʘ ʦʜ ʿʝʜʥʘʢʦʩʪʠ. ɸʥʘʣʦʛʥʦ, ʨʘʜʠʤʦ ʩʘ ʦʩʪʘʣʝ ʜʚʠʿʝ ʚʠʩʠʥʝ. § 

 

ɿʘʜʘʪʘʢ 2.0.3.  
1. ʏʦʚʿʝʢ ʢʦʿʠ ʩʪʦʿʠ 5 ʤʝʪʘʨʘ ʫʜʘˀʝʥ ʦʜ ʫʣʠʯʥʝ ʩʚʿʝʪʠˀʢʝ ʙʘʮʘ ʩʿʝʥʢʫ ʜʫʛʫ 9 ʤ 

ʥʘ ʨʘʚʥʫ ʧʦʜʣʦʛʫ.  

ʘ) ʂʦʣʠʢʘ ʿʝ ʚʠʩʠʥʘ ʩʚʿʝʪʠˀʢʝ, ʘʢʦ ʿʝ ʫʛʘʦ ʝʣʝʚʘʮʠʿʝ ʚʨʭʘ ʩʿʝʥʢʝ 12?̄ 

ʙ) ɸʢʦ ʯʦʚʿʝʢ ʩʪʦʿʠ ʥʘ ʧʦʯʝʪʢʫ ʫʟʙʨʜʠʮʝ ʥʘʛʠʙʘ 25,̄ ʢʦʣʠʢʘ ʿʝ ʜʫʞʠʥʘ ʩʿʝʥʢʝ? 

 

2. ʈʘʩʪʦʿʘˁʝ ʠʟʤʝʹʫ ʩʪʘʪʠʚʘ ʬʫʜʙʘʣʩʢʦʛ ʛʦʣʘ ʿʝ 7,32 ʤʝʪʨʘ. ʀʛʨʘʯ ʿʝ ʫʜʘˀʝʥ 30 ʤ 

ʦʜ ʿʝʜʥʝ ʩʪʘʪʠʚʝ, ʘ 32 ʤ ʦʜ ʜʨʫʛʝ. ʇʦʜ ʢʦʿʠʤ ʫʛʣʦʤ ʦʥ ʚʠʜʠ ʛʦʣ? 

 

3. ʉʫʩʿʝʜʥʝ ʩʪʨʘʥʝ ʧʘʨʘʣʝʣʦʛʨʘʤʘ ʩʫ ʜʫʞʠʥʘ 3,8 ʮʤ ʠ 5,2 ʮʤ. ʋʛʘʦ ʠʟʤʝʹʫ ˁʠʭ ʿʝ 

40̄ . ʂʦʣʠʢʘ ʿʝ ʜʫʞʠʥʘ ʢʨʘ˂ʝ ʜʠʿʘʛʦʥʘʣʝ? 

 

4. ʊʨʦʫʛʘʦ ʠʤʘ ʫʛʣʦʚʝ 56,̄ 20̄  ʠ 104.̄ ʅʘʿʢʨʘ˂ʘ ʩʪʨʘʥʘ ʿʝ ʜʫʞʠʥʝ 30 ʮʤ. ʂʦʣʠʢʘ 

ʿʝ ʥʘʿʜʫʞʘ ʩʪʨʘʥʘ? 

 

5. ʂʘʟʘˀʢʝ ʯʘʩʦʚʥʠʢʘ ʩʫ ʜʫʞʠʥʝ 6 ʠ 8 ʮʤ. ʅʘ˂ʠ ʨʘʩʪʦʿʘˁʝ ʠʟʤʝʹʫ ʚʨʭʦʚʘ 

ʢʘʟʘˀʢʠ, ʘʢʦ ʿʝ 1 ʯʘʩ ʠ 10 ʤʠʥ. 

 

6. ɸʢʦ ʿʝ ʦʜʥʦʩ ʢʦʩʠʥʫʩʘ ʜʚʘ ʫʛʣʘ ʿʝʜʥʘʢ ʦʜʥʦʩʫ ʩʠʥʫʩʘ ʠʩʪʠʭ ʫʛʣʦʚʘ ʦʥʜʘ ʿʝ 

ʪʨʦʫʛʘʦ ʿʝʜʥʘʢʦʢʨʘʢʠ. ɼʦʢʘʟʘʪʠ. 
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2.1. ʊʨʠʛʦʥʦʤʝʪʨʠʿʩʢʘ ʢʨʫʞʥʠʮʘ 

 

ɺʨʠʿʝʜʥʦʩʪʠ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʠʭ 

ʬʫʥʢʮʠʿʘ ʟʘ ʫʛʣʦʚʝ ʚʝ˂ʝ ʦʜ ʦʰʪʨʠʭ, 

ʠʣʠ ʟʘ ʥʝʛʘʪʠʚʥʝ ʫʛʣʦʚʝ ʜʝʬʠʥʠʰʝʤʦ 

ʧʦʤʦ˂ʫ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʝ 

ʢʨʫʞʥʠʮʝ. ʊʦ ʿʝ ʢʨʫʞʥʠʮʘ ʩʘ 

ʧʦʣʫʧʨʝʯʥʠʢʦʤ 1 (ʿʝʜʠʥʠʯʥʘ 

ʢʨʫʞʥʠʮʘ) ʠ ʮʝʥʪʨʦʤ ʫ ʠʩʭʦʜʠʰʪʫ 

ʢʦʦʨʜʠʥʘʪʥʦʛ ʧʦʯʝʪʢʘ. 

 

ɸʧʩʮʠʩʘ ʠ ʦʨʜʠʥʘʪʘ ʩʫ ʨʝʜʦʤ 

ʢʦʩʠʥʫʩʥʘ ʠ ʩʠʥʫʩʥʘ ʦʩʘ, ʪʘʥʛʝʥʪʝ ʫ 

ʢʨʘʿˁʦʿ ʜʝʩʥʦʿ ʠ ʛʦʨˁʦʿ ʪʘʯʢʠ 

ʢʨʫʞʥʠʮʝ ʩʫ ʪʘʥʛʝʥʩʥʘ ʠ 

ʢʦʪʘʥʛʝʥʩʥʘ ʦʩʘ. 

OA = cos a - ʢʦʩʠʥʫʩ ʘʣʬʘ, OF = sin a - ʩʠʥʫʩ, BC = tg a ʪʘʥʛʝʥʩ, ED = ctg a.  

 

ʈʘʜʠʿʘʥ ʿʝ ʜʫʞʠʥʘ ʣʫʢʘ (BG) ʿʝʜʠʥʠʯʥʝ ʢʨʫʞʥʠʮʝ ʢʦʿʠ ʩʝ ʚʠʜʠ ʧʦʜ ʜʘʪʠʤ ʫʛʣʦʤ 

(ÏBOG) ʠʟ ʮʝʥʪʨʘ ʢʨʫʛʘ. ʆʙʠʤ ʿʝʜʠʥʠʯʥʝ ʢʨʫʞʥʠʮʝ ʿʝ 2p º 6,28319, ʘ ʪʦ ʿʝ 

ʜʫʞʠʥʘ ʢʨʫʞʥʦʛ ʣʫʢʘ ʢʦʿʠ ʩʝ ʚʠʜʠ ʧʦʜ ʫʛʣʦʤ 360.̄ ʇʨʝʤʘ ʪʦʤʝ 2p = 360̄. ɼʘˀʝ 

ʠʤʘʤʦ p = 180̄ , ¯=90
2

p
, ¯=60

3

p
, ¯=45

4

p
, ¯=30

6

p
, ʠ ʩʣʠʯʥʦ. ʋʛʘʦ ʫ 

ʨʘʜʠʿʘʥʠʤʘ ʩʝ ʧʦʜʨʘʟʫʤʠʿʝʚʘ. 

 

ʋ ʦʜʥʦʩʫ ʥʘ ʥʝʧʦʢʨʝʪʥʠ ʢʨʘʢ ʫʛʣʘ OB, ʦʙʨʥʫʪʦ ʩʤʿʝʨʫ ʢʘʟʘˀʢʝ ʥʘ ʩʘʪʫ ʨʘʯʫʥʘʤʦ 

ʫʛʘʦ ʜʦ ʧʦʢʨʝʪʥʦʛ ʢʨʘʢʘ OG ʢʨʦʟ ʢʚʘʜʨʘʥʪʝ. ʇʨʚʠ ʢʚʘʜʨʘʥʪ (ʣʫʢ BE) ʯʠʥʝ 

ʫʛʣʦʚʠ ʦʜ 0 ʜʦ 
2

p
, II  ʢʚʘʜʨʘʥʪ ʦʜ 

2

p
 ʜʦ p,  III  ʢʚʘʜʨʘʥʪ ʦʜ p ʜʦ 

2

3p
, IV ʦʜ 

2

3p
 ʜʦ 

2p. ʅʘ ʧʨʠʤʿʝʨ, ʩʠʥʫʩ ʫʛʣʘ ʠʟ II ʢʚʘʜʨʘʥʪʘ ʿʝ ʧʦʟʠʪʠʚʘʥ, ʘ ʢʦʩʠʥʫʩ, ʪʘʥʛʝʥʩ ʠ 

ʢʦʪʘʥʛʝʥʩ ʩʫ ʥʝʛʘʪʠʚʥʠ. 

 

ʇʨʠʤʿʝʨ 2.1.1. ʉʚʦʹʝˁʝʤ ʪʨʠʛʦʥʦʤʝʪʠʿʩʢʝ ʬʫʥʢʮʠʿʝ ʫʛʣʘ a
p
-

2

3
 ʥʘ 

ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʫ ʬʫʥʢʮʠʿʫ ʦʰʪʨʦʛ ʫʛʣʘ (ʧʨʚʠ ʢʚʘʜʨʘʥʪ) ʜʦʢʘʟʘʪʠ: 

ʘ) aa
p

cos
2

3
sin -=ö

÷

õ
æ
ç

å
- ;  ʙ) aa

p
sin

2

3
cos -=ö

÷

õ
æ
ç

å
- ; 

ʚ) aa
p

ctg
2

3
tg =ö

÷

õ
æ
ç

å
- ;  ʛ) aa

p
tg

2

3
ctg =ö

÷

õ
æ
ç

å
- .  

 

ʈʿʝʰʝˁʝ: ʅʘ ʩˀʝʜʝ˂ʦʿ ʩʣʠʮʠ ʚʠʜʠʤʦ ʧʦʜʫʜʘʨʥʝ ʪʨʦʫʛʣʦʚʝ ODCOAB D@D , ʰʪʦ  
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ʟʥʘʯʠ ʜʘ ʿʝ OD = - OA, ʦʪʫʜʘ ʘ), ʠ ʪʘʢʦʹʝ CD = - 

AB, ʘ ʦʪʫʜʘ ʙ).  

 

ʈʝʮʠʤʦ ʜʘ ʧʨʘʚʘ OB ʩʿʝʯʝ ʪʘʥʛʝʥʩʥʫ ʦʩʫ ʫ ʪʘʯʢʠ 

B1, ʘ ʧʨʘʚʘ OC ʢʦʪʘʥʛʝʥʩʥʫ ʦʩʫ ʫ ʪʘʯʢʠ C1 ʪʘʜʘ 

ʠʤʘʤʦ ʧʦʜʫʜʘʨʥʦʩʪ 1111 CODBOA D@D , ʛʜʿʝ ʩʫ A1 

ʠ D1 ʧʨʝʩʿʝʮʠ ʢʦʦʨʜʠʥʘʪʥʠʭ ʦʩʘ (ʧʨʘʚʠʭ OA ʠ 

OD) ʩʘ ʪʘʥʛʝʥʩʥʦʤ ʠ ʢʦʪʘʥʛʝʥʩʥʦʤ ʦʩʦʤ. 

ʅʘʣʘʟʠʤʦ ʜʘ ʩʫ ʚ) ʠ ʛ) ʪʘʯʥʠ. 

 
ʌʫʥʢʮʠʿʘ ʿʝ ʧʘʨʥʘ ʢʘʜʘ ("x) f(-x) = f(x). ʅʝʧʘʨʥʘ ʿʝ ʘʢʦ ("x) f(-x) = -f(x). 

ʂʦʩʠʥʫʩ ʿʝ ʧʘʨʥʘ ʬʫʥʢʮʠʿʘ, ʘ ʩʠʥʫʩ, ʪʘʥʛʝʥʩ ʠ ʢʦʪʘʥʛʝʥʩ ʩʫ ʥʝʧʘʨʥʝ.  

 

ɿʘʜʘʮʠ 2.1.2. 

 

1. ʇʨʦʚʿʝʨʠʪʠ ʪʘʙʝʣʫ ʧʨʝʜʟʥʘʢʘ ʬʫʥʢʮʠʿʘ ʟʘ ʫʛʣʦʚʝ ʫ ʢʚʘʜʨʘʥʪʠʤʘ: 

ʂʚʘʜʨʘʥʪ I  II  III  IV  

sin + + - - 

cos + - - + 

tg + - + - 

ctg + - + - 

 

2. ʇʨʦʚʿʝʨʠʪʠ ʥʘ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʦʿ ʢʨʫʞʥʠʮʠ ʢʦʿʘ ʦʜ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʠʭ 

ʬʫʥʢʮʠʿʘ ʿʝ ʧʘʨʥʘ, ʘ ʢʦʿʘ ʿʝ ʥʝʧʘʨʥʘ. 

 

3. ɼʦʢʘʟʘʪʠ ʢʦʩʠʥʫʩʥʫ ʪʝʦʨʝʤʫ ʥʘ 

ʪʫʧʦʫʛʣʦʤ ʪʨʦʫʛʣʫ, ʥʘ ʩʣʠʮʠ ʜʝʩʥʦ. 

 

ʅʘʧʦʤʝʥʘ: ʆʙʨʘʪʠʪʝ ʧʘʞˁʫ ʜʘ ʿʝ  

ÏDAC ʩʫʧʣʝʤʝʥʪʘʥ ʩʘ ʫʛʣʦʤ a.  

ʋ ʢʘʢʚʦʿ ʨʝʣʘʮʠʿʠ ʩʫ ʢʦʩʠʥʫʩʠ 

ʩʫʧʣʝʤʝʥʪʥʠʭ ʫʛʣʦʚʘ? 

 
 

4. ʉʚʦʜʝ˂ʠ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʫ ʬʫʥʢʮʠʿʫ ʜʘʪʦʛ ʫʛʣʘ ʥʘ ʬʫʥʢʮʠʿʫ ʦʰʪʨʦʛ ʫʛʣʘ 

(ʧʨʚʠ ʢʚʘʜʨʘʥʪ), ʜʦʢʘʟʘʪʠ ʠʜʝʥʪʠʪʝʪʝ: 

ʘ) aa
p

cos
2

sin =ö
÷

õ
æ
ç

å
- ;  ʙ) aa

p
sin

2
cos =ö

÷

õ
æ
ç

å
- ;  

ʚ) bb
p

sin
2

cos -=ö
÷

õ
æ
ç

å
+ ;  ʛ) bb

p
cos

2
sin =ö

÷

õ
æ
ç

å
+ .  

 

5. ʅʘ˂ʠ ʠ ʜʦʢʘʟʘʪʠ ʘʥʘʣʦʛʥʝ ʬʦʨʤʫʣʝ ʠʟ ʧʨʝʪʭʦʜʥʦʛ ʟʘʜʘʪʢʘ (4.) ʟʘ ʪʘʥʛʝʥʩ ʠ 

ʢʦʪʘʥʛʝʥʩ. 

 

6. ɼʦʢʘʟʘʪʠ ʜʘ ʩʫ ʩʠʥʫʩʠ ʩʫʧʣʝʤʝʥʪʥʠʭ ʫʛʣʦʚʘ ʿʝʜʥʘʢʠ, ʘ ʜʘ ʩʫ ʢʦʩʠʥʫʩʠ, 

ʪʘʥʛʝʥʩʠ ʠ ʢʦʪʘʥʛʝʥʩʠ ʩʫʧʨʦʪʥʦʛ ʧʨʝʜʟʥʘʢʘ.  

 

7. ʀʟʨʘʯʫʥʘʪʠ ʚʨʠʿʝʜʥʦʩʪʠ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʠʭ ʬʫʥʢʮʠʿʘ ʫʛʣʦʚʘ: 
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ʘ) 
3

5p
a= ; ʙ) 

4

3p
b -= ; ʚ) 

6

17p
g= ; 

3

5p
d -= .  

 

8. ʇʦʿʝʜʥʦʩʪʘʚʠʪʠ ʠʟʨʘʟʝ: 

ʘ) 
)2ctg()2tg(

)2cos()2sin(

apap

apap

---

---
;  ʙ) 

)2ctg()2tg(

)2cos()2sin(

bpbp

bpbp

+-+

+++
. 

3. ɸʜʠʮʠʦʥʝ ʬʦʨʤʫʣʝ 

ɿʥʘʤʦ ʜʘ ʿʝ 
2

2
45sin =̄  ʠ ʜʘ ʿʝ 190sin =̄, ʧʘ ¯+̄¸¯+̄ 45sin45sin)4545sin( . 

ʊʘʢʦʹʝ, )cos( ba+  ʥʠʿʝ ʿʝʜʥʘʢʦ ba coscos + , ʠʣʠ )(tg ba+  ʥʠʿʝ ba tgtg + .  

3.1. ɿʙʠʨ ʠ ʨʘʟʣʠʢʘ ʫʛʣʦʚʘ 

ɿʘ ʩʚʝ ʫʛʣʦʚʝ a ʠ b ʪʘʯʥʝ ʩʫ ʘʜʠʮʠʦʥʝ ʿʝʜʥʘʢʦʩʪʠ:  

bababa sincoscossin)sin( °=° , 

bababa sinsincoscos)cos( @=° ,  

ba

ba
ba

 tg tg1

 tgtg
)(tg

Ö

°
=°
@

,  

ʛʜʿʝ ʛʦʨˁʝ (ʜʦˁʝ) ʟʥʘʢʦʚʝ ʫʟʠʤʘʤʦ ʟʘʿʝʜʥʦ. 

 

ʇʨʠʤʿʝʨ 3.1.1. ʇʦʣʘʟʝ˂ʠ ʦʜ ʩʣʠʢʝ ʜʝʩʥʦ, ʜʦʢʘʟʘʪʠ 

ʘʜʠʮʠʦʥʫ ʬʦʨʤʫʣʫ ʟʘ ʩʠʥʫʩ: 

bababa sincoscossin)sin( +=+ . 

 

ɼʦʢʘʟ: =
+

==+
AD

EDGE

AD

GD
)sin( ba =

+

AD

EDBC

=Ö+Ö
AD

CD

CD

ED

AD

AC

AC

BC
baba sincoscossin + .§ 

 
 

ʇʨʠʤʿʝʨ 3.1.2. ʇʦʣʘʟʝ˂ʠ ʦʜ ʩˀʝʜʝ˂ʝ ʩʣʠʢʝ, ʜʦʢʘʟʘʪʠ ʘʜʠʮʠʦʥʝ ʬʦʨʤʫʣʝ ʟʘ 

ʩʠʥʫʩ: 

ʘ) bababa sincoscossin)sin( +=+ ; 

ʙ) bababa sincoscossin)sin( -=- . 

 

ɼʦʢʘʟ ʘ) ʉʪʘʚʠʤʦ ʜʘ ʿʝ ʧʦʣʫʧʨʝʯʥʠʢ ʦʧʠʩʘʥʝ 

ʢʨʫʞʥʠʮʝ 
2

1
=R , ʧʘ ʩʠʥʫʩʥʘ ʪʝʦʨʝʤʘ (ʧʨʠʤʿʝʨ 

1.3.) ʜʘʿʝ a=asin , b=bsin  ʠ c=gsin . ʊʦ ʠʩʪʦ 

ʩʣʠʿʝʜʠ ʠ ʠʟ ʩʣʠʢʝ ʜʝʩʥʦ; ʠʟ DAEO: 

c
c
==

2/1

2/
sing , ʠʪʜ. ɿʘʪʠʤ, ʠʤʘʤʦ 

=+=+= ba coscos abDBADc  

 

(ʩʠʥʫʩʥʘ ʪʝʦʨʝʤʘ) baab cossincossin += . ʂʘʢʦ ʿʝ == gsinc  

=+- ))(sin( bap  )sin( ba+= , ʜʦʙʠʿʘʤʦ ʪʨʘʞʝʥʫ ʬʦʨʤʫʣʫ. ʙ) ʀʟ (ʘ) ʩʣʠʿʝʜʠ 
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=-+ ))(sin( ba  =-+- )sin(cos)cos(sin baba  baba sincoscossin - , ʿʝʨ ʿʝ 

ʢʦʩʠʥʫʩʥʘ ʬʫʥʢʮʠʿʘ ʧʘʨʥʘ, ʘ ʩʠʥʫʩʥʘ ʥʝʧʘʨʥʘ.§ 

 

ʇʨʠʤʿʝʨ 3.1.3. ʇʦʣʘʟʝ˂ʠ ʦʜ ʩˀʝʜʝ˂ʝ ʩʣʠʢʝ
1
, ʜʦʢʘʟʘʪʠ ʘʜʠʮʠʦʥʫ ʬʦʨʤʫʣʫ ʟʘ  

ʢʦʩʠʥʫʩ ʟʙʠʨʘ. 

 

ʈʿʝʰʝˁʝ: bcos=BC , bsin=CD , ʿʝʨ ʿʝ 

ʪʨʦʫʛʘʦ BCD ʧʨʘʚʦʫʛʣʠ ʿʝʜʠʥʠʯʥʝ 

ʭʠʧʦʪʝʥʫʟʝ. ɼʘˀʝ ʿʝ ÏCBA = 90̄  ï a, ʪʘʢʦ 

ʜʘ ʿʝ ÏCAB = a ʠ ÏBDE = a + b. ʊʨʦʫʛʘʦ 

ADE ʿʝ ʪʘʢʦʹʝ ʧʨʘʚʦʫʛʣʠ. ʀʟ DBDE ʩʣʠʿʝʜʠ   

 

)cos( ba+=DE , ʧʘ ʠʟ DADE ʿʝ 
a

ba

sin

)cos( +
=DA . ʂʦʥʘʯʥʦ, ʠʟ DABC ʜʦʙʠʿʘʤʦ 

a

ba
b

b

a

a

sin

)cos(
sin

cos

cos

sin

+
+

= . ʇʦʿʝʜʥʦʩʪʘʚˀʠʚʘˁʝ ʦʚʦʛ ʠʟʨʘʟʘ ʜʘʿʝ ʘʜʠʮʠʦʥʫ 

ʬʦʨʤʫʣʫ ʟʘ ʢʦʩʠʥʫʩ ʟʙʠʨʘ bababa sinsincoscos)cos( -=+ .§ 

 

 

ʇʨʠʤʿʝʨ 3.1.4. ʇʦʣʘʟʝ˂ʠ ʦʜ ʘʜʠʮʠʦʥʝ ʬʦʨʤʫʣʝ ʟʘ ʩʠʥʫʩ, ʜʦʢʘʟʘʪʠ ʘʜʠʮʠʦʥʝ 

ʬʦʨʤʫʣʝ ʟʘ ʢʦʩʠʥʫʩ: bababa sinsincoscos)cos( @=° , ʛʜʿʝ ʛʦʨˁʠ ʟʥʘʢ ʠʜʝ ʩʘ 

ʛʦʨˁʠʤ, ʘ ʜʦˁʠ ʩʘ ʜʦˁʠʤ. 

 

ɼʦʢʘʟ: ɿʘ ʛʦʨˁʠ ʟʥʘʢ, ʠʤʘʤʦ ʨʝʜʦʤ =+-=+ ))(
2

sin()cos( ba
p

ba  

=-- ))
2

sin(( ba
p

 =--- ba
p

ba
p

cos)
2

cos(cos)
2

sin( baba sinsincoscos - . ɿʘ 

ʜʦˁʠ ʟʥʘʢ =--=- ))
2

sin(()cos( ba
p

ba  =-+- ba
p

ba
p

sin)
2

cos(cos)
2

sin(  

baba sinsincoscos + .§ 

 

ɿʘʜʘʮʠ 3.1.5.  
1. ɼʦʢʘʟʘʪʠ ʘʜʠʮʠʦʥʝ ʬʦʨʤʫʣʝ ʟʘ ʪʘʥʛʝʥʩ: 

ʘ) 
ba

ba
ba

 tg tg-1

 tgtg
)(tg

Ö

+
=+ ; ʙ) 

ba

ba
ba

 tg tg1

 tgtg
)(tg

Ö+

-
=- . 

 

2. ʇʦʤʦ˂ʫ ʧʦʚʨʰʠʥʘ ʪʨʦʫʛʣʘ ABC ʥʘ ʩʣʠʮʠ ʜʝʩʥʦ 

ʜʦʢʘʟʘʪʠ ʘʜʠʮʠʦʥʫ ʬʦʨʤʫʣʫ ʟʘ ʩʠʥʫʩʝ 

qpqpqp sincoscossin)sin( Ö+Ö=+ .  

 

[ ADCABDABC PPP +=  Ý 

qpqp sinsin)sin( bhchbc +=+ ,  

ʛʜʿʝ ʿʝ pcosch= , ʦʜʥʦʩʥʦ qcosbh= ] 
 

                                                 
1
 Leonard M. Smiley, University of Alaska Anchorage, Mathematics Magazine, December, 1999. 
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3. ʂʦʨʠʩʪʝ˂ʠ ʩʣʠʢʫ ʠ ʘʥʘʣʦʛʠʿʫ ʩʘ ʧʨʠʤʿʝʨʦʤ 2.2.1. ʜʦʢʘʟʘʪʠ ʘʜʠʮʠʦʥʫ ʬʦʨʤʫʣʫ 

ʟʘ ʢʦʩʠʥʫʩʝ bababa sinsincoscos)cos( -=+ .  

 

[
AD

AG
=+ )cos( ba  

AD

ECAB-
=  

AD

CD

CD

EC

AD

AC

AC

AB
-=  baba sinsincoscos -= ] 

 

4. ʀʟʨʘʯʫʥʘʪʠ ʚʨʠʿʝʜʥʦʩʪʠ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʠʭ ʬʫʥʢʮʠʿʘ ʫʛʣʦʚʘ: 

ʘ) ¯=75a ; ʙ) ¯=15b ; ʚ) ¯=105g .  

 

5. ʋʛʣʦʚʠ a ʠ b ʩʫ ʨʝʜʦʤ ʠʟ II ʠ III  ʢʚʘʜʨʘʥʪʘ. ɸʢʦ ʿʝ 
13

5
sin =a  ʠ 

5

4
cos -=b , 

ʥʘ˂ʠ ʘ) ʩʠʥʫʩ; ʙ) ʢʦʩʠʥʫʩ; ʚ) ʪʘʥʛʝʥʩ; ʫʛʣʘ a + b. 
 

6. ɸʢʦ ʿʝ a + b = 45̄  ʠʟʨʘʯʫʥʘʪʠ (1 + tg a)(1 + tg b).  
 

7. ɸʢʦ ʿʝ tg(a+b) = a ʠ tg b = b, ʠʟʨʘʯʫʥʘʪʠ tg a. 

 

8. ɸʢʦ ʿʝ 
1

tg
+

=
m

m
a  ʠ 

12

1
tg

+
=

m
b , ʠʟʨʘʯʫʥʘʪʠ a + b. 

 

9. ɼʦʢʘʟʘʪʠ ʘʜʠʮʠʦʥʫ ʬʦʨʤʫʣʫ ʟʘ ʩʠʥʫʩ  ʟʙʠʨʘ ʧʦʤʦ˂ʫ ʩˀʝʜʝ˂ʝ ʩʣʠʢʝ ʠ 

ʇʪʦʣʦʤʝʿʝʚʝ ʪʝʦʨʝʤʝ (0.0.1.).  

 

[ʂʨʫʞʥʠʮʘ ʦʧʠʩʘʥʘ ʯʝʪʚʦʨʦʫʛʣʫ ABCD ʠʤʘ 

ʧʨʝʯʥʠʢ ʜʫʞʠʥʝ 1. ʊʘʜʘ ʿʝ CD = 1, BD = cos a, 

BC = sin a, AD = cos b, AC = sin b, AB = sin(a+b). 
ʇʨʝʤʘ ʇʪʦʣʦʤʝʿʝʚʦʿ ʪʝʦʨʝʤʠ ʿʝ  

sin(a+b) = sin a Ö cos b + cos a Ö sin b.] 
 

10. ʇʦʣʘʟʝ˂ʠ ʦʜ ʜʘʪʝ ʩʣʠʢʝ
2
 ʜʦʢʘʟʘʪʠ ʘʜʠʮʠʦʥʫ ʬʦʨʤʫʣʫ ʟʘ ʩʠʥʫʩ ʟʙʠʨʘ. 

 

[BE = cos b, DE = sin b, ÏBDC = a + b, BC = 

sin(a+b), ʠʟ ʪʘʥʛʝʥʩʘ DADE ʩʣʠʿʝʜʠ  

a

ba

sin

sincos
=AE . ʀʟ DABC ʩʣʠʿʝʜʠ  

a

ba
b

ba
a

sin

sincos
cos

)sin(
sin

+

+
= ,  

ʘ ʦʪʫʜʘ sin(a+b) = sinacosb + cosasinb] 

 

                                                 
2
 Smiley, L. and Smiley, D. "Geometry of Addition and Subtraction Formulas.", Math. Mag. 72, 366, 

1999. 
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11. ʇʦʣʘʟʝ˂ʠ ʦʜ ʩˀʝʜʝ˂ʝ ʩʣʠʢʝ ʜʦʢʘʟʘʪʠ ʘʜʠʮʠʦʥʫ ʬʦʨʤʫʣʫ ʟʘ ʩʠʥʫʩ ʨʘʟʣʠʢʝ.  

 

[BC = cos a, CD = hÖsin b,  

AC = sin a ï hÖsin b, ÏABD = a ï b,  
ba coscos h= , )sin( ba-=hx ,  

aba cos)sin(sin hx -= , ʧʘ ʿʝ  

bababa sincoscossin)sin( -=- ] 

 

12. ʇʦʣʘʟʝ˂ʠ ʦʜ ʩˀʝʜʝ˂ʝ ʩʣʠʢʝ ʜʦʢʘʟʘʪʠ ʘʜʠʮʠʦʥʫ ʬʦʨʤʫʣʫ ʟʘ ʢʦʩʠʥʫʩ ʨʘʟʣʠʢʝ.  

 

[ÏCBD = a ï b, AE = sin a,  

DE = cos a, BE = hÖcos b,  
ba sincos h= , )cos( ba-=hx ,  

aba cos)cos(sin hx += ,  

bababa sinsincoscos)cos( +=- ] 

 

13. ʇʦʣʘʟʝ˂ʠ ʦʜ ʩˀʝʜʝ˂ʝ ʩʣʠʢʝ
3
 ʜʦʢʘʟʘʪʠ ʘʜʠʮʠʦʥʫ ʬʦʨʤʫʣʫ ʟʘ ʪʘʥʛʝʥʩ ʨʘʟʣʠʢʝ. 

 

[BF : BE = AD : DE,  

BE

DE
=- )tan( ba   

ba

ba

tantan1

tantan

+

-
==

BF

AD
] 

3.2. ɼʚʦʩʪʨʫʢʠ ʫʛʘʦ 

ʂʘʜʘ ʫ ʘʜʠʮʠʦʥʠʤ ʬʦʨʤʫʣʘʤʘ (3.1.) ʩʪʘʚʠʤʦ b = a ʜʦʙʠʿʘʤʦ:  

aaa cossin22sin = , 

aaa 22 sincos2cos -= , 

a

a
a

2tg1

tg2
2tg

-
= . 

                                                 
3
 Ren, G. "Proof without Words: tan(a ï b)." College Math. J. 30, 212, 1999. 
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ʇʨʠʤʿʝʨ 3.2.1. ɼʦʢʘʟʘʪʠ
4
 ʜʘ ʿʝ qq

q

q

q

q
2cos246cos4

cos

3cos

sin

3sin
33

+=ö
÷

õ
æ
ç

å
+ö

÷

õ
æ
ç

å
. ɿʘ 

ʢʦʿʝ q ʦʚʘ ʿʝʜʥʘʢʦʩʪ ʥʝ ʚʘʞʠ? ʈʿʝʰʠʪʠ ʿʝʜʥʘʯʠʥʫ 02cos66cos =+ qq . 

 

ʈʿʝʰʝˁʝ: ʀʟ ʠʜʝʥʪʠʪʝʪʘ qqq 3sin4sin33sin -= , qqq cos3cos43cos 3 -=  (ʚ. 

ʟʘʜ. 3.2.2.3.ʘ ʠ ʙ) ʠ ʬʦʨʤʫʣʘ ʟʘ ʜʚʦʩʪʨʫʢʠ ʫʛʘʦ ʩʣʠʿʝʜʠ 

33

cos

3cos

sin

3sin
ö
÷

õ
æ
ç

å
+ö

÷

õ
æ
ç

å

q

q

q

q
 

3232 )3cos4()sin43( -+-= qq  33 )12cos2()12cos2( -++= qq  

qq 2cos122cos16 3 += , ʫʟ ʫʩʣʦʚʝ 0sin ¸q  ʠ 0cos ¸q , ʪʿ. 
2

p
q

k
¸  ʛʜʿʝ ʿʝ k 

ʧʨʦʠʟʚʦˀʘʥ ʮʠʿʝʣʠ ʙʨʦʿ. ʀʟ ʿʝʜʥʘʢʦʩʪʠ qqq 2cos32cos46cos 3 -=  ʥʘʣʘʟʠʤʦ 

qqq 2cos126cos42cos16 3 += , ʧʘ ʿʝ qqqq 2cos246cos42cos122cos16 3 +=+ . 

ʇʨʝʤʘ ʪʦʤʝ, ʜʘʪʘ ʿʝʜʥʘʢʦʩʪ ʚʘʞʠ ʟʘ ʩʚʝ ʫʛʣʦʚʝ q ʦʩʠʤ ʟʘ 
2

p
q

k
= , k Í Z. ɿʘ 

ʨʿʝʰʘʚʘˁʝ ʜʘʪʝ ʿʝʜʥʘʯʠʥʝ ʤʦʞʝʤʦ ʢʦʨʠʩʪʠʪʠ ʝʢʚʠʚʘʣʝʥʪʥʫ ʿʝʜʥʘʯʠʥʫ 

0
cos

3cos

sin

3sin
33

=ö
÷

õ
æ
ç

å
+ö

÷

õ
æ
ç

å

q

q

q

q
, ʦʜʘʢʣʝ 0

cos

3cos

sin

3sin
=+

q

q

q

q
, ʦʜʥʦʩʥʦ 

0sin3coscos3sin =+ qqqq , ʪʿ. 04sin =q , ʫʟ ʫʩʣʦʚʝ 
2

p
q

k
¸ , k Í Z. ʂʘʜʘ ʠʟ ʩʚʠʭ 

ʨʿʝʰʝˁʘ 
4

p
q

m
= , m Í Z ʠʩʢˀʫʯʠʤʦ ʫʩʣʦʚʝ, ʜʦʙʠʿʘʤʦ ʦʧʰʪʝ ʨʿʝʰʝˁʝ ʜʘʪʝ 

ʿʝʜʥʘʯʠʥʝ ʫ ʦʙʣʠʢʫ 
4

)12( p
q

-
=

n
, n Í Z.§ 

 

ɿʘʜʘʮʠ 3.2.2.  

1. ʅʘ˂ʠ ʚʨʠʿʝʜʥʦʩʪʠ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʠʭ ʬʫʥʢʮʠʿʘ ʫʛʣʘ 2a ʘʢʦ ʿʝ:  

ʘ) 
25

7
sin =a , 90̄  ¢ a ¢ 180̄ ;  

ʙ) 
17

15
cos -=b , 180̄  ¢ b ¢ 270̄ ;  

ʚ) 
40

9
tg -=g . 

 

2. ɸʢʦ ʿʝ j ʫ ʧʨʚʦʤ ʢʚʘʜʨʘʥʪʫ ʠ tg j = 2, ʠʟʨʘʯʫʥʘʪʠ:  

ʘ) sin 2j; ʙ) cos 2j; ʚ) tg 2j. 

 

3. ʀʟʨʘʟʠʪʠ ʧʦʤʦ˂ʫ xsin , xcos , ʦʜʥʦʩʥʦ xtg  ʨʝʜʦʤ ʬʫʥʢʮʠʿʝ:  

ʘ) x3sin ; ʙ) x3cos ; ʚ) x3tg .  

 

4. ʇʦʿʝʜʥʦʩʪʘʚʠʪʠ ʠʟʨʘʟʝ:  

ʘ) xx 2cossin2 2 + ; ʙ) xx 2coscos2 2 - ; 

                                                 
4
 ɿʘʜʘʪʘʢ ʩʘ ʧʨʠʿʝʤʥʦʛ ʠʩʧʠʪʘ ʥʘ ɽʣʝʢʪʨʦʪʝʭʥʠʯʢʠ ʬʘʢʫʣʪʝʪ ʫ ɹʝʦʛʨʘʜʫ, ʩʝʧʪʝʤʙʨʘ 1975. ʛʦʜʠʥʝ. 
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ʚ) yyy 2sin
2

1
sincos 244 ++ ;  ʛ) yyy 2sin

4

3
sincos 266 ++ .  

 

5. ɼʦʢʘʟʘʪʠ
5
 ʜʘ ʩʫ ʿʝʜʥʘʢʦʩʪʠ 

)6302sin()6302cos(1

)8102sin()6302cos(1

¯++¯--

¯++¯++

xx

xx
 = 

xx

xx

2cos2sin1

2cos2sin1

-+

++
 = ctg x, ʠʜʝʥʪʠʪʝʪʠ ʫʟ ʫʩʣʦʚʝ x  ̧135̄  + kÖ360̄ , ʛʜʿʝ ʿʝ k ʮʠʿʝʣʠ 

ʙʨʦʿ. 

 

6. ʆʜʨʝʜʠʪʠ
6
 cos 2a, ʘʢʦ ʿʝ 01tgtg2 =+Ö- aa a  ʠ 

4
0

p
a<< , a > 0.  

3.3. ʇʦʣʫʫʛʣʦʚʠ 

ʀʟ ʬʦʨʤʫʣʘ ʟʘ ʜʚʦʩʪʨʫʢʠ ʫʛʘʦ (3.2.) ʣʘʢʦ ʜʦʙʠʿʘʤʦ ʠʜʝʥʪʠʪʝʪʝ:  

2

cos1

2
sin

aa -
°= , ʪʿ. a

a
cos1

2
sin2 2 -= ; 

2

cos1

2
cos

aa +
°= , ʪʿ. a

a
cos1

2
cos2 2 +=  ;  

a

aa

cos1

cos1

2
tg

+

-
°= . 

 

ɿʘʜʘʮʠ 3.3.1. 

1. ʀʟʨʘʯʫʥʘʪʠ ʚʨʠʿʝʜʥʦʩʪʠ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʠʭ ʬʫʥʢʮʠʿʘ ʟʘ ʫʛʣʦʚʝ:  

ʘ) 
8

p
a= ; ʙ) 

12

p
b= . 

 

2. ʀʟʨʘʯʫʥʘʪʠ ʚʨʠʿʝʜʥʦʩʪʠ ʬʫʥʢʮʠʿʘ ʧʦʣʦʚʠʥʝ ʫʛʣʘ, ʘʢʦ ʿʝ:  

ʘ) 
4

3
tg -=a , pa

p
<<

2
;  

ʙ) 
13

12
sin -=b , 

2

3p
bp << ;  

ʚ) 
25

24
cos =g , pg

p
2

2

3
<< .  

 

3. ʉʢʨʘʪʠʪʠ ʨʘʟʣʦʤʢʝ:  

ʘ) 
¯-

¯+

25sin1

50cos1
2

; ʙ) 
¯-

¯-

70cos1

35cos1 2

.  

 

4. ɸʢʦ ʿʝ t
x
=

2
tg  ʜʦʢʘʟʘʪʠ ʠʜʝʥʪʠʪʝʪʝ:  

ʘ) 
21

2
sin

t

t
x

+
= ; ʙ) 

2

2

1

1
cos

t

t
x

+

-
= ; ʚ) 

21

2
tg

t

t
x

-
= .  

 

                                                 
5
 ʇʨʠʿʝʤʥʠ ʥʘ ɽʣʝʢʪʨʦʪʝʭʥʠʯʢʦʤ ʬʘʢʫʣʪʝʪʫ ʫ ɹʝʦʛʨʘʜʫ, ʿʫʥʘ 1982. 

6
 ʇʨʠʿʝʤʥʠ ʥʘ ɽʊʌ ʫ ɹʝʦʛʨʘʜʫ, ʟʘ ʢʘʥʜʠʜʘʪʝ ʙʝʟ ʧʦʪʧʫʥʝ ʰʢʦʣʩʢʝ ʩʧʨʝʤʝ, ʩʝʧʪʝʤʙʨʘ 1970. 
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5. ʇʦʿʝʜʥʦʩʪʘʚʠʪʠ ʠʟʨʘʟʝ:  

ʘ) 
'3022tg1

'3022tg1

¯+

¯-
; ʙ) ¯-̄ 15tg75tg .  

 

6. ɼʦʢʘʟʘʪʠ ʠʜʝʥʪʠʪʝʪʝ:  

ʘ) 
2

tg
cossin1

cossin1 x

xx

xx
=

++

-+
; ʙ) x

xx

xx
ctg

2sinsin

12coscos
=

-

--
. 

3.4. ɿʙʠʨ ʫ ʧʨʦʠʟʚʦʜ 

ʊʝʦʨʝʤʘ 3.4.1. ɿʘ ʩʚʝ ʫʛʣʦʚʝ a ʠ b ʚʘʞʝ ʿʝʜʥʘʢʦʩʪʠ:  

2
cos

2
sin2sinsin

baba
ba

-+
=+ , 

2
sin

2
cos2sinsin

baba
ba

-+
=- , 

2
cos

2
cos2coscos

baba
ba

-+
=+ , 

2
sin

2
sin2coscos

baba
ba

-+
-=- . 

 

ɼʦʢʘʟ: ʇʦʪʧʠʰʠʤʦ ʘʜʠʮʠʦʥʝ ʬʦʨʤʫʣʘ ʟʘ ʩʠʥʫʩ ʟʙʠʨʘ ʠ ʨʘʟʣʠʢʝ:  

yxyxyx sincoscossin)sin( +=+ , 

yxyxyx sincoscossin)sin( -=- . 

ʉʘʙʠʨʘˁʝʤ, ʧʘ ʦʜʫʟʠʤʘˁʝʤ ʦʚʠʭ ʿʝʜʥʘʢʦʩʪʠ ʜʦʙʠʿʘʤʦ: 

yxyxyx cossin2)sin()sin( =-++ ,  

yxyxyx coscos2)sin()sin( =--+ . 

ʉʤʿʝʥʘ a=+yx , b=-yx , ʥʝʧʦʩʨʝʜʥʦ ʜʘʿʝ 
2

ba+
=x , 

2

yx
y

-
= , ʘ ʟʘʪʠʤ ʧʨʚʝ 

ʜʚʠʿʝ ʿʝʜʥʘʢʦʩʪʠ ʪʝʦʨʝʤʝ. ʂʨʝʥʝʤʦ ʣʠ ʦʜ ʢʦʩʠʥʫʩʥʠʭ ʬʦʨʤʫʣʘ:  

yxyxyx sinsincoscos)cos( -=+ ,  

yxyxyx sinsincoscos)cos( +=- ,  

ʩʘʙʠʨʘˁʝʤ ʧʘ ʦʜʫʟʠʤʘˁʝʤ ʜʦʙʠ˂ʝʤʦ:  

yxyxyx coscos2)cos()cos( =-++ , 

yxyxyx sinsin2)cos()cos( -=--+ . 

ʀʩʪʝ ʩʤʿʝʥʝ ʜʘʿʫ ʪʨʝ˂ʫ ʠ ʯʝʪʚʨʪʫ ʿʝʜʥʘʢʦʩʪ.§  

 

ɿʘʜʘʮʠ 3.4.2. 

1. ɹʝʟ ʫʧʦʪʨʝʙʝ ʢʘʣʢʫʣʘʪʦʨʘ ʠʟʨʘʯʫʥʘʪʠ:  

ʘ) ¯+̄ 15cos75cos ;  ʙ) ¯+̄ 105sin15sin ;  

ʚ) ¯-̄ 75sin105sin ;  ʛ) ¯-̄ 105cos15cos . 

 

2. ʊʨʘʥʩʬʦʨʤʠʩʘʪʠ ʫ ʧʨʦʠʟʚʦʜ:  

ʘ) ¯+̄ 40cos30cos ;  ʙ) aa 22 sin3sin - ;  

ʚ) bb 5cos3cos 22 - ;  ʛ) tg 15̄  + tg 75̄ .  

 

3. ʊʨʘʥʩʬʦʨʤʠʩʘʪʠ ʫ ʧʨʦʠʟʚʦʜ: 

ʘ) sin 18̄  + sin 24̄  + sin 36̄  + sin 42̄ ;  ʙ) sin 20̄  + sin30̄  + sin 40̄  + sin 50̄ ;  
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ʚ) cos 24̄ + cos 30̄ + cos 34̄ + cos 40̄;  ʛ) cos 30̄ + cos 40̄ + cos 50̄ + cos 60̄.  

 

4. ʊʨʘʥʩʬʦʨʤʠʩʘʪʠ ʫ ʧʨʦʠʟʚʦʜ:  

ʘ) 2 ï 4cos
2
a;  ʙ) 3 ï 4sin

2
a.  

 

5. ʊʨʘʥʩʬʦʨʤʠʩʘʪʠ ʫ ʧʨʦʠʟʚʦʜ, ʟʘ ʫʛʘʦ b Í (0 ,̄ 90̄ ):  

ʘ) ρ ÃÏÓb ρ ÃÏÓb ; ʙ) ρ ÃÏÓb ρ ÃÏÓb . 
 

6. ɿʘ ʢʦʿʝ ʫʛʣʦʚʝ a ʠ b ʿʝ ʪʘʯʥʦ:  

ʘ) sin a + sin b = sin(a+b);  ʙ) sin a ï sin b = sin(a ï b). 

3.5. ʇʨʦʠʟʚʦʜ ʫ ʟʙʠʨ 

ʊʝʦʨʝʤʘ 3.5.1. ɿʘ ʩʚʝ ʫʛʣʦʚʝ ʫʛʣʦʚʝ a ʠ b ʚʘʞʝ ʿʝʜʥʘʢʦʩʪʠ:  

ÓÉÎaÃÏÓb  ÓÉÎa b ÓÉÎa b ,  

ÓÉÎaÓÉÎb ÃÏÓa b ÃÏÓ  a b ,  

ÃÏÓaÃÏÓb ÃÏÓa b ÃÏÓa b .  

ɼʦʢʘʟ: ʇʨʠʤʿʝʥʠʪʝ ʘʜʠʮʠʦʥʝ ʬʦʨʤʫʣʝ ʟʘ ʟʙʠʨ ʠ ʨʘʟʣʠʢʫ ʥʘ ʜʝʩʥʠʤ ʩʪʨʘʥʘʤʘ.§ 

 

ɿʘʜʘʮʠ 3.5.2.  
1. ɹʝʟ ʫʧʦʪʨʝʙʝ ʢʘʣʢʫʣʘʪʦʨʘ ʠʟʨʘʯʫʥʘʪʠ:  

ʘ) sin 75̄  cos 15̄;  ʙ) sin 15̄  sin 75̄ ;  ʚ) cos 135  ̄cos 45 .̄ 

 

2. ʇʦʿʝʜʥʦʩʪʘʚʠʪʠ ʠ ʠʟʨʘʯʫʥʘʪʠ:  

ʘ) sin 
p
 sin 

p
;  ʙ) cos 

p
 cos 

p
;  ʚ) cos 

p
 cos 

p
.  

 

3. ɼʦʢʘʟʘʪʠ ʜʘ ʿʝ:  

ʘ) 
¯
ςÓÉÎχπ̄ ρ;  ʙ) 

¯

¯
ςÃÏÓχπ̄ π. 

 

4. ɼʦʢʘʟʘʪʠ ʜʘ ʟʘ ʩʚʘʢʦ n Í {1, 2, 3, é} ʚʘʞʝ ʿʝʜʥʘʢʦʩʪʠ:  

ʘ) ÃÏÓὼ ÃÏÓςὼ Ễ ÃÏÓὲὼ ;  

ʙ) ÓÉÎὼ ÓÉÎςὼ Ễ ÓÉÎὲὼ .  

[ʇʦʤʥʦʞʠʪʠ ʿʝʜʥʘʢʦʩʪʠ ʩʘ 2sin .] 

5. ɼʦʢʘʟʘʪʠ:  

ʘ) sin 20̄  sin 40̄  sin 80̄  = 
Ѝ

;  ʙ) sin 10̄  sin 50̄  sin 70̄  = ;  

ʚ) tg 10̄  tg 50̄  tg 70̄  = 
Ѝ

;  ʛ) tg 20̄  tg 40̄  tg 80̄  = Ѝσ. 

 

6. ɼʦʢʘʟʘʪʠ ʿʝʜʥʘʢʦʩʪ ÃÏÓ
p
ÃÏÓ

p
ÃÏÓ

p
. 

[ʇʦʤʥʦʞʠʪʠ ʩʘ sin 
p
 ʧʘ ʧʨʝʚʝʩʪʠ ʫ ʟʙʠʨ.] 
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II ʊʨʠʛʦʥʦʤʝʪʨʠʿʩʢʝ ʨʝʣʘʮʠʿʝ 
ɸʣʛʝʙʘʨʩʢʘ ʿʝʜʥʘʢʦʩʪ ʿʝ ʠʩʢʘʟ ʦʙʣʠʢʘ f1(x) = f2(x), ʛʜʿʝ ʩʫ f1(x) ʠ f2(x) ʙʨʦʿʝʚʠ ʯʠʿʝ 

ʚʨʠʿʝʜʥʦʩʪʠ ʟʘʚʠʩʝ ʦʜ ʚʨʠʿʝʜʥʦʩʪʠ ʙʨʦʿʘ, ʧʨʦʤʿʝʥˀʠʚʝ x. ʅʘ ʧʨʠʤʿʝʨ, sin x + cos 

x = 1 ʿ ʝʜʥʘʢʦʩʪ ʢʦʿʘ ʿʝ ʪʘʯʥʘ ʿʝʜʠʥʦ ʟʘ p
p

mx 2
4
+= , ʠʣʠ p

p
nx 2

4

3
+= , ʛʜʿʝ ʩʫ m 

ʠ n ʧʨʦʠʟʚʦˀʥʠ ʮʠʿʝʣʠ ʙʨʦʿʝʚʠ. 

ʀʜʝʥʪʠʪʝʪ ʿʝ ʿʝʜʥʘʢʦʩʪ ʢʦʿʘ ʿʝ ʫʚʠʿʝʢ ʪʘʯʥʘ, ʦʩʠʤ ʟʘ ʧʦʥʝʢʫ ʚʨʠʿʝʜʥʦʩʪ ʭ-ʘ, ʢʘʦ 

ʥʘ ʧʨʠʤʿʝʨ  ʿʝʜʥʘʢʦʩʪ ρ ʢʦʿʘ ʿʝ ʪʘʯʥʘ ʟʘ ʩʚʘʢʫ ʚʨʠʿʝʜʥʦʩʪ ʭ ʦʩʠʤ ʟʘ ʭ = 1. 

ɱʝʜʥʘʯʠʥʘ ʿʝ ʿʝʜʥʘʢʦʩʪ ʢʦʿʘ ʿʝ ʫʚʠʿʝʢ ʥʝʪʘʯʥʘ, ʦʩʠʤ ʟʘ ʧʦʥʝʢʫ ʚʨʠʿʝʜʥʦʩʪ ʭ-ʘ, 

ʢʘʦ ʥʘ ʧʨʠʤʿʝʨ ʿʝʜʥʘʢʦʩʪ x + 2 = 3 ʢʦʿʘ ʿʝ ʥʝʪʘʯʥʘ ʟʘ ʩʚʘʢʫ ʚʨʠʿʝʜʥʦʩʪ ʭ ʦʩʠʤ ʟʘ ʭ 

= 1.  

ɽʢʚʠʚʘʣʝʥʪʥʝ ʩʫ ʿʝʜʥʘʢʦʩʪʠ ʢʦʿʝ ʩʫ ʪʘʯʥʝ ʟʘ ʠʩʪʝ ʩʢʫʧʦʚʝ ʚʨʠʿʝʜʥʦʩʪʠ 

ʧʨʦʤʿʝʥˀʠʚʝ. ɽʢʚʠʚʘʣʝʥʪʥʝ ʪʨʘʥʩʬʦʨʤʘʮʠʿʝ ʿʝʜʥʘʢʦʩʪʠ ʩʫ ʦʥʝ ʢʦʿʝ ʜʦʚʦʜʝ ʜʦ 

ʝʢʚʠʚʘʣʝʥʪʥʠʭ ʿʝʜʥʘʢʦʩʪʠ. ʅʘ ʧʨʠʤʿʝʨ, ʘʢʦ ʠʤʘʤʦ ʿʝʜʥʘʢʦʩʪ f1(x) = f2(x) ʠ 

ʠʜʝʥʪʠʪʝʪ g1(x) = g2(x), ʪʘʜʘ ʿʝ ʜʘʪʘ ʿʝʜʥʘʢʦʩʪ ʝʢʚʠʚʘʣʝʥʪʥʘ ʩʘ ʿʝʜʥʘʢʦʰ˂ʫ f1(x) + 

g1(x) = f2(x) + g2(x); ʨʝʮʠʤʦ 3 sin x + 2 = 1 ʝʢʚʠʚʘʣʝʥʪʥʘ ʿʝ ʩʘ 3 sin x = -1.  

4. ʊʨʠʛʦʥʦʤʝʪʨʠʿʩʢʠ ʠʜʝʥʪʠʪʝʪʠ 

ʊʨʠʛʦʥʦʤʝʪʨʠʿʩʢʝ ʠʜʝʥʪʠʪʝʪʝ ˂ʝʤʦ ʧʦʜʿʝʣʠʪʠ ʥʘ: 1. ʦʩʥʦʚʥʝ ʢʦʿʠ ʩʫ ʟʘʩʥʦʚʘʥʠ 

ʥʘ ʜʝʬʠʥʠʮʠʿʘʤʘ ʦʩʥʦʚʥʠʭ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʠʭ ʬʫʥʢʮʠʿʘ sin x, cos x, tg x, ctg x ʠ 

ˁʠʭʦʚʠʤ ʦʩʥʦʚʥʠʤ ʚʝʟʘʤʘ; 2. ʩʣʦʞʝʥʠʿʝ ʟʘ ʜʦʢʘʟʠʚʘˁʝ ʘʜʠʮʠʦʥʠʤ ʬʦʨʤʫʣʘʤʘ; 

3. ʫʩʣʦʚʥʝ ʠʜʝʥʪʠʪʝʪʝ, ʦʚʜʿʝ ʫʛʣʘʚʥʦʤ ʫ ʚʝʟʠ ʩʘ ʫʛʣʦʚʠʤʘ. 

4.1. ʆʩʥʦʚʥʠ ʠʜʝʥʪʠʪʝʪʠ 

ʉˀʝʜʝ˂ʝ ʿʝʜʥʘʢʦʩʪʠ ʩʫ ʠʜʝʥʪʠʪʝʪʠ:  

1. sin
2a + cos

2a = 1;  

2. 
a

a
a

cos

sin
tg = , a  ̧

p
, k Í Z; 

3. 
a

a
a

sin

cos
ctg = , a Í kp, k Í Z;  

4. 1ctgtg =aa ;  

5. 
a

a
2

2

tg1

1
cos

+
= ;  

6. 
a

a
a

2

2

tg1

tg
sin

+
= . 

ɿʘʜʘʮʠ 4.1.1.  
1. ɼʦʢʘʟʘʪʠ ʩˀʝʜʝ˂ʝ ʠʜʝʥʪʠʪʝʪʝ: 

ʘ) ( ) ( ) 2cossincossin
22
=-++ xxxx ; ʙ) xxxx 2244 cossincossin -=- ;  

ʚ) 
x

x
2

2

cos

1
tg1 =+ ;  ʛ) 

x
xctg

2

2

sin

1
1=+ .  

 

2. ɼʦʢʘʟʘʪʠ ʠʜʝʥʪʠʪʝʪʝ:  

ʘ) xx
x

x

x

x
sincos

1ctg

sin

tg1

cos
+=

-
-

-
;  ʙ) 2

ctg

1

tg

1

cos

1

sin

1
2222
=öö
÷

õ
ææ
ç

å
+-+

xxxx
;  
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ʚ) 

2
cossin

cossin

cossin

cossin 3333

=
-

-
+

+

+

xx

xx

xx

xx
;  

ʛ) 

0sincossin2cossin 24466 =+--+ xxxxx . 

 

3. ʉʚʦʹʝˁʝʤ ʥʘ ʧʨʚʠ ʢʚʘʜʨʘʥʪ ʜʦʢʘʟʘʪʠ ʿʝʜʥʘʢʦʩʪʠ:  

ʘ) 

( )
x

x

x

x
x

2

2

2

2

2

sin

)90(cos

)270(ctg1

1
)270(sin

1
)90(tg1

=

¯+

¯++

öö
÷

õ
ææ
ç

å
-
¯-

¯-+

;  

ʙ) x
xx

xx
cos

)5,1(cos)5,0(tg

)2cos()5,1(sin
33

3

=
--

--

pp

pp
.  

 

4. ʀʟʨʘʯʫʥʘʪʠ:  

ʘ) 
xx

xx

3coscos3

3sinsin3

+

+
, ʘʢʦ ʿʝ x = 

p
; ʙ) 

xxx

xxx

5cos3coscos

5sin3sinsin

++

++
, ʘʢʦ ʿʝ x = -

135̄ . 

 

5. ɼʦʢʘʟʘʪʠ ʠʜʝʥʪʠʪʝʪʝ:  

ʘ) 
1tg

1

sincos

1cos2sin

cossin

1

sincos

cossin1
222

2

33 -
=

-

--
+

+
+

-

+

xxx

xx

xxxx

xx
;  

ʙ) 3
cossin

cossin

cossin

cossin

cossin

cossin
22

443333

=
-

-
+

-

-
+

+

+

xx

yy

yy

yy

yy

yy
.  

 

6. ɸʢʦ ʿʝ a ʦʰʪʘʨ ʫʛʘʦ, ʜʦʢʘʟʘʪʠ ʥʝʿʝʜʥʘʢʦʩʪ 
444 8ctgcostgsin ²Ö+Ö aaaa . 

[ʢʦʨʠʩʪʠʪʝ ( ) 112
2

²-t  ʩʘ ʩʤʿʝʥʦʤ aacossin=t ] 

4.2. ʀʜʝʥʪʠʪʝʪʠ ʩʘ ʘʜʠʮʠʦʥʠʤ ʬʦʨʤʫʣʘʤʘ 

ɱʝʜʥʦʩʪʘʚʥʝ ʧʦʩˀʝʜʠʮʝ ʘʜʠʮʠʦʥʠʭ ʬʦʨʤʫʣʘ ʟʘ ʩʘʙʠʨʘˁʝ ʫʛʣʦʚʘ (3.1.) ʩʫ 

ʠʜʝʥʪʠʪʝʪʠ:  

aaa 3sin4sin33sin -= ,  

aaa cos3cos43cos 3 -= ,  

a

aa
a

2

3

tg31

tgtg3
3tg

-

-
= . 

ɸʢʦ ʫ ʘʜʠʮʠʦʥʠʤ ʬʦʨʤʫʣʘʤʘ ʟʘ ʜʚʦʩʪʨʫʢʠ ʫʛʘʦ (3.2.) ʩʪʘʚʠʤʦ t = tg a, ʣʘʢʦ 

ʜʦʙʠʿʘʤʦ:  

21

2
2sin

t

t

+
=a , 

2

2

1

1
2cos

t

t

+

-
=a , 

21

2
2tg

t

t

-
=a , 

2

3

31

3
3tg

t

tt

-

-
=a . 

ɿʘ ʦʙʨʥʫʪʝ ʬʦʨʤʫʣʝ, ʟʘ ʧʦʣʫʫʛʣʦʚʝ (3.3.) ʪʨʝʙʘ ʧʦʟʥʘʚʘʪʠ ʠ ʚʝʣʠʯʠʥʝ ʫʛʣʦʚʘ. 

ʇʨʠʤʿʝʨ 4.2.1. ʆʜʨʝʜʠʪʠ ʚʨʠʿʝʜʥʦʩʪ 
8

cos
p

.  
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ʈʿʝʰʝˁʝ: ʀʟ 
2

4
cos1

8
cos2

p
p

+

=  
4

21

2

2

2
1

+
=

+

= , ʩˀʝʜʠ 22
2

1

8
cos +=
p

.§ 

ʊʝʦʨʝʤʘ 4.2.2. ɿʘ ʨʝʘʣʥʝ ʙʨʦʿʝʚʝ a ʠ b ʦʜ ʢʦʿʠʭ ʙʘʨ ʿʝʜʘʥ ʥʠʿʝ ʥʫʣʘ ʠ ʟʘ ʩʚʘʢʠ 

ʨʝʘʣʥʠ ʙʨʦʿ ʭ ʧʦʩʪʦʿe ʨʝʘʣʘʥ poʟʠʪʠʚʘʥ ʙʨʦʿ ʩ ʠ ʙʨʦʿ j Í[0, 2p] ʪʘʢʚʠ ʜʘ ʿʝ:  

a sin x + b cos x = c sin(x + j),    

a cos x + b sin x = c cos(x ï j).  

ɼʦʢʘʟ: ʇʦʤʥʦʞʠʤʦ ʣʠ ʠ ʧʦʜʿʝʣʠʤʦ ʧʨʚʠ ʜʘʪʠ ʠʟʨʘʟ ʩʘ 
22 bac +=  ʜʦʙʠ˂ʝʤʦ  

ö
ö

÷

õ

æ
æ

ç

å

+
+

+
+=+ x

ba

b
x

ba

a
baxbxa cossincossin

2222

22 . 

ʂʘʢʦ ʿʝ 1

2

22

2

22
=

ö
ö

÷

õ

æ
æ

ç

å

+
+

ö
ö

÷

õ

æ
æ

ç

å

+ ba

b

ba

a
, ʪʦ ʩʫ ʦʚʠ ʨʘʟʣʦʤʮʠ ʢʦʩʠʥʫʩ ʠ ʩʠʥʫʩ 

ʠʩʪʦʛ ʫʛʣʘ, ʪʿ. ʧʦʩʪʦʿʠ ʫʛʘʦ j Í[0, 2p] ʪʘʢʘʚ ʜʘ ʿʝ jcos
22
=

+ba

a
 ʠ 

jsin
22
=

+ba

b
. ʇʨʝʤʘ ʘʜʠʮʠʦʥʠʤ ʬʦʨʤʫʣʘʤʘ ʟʘ ʟʙʠʨ ʠ ʨʘʟʣʠʢʫ ʫʛʣʦʚʘ (3.1.) ʿʝ 

)sin(cossin 22 j++=+ xbaxbxa , ʠ ʘʥʘʣʦʛʥʦ a cos x + b sin x = c cos(x ï j) 

ʰʪʦ ʿʝ ʠ ʪʨʝʙʘʣʦ ʜʦʢʘʟʘʪʠ.§ 

ɿʘʜʘʮʠ 4.2.3. 

1. ɼʦʢʘʟʘʪʠ:  

ʘ)  

2

3

12
1

12
1

2

2

=

+

-

p

p

tg

tg

;  

ʙ)  

2
8

tg
8

ctg =-
pp

. 

2. ɼʦʢʘʟʘʪʠ ʠʜʝʥʪʠʪʝʪʝ:  

ʘ) 
2

cos4)sin(sin)cos(cos 222 yx
yxyx

-
=+++ ;  

ʙ) 
2

sin4)sin(sin)cos(cos 22 yx
yxyx

-
=-+- . 

3. ɼʦʢʘʟʘʪʠ
7
 ʜʘ ʚʘʞʠ ʠʜʝʥʪʠʪʝʪ 2

)sin1(sin

)cossin1)(cossin1(
-=

-

+---

aa

aaaa
. 

[ʤʥʦʞʝˁʝʤ ʙʨʦʿʥʠʢʘ 1 ï sina  ï sina + sin
2a ï cos

2a = ï2sina + 2sin
2a ] 

4. ɼʦʢʘʟʘʪʠ
8
 ʜʘ ʿʝ 2

8

7
cos

8

5
sin

8

3
cos

8
sin 2222 =+++

pppp
.  

[é = ö
÷

õ
æ
ç

å
-++ö

÷

õ
æ
ç

å
-+

8
cos

8

5
sin

8

5
cos

8
sin 2222 p

p
pp

p
p

 = 

2
8

cos
8

5
sin

8

5
cos

8
sin 2222 =+++

pppp
] 

5. ɼʦʢʘʟʘʪʠ ʿʝʜʥʘʢʦʩʪʠ:  

                                                 
7
 ʆʧʰʪʠʥʩʢʦ ʪʘʢʤʠʯʝˁʝ ʫ ʉʨʙʠʿʠ, 28. ʌʝʙʨʫʘʨ 1981. 

8
 ʄʝʹʫʦʧʰʪʠʥʩʢʦ ʪʘʢʤʠʯʝˁʝ ʫ ʉʨʙʠʿʠ, 14. ʄʘʨʪ 1976.  
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ʘ) )7sin()6sin(...)2sin()sin(sin yxyxyxyxx +++++++++  = 

2
sin

4sin
2

7
sin

y

y
y

x ö
÷

õ
æ
ç

å
+

;  

ʙ) )7cos()6cos(...)2cos()cos(cos yxyxyxyxx +++++++++  = 

2
sin

4sin
2

7
cos

y

y
y

x ö
÷

õ
æ
ç

å
+

. 

[ʘ) ʣ.ʩ. = ÓÉÎὼ ÓÉÎὼ ώ  ÓÉÎὼ ςώ ÓÉÎὼ σώ Ễ = ʟʙʠʨʦʚʝ ʫ 

ʧʨʦʠʟʚʦʜ = ςÃÏÓÓÉÎ ÓÉÎ ÓÉÎ ÓÉÎ  = 

τÃÏÓÃÏÓώÓÉÎ ÓÉÎ  = ψÃÏÓÃÏÓώÃÏÓςώÓÉÎὼ Ễ ; 

ʙ) ʣ.ʩ. = ÃÏÓὼÓÉÎÃÏÓὼ ώÓÉÎỄ ÃÏÓὼ χώÓÉÎ = ʧʨʦʠʟʚʦʜʝ 

ʫ ʟʙʠʨ, ʧʦʥʠʰʪʘʚʘˁʝ = ÓÉÎὼ ÓÉÎὼ  = é] 

6. ɼʦʢʘʟʘʪʠ ʜʘ ʿʝ ö
÷

õ
æ
ç

å
-=

-

-

24
tg

2
sin

2
cos

sin1

22

x

xx

x p
. 

 

7. ʂʦʨʠʩʪʝ˂ʠ ʪʝʦʨʝʤʫ (4.2.2.) ʠʟʨʘʯʫʥʘʪʠ:  

ʘ) sin 15̄  + cos 15̄; ʙ) sin 15̄  ï sin 15̄ ;  

ʟʘʪʠʤ ʜʦʢʘʟʘʪʠ ʜʘ ʿʝ ( )13
4

2
15sin +=̄  ʠ ( )13

4

2
15cos -=̄ . 

 

8. ʂʦʨʠʩʪʝ˂ʠ ʪʝʦʨʝʤʫ (4.2.2.) ʜʦʢʘʟʘʪʠ:  

ʘ) ö
÷

õ
æ
ç

å
+=

-

+

3
tg

sin3cos

cos3sin p
x

xx

xx
; ʙ) ö

÷

õ
æ
ç

å
-=

+

-

3
tg

sin3cos

cos3sin p
x

xx

xx
. 

 

9. ɼʦʢʘʟʘʪʠ ʥʝʿʝʜʥʘʢʦʩʪ sin a + cos a + sin a cos a < 2. 

[ʇʨʚʦ, sin a + cos a = 2
4

cos2 <ö
÷

õ
æ
ç

å
-a
p

. ɼʨʫʛʦ, 
2

1
sin

2

1
cossin 2 ¢= aaa . ʀʟ 

ʪʦʛʘ ʩˀʝʜʠ ʟʙʠʨ < 2
2

1
2 <+ .] 

4.3. ʋʩʣʦʚʥʠ ʠʜʝʥʪʠʪʝʪʠ 

ʇʨʠʤʿʝʨ 4.3.1. ʀʟ x + y + z = 0 ʩˀʝʜʠ 
2

sin
2

sin
2

sin4sinsinsin
zyx

zyx -=++ .  

ɼʦʢʘʟ: ʅʘ ʦʩʥʦʚʫ ʪʝʦʨʝʤʝ ʦ ʪʨʘʥʩʬʦʨʤʘʮʠʿʠ ʟʙʠʨʘ ʩʠʥʫʩʘ ʫ ʧʨʦʠʟʚʦʜ (3.4.1.),  

sin x + sin y + sin z = )sin(
2

cos
2

sin2 yx
yxyx

+-
-+

 = (ʜʚʦʩʪʨʫʢʠ ʫʛʘʦ 3.2.) = 

2
cos

2
sin2

2
cos

2
sin2

yxyxyxyx ++
-

-+
 = ö

÷

õ
æ
ç

å +
-

-+

2
cos

2
cos

2
sin2

yxyxyx
 = 
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(ʨʘʟʣʠʢʘ ʢʦʩʠʥʫʩʘ ʫ ʧʨʦʠʟʚʦʜ) = ö
÷

õ
æ
ç

å -
-

+

2
sin

2
sin2

2
sin2

yxyx
 = 

2
sin

2
sin

2
sin4

yxz
- , ʰʪʦ ʿʝ ʠ ʪʨʝʙʘʣʦ ʜʦʢʘʟʘʪʠ.§ 

 

ɿʘʜʘʮʠ 4.3.2.  
1. ʇʦʢʘʟʘʪʠ ʜʘ ʟʘ ʫʛʦʚʝ ʪʨʦʫʛʣʘ ʚʘʞʝ ʩˀʝʜʝ˂ʝ ʿʝʜʥʘʢʦʩʪʠ:  

i. g
ba

gba cos
2

cos
2

cos4sinsinsin =++  ;  

ii . 
2

sin
2

sin
2

sin41coscoscos
gba

gba +=++  

iii . ÔÇa ÔÇb ÔÇg  ÔÇaϽÔÇbϽÔÇg .  
2. ɸʢʦ ʿʝ a + b + g = 180̄  ʜʦʢʘʟʘʪʠ:  

 i. sin a + sin b ï sin g = 4 sin
a
 Ösin

b
 Öcos

g
 ;  

 ii.  sin
2a + sin

2b + sin
2g ï 2cosa Öcosb Öcosg  = 2;  

 iii.  tg
a
Ötg
b
 + tg

b
Ötg
g
 + tg

g
Ötg
a
 = 1.

 

3. ɸʢʦ ʿʝ a + b + g = 90  ̄ʜʦʢʘʟʘʪʠ:  

 i. sin
2a + sin

2b + sin
2g + 2sinaÖsinbÖsing = 1;  

 ii.  
a

g

gb

ba
2

2

cos

cos

tgtg

tgtg
=

+

+
;  

 iii.  ctg a + ctg b + ctg g = ctg a ctg b ctg g.  

4. ɸʢʦ ʿʝ a + b  = g  ʜʦʢʘʟʘʪʠ:  

 i. 
2

sin
2

sin
2

sin4sinsinsin
gba

gba =-+ ;  

 ii.  cos
2a + cos

2b + cos
2g ï 2cos a cos b cos g ; 

 iii.  sin
2a + sin

2b + sin
2g = 2(1 ï cos a cos b cos g). 

5. ɸʢʦ ʟʘ ʫʛʣʦʚʝ ʪʨʦʫʛʣʘ a, b ʠ g ʚʘʞʠ cos3a + cos3b + cos3g = 1, ʦʥʜʘ ʿʝ ʿʝʜʘʥ ʦʜ 

ʪʠʭ ʫʛʣʦʚʘ 120.̄  

[ʀʟ 3a + 3b + 3g = 540̄  ʩˀʝʜʠ cos3g = -cos(3a + 3b) ʧʘ ʿʝ ʜʘʪʠ ʫʩʣʦʚ cos3a + 

cos3b - cos3a cos3b + sin3a sin3b - 1 = 0. ʆʪʫʜʘ sin3a sin3b = (1 ï cos3a)(1 ï 

cos3b), h ʪʦ ʥʘʢʦʥ ʢʚʘʜʨʠʨʘˁʘ ʧʦʩʪʘʿʝ (1 ï cos
2
3a)(1 ï cos

2
3b) ï (1 ï cos3a)

2
(1 ï 

cos3b)2
 = 0. ɼʘˀʝ ʜʦʙʠʿʘʤʦ (1 ï cos3a)(1 ï cos3b)(1 ï cos3g) = 0, ʧʘ ʿʝ a = 120̄ , 

ʠʣʠ ʿʝ b = 120̄, ʠʣʠ g + 120̄ .] 

 

6. ɸʢʦ ʟʘ ʫʛʣʦʚʝ ʪʨʦʫʛʣʘ ʚʘʞʠ ʿʝʜʥʘʢʦʩʪ 3
coscoscos

sinsinsin
=

++

++

gba

gba
, ʦʥʜʘ ʿʝ ʙʘʨ 

ʿʝʜʘʥ ʫʛʘʦ 60.̄ 

[ɿʙʦʛ 
¯

¯
=

60cos

60sin
3  ʜʘʪʠ ʠʟʨʘʟ ʤʦʞʝʤʦ ʧʠʩʘʪʠ sin a cos 60̄ - cos a sin 60̄  + sin b 

cos 60̄ - cos b sin 60̄  + sin g cos 60̄ - cos g sin 60̄  = 0, ʦʜʥʦʩʥʦ sin(a - 60̄ ) + 

sin(b - 60̄ ) + sin(g - 60̄ ) = 0, ʧʘ ʠʟ ʜʘʪʦʛ ʧʨʠʤʿʝʨʘ (4.3.1.) ʜʦʙʠʿʘʤʦ 

0
2

60
sin

2

60
sin

2

60
sin4 =

¯-¯-¯-
-

gba
, ʦʜʘʢʣʝ ʿʝ a = 60̄ , ʠʣʠ b = 60̄ , ʠʣʠ g = 

60̄ .] 
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5. ɱʝʜʥʘʯʠʥʝ 

ʊʨʠʛʦʥʦʤʝʪʨʠʿʩʢʝ ʿʝʜʥʘʯʠʥʝ ʦʚʜʿʝ ʜʠʿʝʣʠʤʦ ʥʘ ʣʠʥʝʘʨʥʝ, ʫ ʢʦʿʠʤʘ ʩʝ 

ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʝ ʬʫʥʢʮʠʿʝ sin x ʠ cos x ʧʦʿʘʚˀʫʿʫ ʩʘʤʦ ʫ ʣʠʥʝʘʨʥʦʿ ʬʦʨʤʠ, ʠ 

ʦʩʪʘʣʝ, ʥʝʣʠʥʝʘʨʥʝ.  

5.1. ʃʠʥʝʘʨʥʝ ʿʝʜʥʘʯʠʥʝ 

ʆʧʰʪʘ ʣʠʥʝʘʨʥʘ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʘ ʿʝʜʥʘʯʠʥʘ ʿʝ  

cxbxa =+ cossin . 

ʂʘʜʘ ʿʝ a  ̧0, ʤʦʞʝʤʦ ʫʚʝʩʪʠ ʩʤʿʝʥʫ 
a

b
=jtg . ʅʘʢʦʥ ʤʥʦʞʝˁʘ ʩʘ cos j ʜʘʪʘ 

ʿʝʜʥʘʯʠʥʘ ʧʦʩʪʘʿʝ jjj cossincoscossin
a

c
xx =+ , ʦʜʥʦʩʥʦ fj cos)sin(

a

c
x =+ , 

ʢʦʿʫ ʨʿʝʰʘʚʘʤʦ ʘʥʘʣʦʛʥʦ ʩˀʝʜʝ˂ʝʤ ʧʨʠʤʿʝʨʫ. 

 

ʇʨʠʤʿʝʨ 5.1.1. ʅʘ˂ʠ ʩʚʘ ʨʿʝʰʝˁʘ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʠʭ ʿʝʜʥʘʯʠʥʘ: 

ʘ) 
2

2
)60sin( =¯+x ; ʙ) 

2

1
)

6
cos( =+

p
x ; 

ʚ) tg(x ï 30̄ ) 3= ; ʛ) ctg
3

3
)

4
( =-
p

x . 

 

ʈʿʝʰʝˁʝ: ʘ) ʅʘ ʩʠʥʫʩʥʦʿ ʦʩʠ (ʦʨʜʠʥʘʪʠ) ʥʘʹʠʤʦ ʚʨʠʿʝʜʥʦʩʪ 707,0
2

2
º  ʠ  

 

ʧʦʚʫʮʠʤʦ ʧʘʨʘʣʝʣʫ ʩʘ ʢʦʩʠʥʫʩʥʦʤ ʦʩʦʤ (ʘʧʩʮʠʩʦʤ) 

ʢʨʦʟ ʪʫ ʪʘʯʢʫ  (ʩʣʠʢʘ ʣʠʿʝʚʦ). ʇʨʝʩʿʝʮʠ ʧʘʨʘʣʝʣʝ 

(ʠʩʧʨʝʢʠʜʘʥʦ) ʠ ʿʝʜʠʥʠʯʥʝ ʢʨʫʞʥʠʮʝ ʦʜʨʝʹʫʿʫ ʫʛʣʦʚʝ 

45̄  ʠ 135.̄ ʊʦ ʟʥʘʯʠ ʜʘ ʿʝ ʿʝʜʥʦ ʨʿʝʰʝˁʝ ʩˀʝʜʠ ʠʟ ʭ + 

60̄  = 45̄ , ʘ ʜʨʫʛʦ ʠʟ ʿʝʜʥʘʢʦʩʪʠ ʭ + 60̄  = 135̄ . 

ɼʦʜʘʿʫ˂ʠ (ʦʜʫʟʠʤʘʿʫ˂ʠ) ʜʦʙʠʿʝʥʦʤ ʨʿʝʰʝˁʫ ʮʠʿʝʣʠ 

ʙʨʦʿ k ʧʫʥʠʭ ʢʨʫʛʦʚʘ, ʜʦʙʠʿʘʤʦ ʦʧʝʪ ʪʘʯʥʘ ʨʿʝʰʝˁʘ. 

ʇʨʝʤʘ ʪʦʤʝ, ʩʚʘ ʨʿʝʰʝˁʘ ʜʦʙʠʿʘʤʦ ʠʟ ʿʝʜʥʘʢʦʩʪʠ: ʭ + 

60̄  = 45̄  + kÖ360̄  ʠ ʭ + 60̄  = 135̄  + kÖ360̄ . 

ʈʿʝʰʝˁʘ ʩʫ ¯Ö+̄-= 360151 kx  ʠ ¯Ö+̄= 360752 nx  ("k,nÍZ). ʙ) ʉʣʠʯʥʦ, ʠʤʘʤʦ  

 

ʧʘʨʘʣʝʣʫ ʩʘ ʦʨʜʠʥʘʪʦʤ ʢʨʦʟ ʪʘʯʢʫ 
2

1
 ʥʘ ʢʦʩʠʥʫʩʥʦʿ 

ʦʩʠ (ʘʧʩʮʠʩʠ) ʠ ʦʜʛʦʚʘʨʘʿʫ˂ʝ ʦʩʥʦʚʥʝ ʫʛʣʦʚʝ 
3

p
° . 

ʄʝʹʫʪʠʤ, ʩʚʘʢʠ ʧʫʪ ʢʘʜʘ ʥʘʢʦʥ ʧʫʥʦʛ ʫʛʣʘ ʜʦʹʝʤʦ ʫ 

ʠʩʪʫ ʧʦʟʠʮʠʿʫ ʩʘ ʧʦʢʨʝʪʥʠʤ ʢʨʘʢʦʤ ʦʩʥʦʚʥʦʛ ʫʛʣʘ, 

ˁʝʛʦʚʠʤ ʨʘʜʠʿʫʩ ʚʝʢʪʦʨʦʤ, ʠʤʘ˂ʝʤʦ ʠʩʪʠ ʢʦʩʠʥʫʩ. 

ʇʨʝʤʘ ʪʦʤʝ, ʨʿʝʰʝˁʘ ʩʫ 

p
pp

kx 2
63

12 +-°= , ʛʜʿʝ ʿʝ ʢ ʧʨʦʠʟʚʦˀʘʥ ʮʠʿʝʣʠ ʙʨʦʿ. 
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ʚ) ʇʦʚʫʯʝʤʦ ʧʨʘʚʫ ʢʨʦʟ ʠʩʭʦʜʠʰʪʝ ʆ ʠ ʪʘʯʢʫ 3  

ʪʘʥʛʝʥʩʥʝ ʦʩʝ. ʇʨʘʚʘ ʦʜʨʝʹʫʿʝ ʦʩʥʦʚʥʝ ʫʛʣʦʚʝ 60 ̄ʠ 

240̄ , ʘʣʠ ʩʝ ʩʚʘ ʨʿʝʰʝˁʘ ʤʦʛʫ ʜʝʬʠʥʠʩʘʪʠ ʧʦʤʦ˂ʫ 

ʩʘʤʦ ʿʝʜʥʦʛ ʦʜ ˁʠʭ:  

x ï 30̄  = 60̄  + kÖ180̄ . 

ʇʨʝʤʘ ʪʦʤʝ, ʩʚʘ ʨʿʝʰʝˁʘ ʿʝʜʥʘʯʠʥʝ ʩʫ ʦʙʣʠʢʘ  

x = 90̄  + kÖ180̄ , 

ʛʜʿʝ ʿʝ k ʧʨʦʠʟʚʦˀʘʥ ʮʠʿʝʣʠ ʙʨʦʿ.§ 

 

ʂʘʜʘ ʿʝ a = b = c ʜʘʪʘ ʦʧʰʪʘ ʣʠʥʝʘʨʥʘ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʘ ʿʝʜʥʘʯʠʥʝ ʿʝ 

ʩʘʛʣʘʩʥʦʩʪ, ʨʿʝʰʝˁʝ ʿʝ (ʩʢʦʨʦ) ʩʚʘʢʠ ʫʛʘʦ ʭ. ʂʘʜʘ ʿʝ a = b = 0, ʘʣʠ c  ̧0, ʜʘʪʘ 

ʿʝʜʥʘʯʠʥʘ ʿʝ ʢʦʥʪʨʘʜʠʢʮʠʿʘ, ʥʝʤʘ ʨʿʝʰʝˁʘ. ʂʘʜʘ ʿʝ ab = 0, ʘʣʠ a
2
 + b

2
  ̧0 ʪʘʜʘ 

ʠʤʘʤʦ ʿʝʜʥʦʩʪʘʚʥʝ ʦʙʣʠʢʝ ʘʥʘʣʦʛʥʝ ʧʨʝʪʭʦʜʥʦʤ ʧʨʠʤʿʝʨʫ (5.1.1.) ʧʦʜ ʘ) ʠ ʙ). 

ʂʘʜʘ ʿʝ ab  ̧0, ʘʣʠ ʿʝ c = 0, ʪʘʜʘ ʿʝʜʥʘʯʠʥʫ ʣʘʢʦ ʩʚʦʜʠʤʦ ʥʘ ʿʝʜʥʦʩʪʘʚʥʝ ʦʙʣʠʢʝ 

ʠʩʪʦʛ ʧʨʠʤʿʝʨʘ ʧʦʜ ʚ) ʠ ʛ). ʋ ʩʣʫʯʘʿʫ abc  ̧0, ʿʝʜʥʘʯʠʥʘ ʠʤʘ ʨʿʝʰʝˁʝ ʘʢʦ ʠ ʩʘʤʦ 

ʘʢʦ ʿʝ 1cos)sin(1 ¢=+¢- fj
a

c
x , ʪʿ. a

2
 + b

2
 Ò 1 ʢʘʦ ʫ ʪʝʦʨʝʤʠ 4.2.2. 

 

ɿʘʜʘʮʠ 5.1.2. 

1. ʅʘ˂ʠ ʩʚʘ ʨʿʝʰʝˁʘ ʿʝʜʥʘʯʠʥʘ:  

ʘ) 1cossin =- xx ;  ʙ) 3cossin3 -=- xx ;  

ʚ) 2cos3sin =+ xx ;  ʛ) 1cossin -=+ xx . 

 

2. ʉʚʝʩʪʠ ʥʘ ʣʠʥʝʘʨʥʫ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʫ ʿʝʜʥʘʯʠʥʫ ʠ ʥʘ˂ʠ ʩʚʘ ʨʿʝʰʝˁʘ:  

ʘ) 3cos
2
x ï sin

2
x = 1 ï 2sin x;  ʙ) 2 ï 2Ѝς sin x = cos2x;  

ʚ) sin y cos(x ï y) + cos y sin(x ï y) = 0,5;  ʛ) cos y cos(x ï y) ï sin y sin(x ï y) = -

0,5. 

 

3. ʆʜʨʝʜʠʪʠ ʩʚʘ ʨʿʝʰʝˁʘ ʿʝʜʥʘʯʠʥʘ:  

ʘ) 1
3

2tg =ö
÷

õ
æ
ç

å
-
p

x ;  ʙ) 3
4

3ctg =ö
÷

õ
æ
ç

å
+
p

x ;  

ʚ) 2
5

3cos2 =ö
÷

õ
æ
ç

å
+
p

x ;  ʛ) 1
6

2sin2 =ö
÷

õ
æ
ç

å
-
p

x . 

 

4. ʉʚʝʩʪʠ ʥʘ ʣʠʥʝʘʨʥʫ ʿʝʜʥʘʯʠʥʫ ʠ ʨʿʝʰʠʪʠ:  

ʘ) tg(2x + 30̄ ) + ctg(2x + 30̄ ) = 4;  ʙ) 12sin3sin3cos 22 =-+ xxx ;  

ʚ) cos2x2sin x  + 1 = x cos3 -sin3x ; 
ʛ) 

4

2

8
sin

8
sin 22 =ö

÷

õ
æ
ç

å
--ö

÷

õ
æ
ç

å
+ xx

pp
. 

5. ʈʿʝʰʠʪʠ ʩʠʩʪʝʤ ʿʝʜʥʘʯʠʥʘ:  

ʘ) 
í
ì
ë

=

=

1sincos

3cossin

yx

yx
; 

ʙ) 
î
í

î
ì

ë

=

=

2

1
coscos

4

3
sinsin

yx

yx
;  
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ʚ) 
í
ì
ë

=+

=+

1coscos

3sinsin

yx

yx
;  ʛ) 

í
ì
ë

=

=+

1tgtg

2tgtg

yx

yx
. 

 

6. ʅʘ˂ʠ ʩʚʝ ʫʛʣʦʚʝ ʭ ʟʘ ʢʦʿʝ ʩʫ ʪʘʯʥʝ ʥʝʿʝʜʥʘʢʦʩʪʠ:  

ʘ) 
2

2
)30sin( ²¯-x ; ʙ) 

2

1
)

3
cos( ¢+

p
x ; 

ʚ) tg(x + 45̄ ) < 3 ; ʛ) ctg
3

3
)

4
( >-
p

x . 

5.2. ʅʝʣʠʥʝʘʨʥʝ ʿʝʜʥʘʯʠʥʝ 

ʅʝʣʠʥʝʘʨʥʫ ʿʝʜʥʘʯʠʥʫ ʦʙʣʠʢʘ f(x) = g(x) ʧʠʰʝʤʦ ʫ ʦʙʣʠʢʫ f(x) ï g(x) = 0, ʟʘʪʠʤ 

ʣʠʿʝʚʫ ʩʪʨʘʥʫ ʨʘʩʪʘʚˀʘʤʦ ʥʘ ʬʘʢʪʦʨʝ. ɸʢʦ ʜʦʹʝʤʦ ʜʦ ʬʘʢʪʦʨʠʟʘʮʠʿʝ 

h1(x)Öh2(x)Öh3(x)Öé = 0, ʦʥʜʘ ʿʝ ʨʿʝʰʝˁʝ ʧʦʣʘʟʥʝ ʿʝʜʥʘʯʠʥʝ ʫʥʠʿʘ ʨʿʝʰʝˁʘ 

ʿʝʜʥʘʯʠʥʘ h1(x) = 0, h2(x) = 0, h3(x) = 0, ... , ʿʝʨ ʿʝ ʧʨʦʠʟʚʦʜ ʙʨʦʿʝʚʘ ʿʝʜʥʘʢ ʥʫʣʠ 

ʢʘʜʘ ʿʝ ʙʠʣʦ ʢʦʿʠ ʦʜ ʬʘʢʪʦʨʘ ʿʝʜʥʘʢ ʥʫʣʠ.  

ʇʨʠʤʿʝʨ 5.2.1. ʅʘ˂ʠ ʩʚʘ ʨʿʝʰʝˁʘ ʿʝʜʥʘʯʠʥʝ sin2x + 2cos x = sin x + 1.  

ʈʿʝʰʝˁʝ: ɼʘʪʫ ʿʝʜʥʘʯʠʥʫ ʧʠʰʝʤʦ ʫ ʦʙʣʠʢʫ sin2x + 2cos x ï sin x + 1 = 0, ʟʘʪʠʤ 

ʣʠʿʝʚʫ ʩʪʨʘʥʫ ʩʚʦʜʠʤʦ ʥʘ (sin x + 1)(cos x ï ) = 0. ɼʘˀʝ, ʪʨʘʞʠʤʦ ʫʥʠʿʫ ʩʚʠʭ 

ʨʿʝʰʝˁʘ ʿʝʜʥʘʯʠʥʘ sin x = -1, ʠ cos x =  . ʈʿʝʰʝˁʘ ʧʨʚʝ ʩʫ p
p

kx 2
2

1 +-= , ʘ 

ʜʨʫʛʝ p
p

lx 2
3

2
2 +°= , ʛʜʿʝ ʩʫ k ʠ l ʧʨʦʠʟʚʦˀʥʠ ʮʠʿʝʣʠ ʙʨʦʿʝʚʠ.§ 

ɿʘʜʘʮʠ 5.2.2. 

1. ʈʘʩʪʘʚˀʘˁʝʤ ʥʘ ʬʘʢʪʦʨʝ ʨʿʝʰʠʪʠ ʿʝʜʥʘʯʠʥʝ:  

ʘ) tg
2
x + tg x ï 6 = 0;  ʙ) ctg

2
x + 3ctg x ï 4 = 0; 

ʚ) cos
2
x ï 0,5cos x + 0,06 = 0;  ʛ) sin

2
x + 0,5sin x + 0,04 = 0. 

 

2. ʅʘ˂ʠ ʨʿʝʰʝˁʘ ʫ ʩʪʝʧʝʥʠʤʘ (ʤʠʥʫʪʘʤʘ ʠ ʩʝʢʫʥʜʘʤʘ):  

ʘ) 6(sin x + cos x)
2
 ï (sin x + cos x) = 1; ʙ) 3(sin x ï cos x)

2
 + (sin x ï cos x) = 2. 

 

3. ʇʦʿʝʜʥʦʩʪʘʚʠʪʠ ʿʝʜʥʘʯʠʥʝ ʠ ʥʘ˂ʠ ʨʿʝʰʝˁʘ ʫ ʨʘʜʠʿʘʥʠʤʘ:  

ʘ) 3
2sin2cos1

2sin2cos1
-=

++

+-

yy

yy
; ʙ) 3

4sin

4cos1

2cos

2cos1
=

+
Ö

+

y

y

y

y
.  

 

4. ʅʘ˂ʠ ʨʿʝʰʝˁʘ ʿʝʜʥʘʯʠʥʘ ʫ ʩʪʝʧʝʥʠʤʘ, ʤʠʥʫʪʘʤʘ ʠ ʩʝʢʫʥʜʘʤʘ:  

ʘ) 6,0
2cos1

3sinsin
=

+

+

z

zz
;  ʙ) 6,0

2sin1

2cos
=

+ z

z
.  

 

5. ʊʨʘʥʩʬʦʨʤʠʩʘʪʠ ʫ ʧʨʦʠʟʚʦʜ ʠ ʥʘ˂ʠ ʩʚʘ ʨʿʝʰʝˁʘ ʿʝʜʥʘʯʠʥʘ:  

ʘ) 0
4

tg
4

tg =ö
÷

õ
æ
ç

å
-+ö

÷

õ
æ
ç

å
+

pp
xx ;  ʙ) cos2x ï sin4x ï cos6x = 0; 

ʚ) sin2x + cos4x ï sin6x = 0;  ʛ) 0
cossin

sincos2
=

-

--

xx

xx
. 

 

6. ʅʘ˂ʠ ʩʚʘ ʨʿʝʰʝˁʘ ʿʝʜʥʘʯʠʥʘ: 
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ʘ) sin x + sin5x = 2;  ʙ) cos3x + cos5x = 2. 

[ʘ) 
5

2

10
2

2

pp
p

p k
nx +=+= , 5n ï k + 1 = 0.] 

6. ʊʨʠʛʦʥʦʤʝʪʨʠʿʩʢʝ ʥʝʿʝʜʥʘʯʠʥʝ 

ʅʝʿʝʜʥʘʯʠʥʘ ʢʦʿʘ ʟʘ ʥʝʧʦʟʥʘʪʫ ʚʨʠʿʝʜʥʦʩʪ ʠʤʘ ʘʨʛʫʤʝʥʪ (ʫʛʘʦ) ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʝ 

ʬʫʥʢʮʠʿʝ ʥʘʟʠʚʘ ʩʝ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʘ ʥʝʿʝʜʥʘʯʠʥʘ. ʈʿʝʰʘʚʘʤʦ ʠʭ ʘʣʛʝʙʘʨʩʢʠʤ 

ʧʦʿʝʜʥʦʩʪʘʚˀʠʚʘˁʝʤ ʥʝʿʝʜʥʘʢʦʩʪʠ ʜʦ ʿʝʜʥʦʛ ʦʜ ʦʙʣʠʢʘ: sin x < 0, sin x > 0, cos x 

< 0, ..., tg x > 0, ʯʠʘʿ ʨʿʝʰʝˁʘ ʟʘʪʠʤ ʪʨʘʞʠʤʦ ʥʘ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʦʿ ʢʨʫʞʥʠʮʠ.  

ʇʨʠʤʿʝʨ 6.0.1. ʈʿʝʰʠʪʠ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʫ ʥʝʿʝʜʥʘʯʠʥʫ ÓÉÎςὼ π.  

 ʈʿʝʰʝˁʝ: ɼʘʪʘ ʥʝʿʝʜʥʘʯʠʥʘ ʝʢʚʠʚʘʣʝʥʪʥʘ ʿʝ ʩʘ ÓÉÎςὼ

. ʅʘ ʩʣʠʮʠ ʜʝʩʥʦ ʚʠʜʠʤʦ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʫ ʢʨʫʞʥʠʮʫ 

ʠ ʛʨʘʥʠʯʥʝ ʫʛʣʦʚʝ ʦʜ 
p
 ʠ 

p
 ʯʠʿʠ ʩʠʥʫʩ ʿʝ . ʉʚʝ ʪʘʯʢʝ ʥʘ 

ʩʠʥʫʩʥʦʿ ʦʩʠ ʠʟʥʘʜ İ ʠʤʘʿʫ ʪʨʘʞʝʥʝ ʚʨʠʿʝʜʥʦʩʪʠ ʟʘ 

ʩʠʥʫʩ ʫʛʣʘ 2x. ɼʘʢʣʝ, ʨʿʝʰʝˁʘ ʩʫ ʪʘʢʚʠ ʙʨʦʿʝʚʠ ʭ ʜʘ ʿʝ 
p
 

< 2x < 
p
, ʪʿ. 

p
 < x < 

p
. ʂʘʜʘ ʩʚʘʢʦʤ ʦʜ ʦʚʠʭ ʨʿʝʰʝˁʘ 

ʜʦʜʘʤʦ ʧʫʥʠ ʫʛʘʦ 2p, ʜʦʙʠʿʘʤʦ ʩʚʘ ʨʿʝʰʝˁʘ ʜʘʪʝ 

ʥʝʿʝʜʥʘʯʠʥʝ ʫ ʦʙʣʠʢʫ  
p
 + 2kp < x < 

p
 + 2kp, ʛʜʿʝ ʿʝ k Í 

Z  

 

(k ʿʝ ʧʨʦʠʟʚʦˀʘʥ ʮʠʿʝʣʠ ʙʨʦʿ).§ 

ʇʨʠʤʿʝʨ 6.0.2. ʅʘ˂ʠ ʩʚʘ ʨʿʝʰʝˁʘ ʿʝʜʥʘʯʠʥʝ cos(x - 
p
) ï   < 0.  

ʈʿʝʰʝˁʝ: ɼʘʪʘ ʥʝʿʝʜʥʘʯʠʥʘ ʝʢʚʠʚʘʣʝʥʪʥʘ ʿʝ ʩʘ cos j <  

. ʅʘ ʩʣʠʮʠ ʜʝʩʥʦ ʚʠʜʠʤʦ ʜʘ ʥʝʿʝʜʥʘʯʠʥʫ ʨʿʝʰʘʚʘʿʫ 

ʫʛʣʦʚʠ j ʠʟ ʠʥʪʝʨʚʘʣʘ ( 
p
, 2p ï 

p
 ). ʇʨʝʤʘ ʪʦʤʝ  

p
 < x - 

p
 

< 
p
 , ʦʜʥʦʩʥʦ 

p
 + 2kp < x - 

p
 < 

p
 + 2kp, ʛʜʿʝ ʿʝ k 

ʧʨʦʠʟʚʦˀʘʥ ʮʠʿʝʣʠ ʙʨʦʿ. ʇʦʩʝʙʥʦ ʿʝ 
p
 + 2kp < x < 

p
 + 

2kp , ʪʿ. ʨʿʝʰʝˁʝ ʜʘʪʝ ʥʝʿʝʜʥʘʯʠʥʝ ʿʝ ʫʛʘʦ x ʠʟ 

ʠʥʪʝʨʚʘʣʘ ( 
p
 , 

p
 ) ʠ ʨʿʝʰʝˁʝ ʿʝ ʩʚʘʢʠ ʜʨʫʛʠ ʫʛʘʦ ʢʦʿʠ 

ʩʝ ʠʟ ʪʦʛ  

 

ʠʥʪʝʨʚʘʣʘ ʜʦ ʜʦʙʠʿʝ ʜʦʜʘʚʘˁʝʤ k Í Z ʧʫʥʠʭ ʫʛʣʦʚʘ, ʜʦʜʘʚʘˁʝʤ 2kp.§ 

ʇʨʠʤʿʝʨ 6.0.3. ʈʿʝʰʠʪʠ ʥʝʿʝʜʥʘʯʠʥʫ ö
÷

õ
æ
ç

å
-<ö

÷

õ
æ
ç

å
-

4
3cos

4
3sin

pp
xx .  

ʈʿʝʰʝˁʝ: ɼʘʪʘ ʥʝʿʝʜʥʘʯʠʥʘ ʝʢʚʠʚʘʣʝʥʪʥʘ ʿʝ ʩʘ 

0
4

3tg <ö
÷

õ
æ
ç

å
-
p

x . ʅʘ ʩʣʠʮʠ ʚʠʜʠʤʦ ʪʘʥʛʝʥʩʥʫ ʦʩʫ, 

ʪʘʥʛʝʥʪʫ ʥʘ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʫ ʢʨʫʞʥʠʮʫ ʫ ʢʨʘʿˁʦʿ 

ʜʝʩʥʦʿ ʪʘʯʢʠ, ʯʠʿʝ ʠʩʭʦʜʠʰʪʝ ʿʝ ʥʘ ʘʧʩʮʠʩʠ (ʢʦʩʠʥʫʩʥʘ 

ʦʩʘ), ʘ ʚʨʠʿʝʜʥʦʩʪʠ ʨʘʩʪʫ ʛʦʨʝ. ʅʝʛʘʪʠʚʥʝ ʚʨʠʿʝʜʥʦʩʪʠ 

ʪʘʥʛʝʥʩʘ ʩʫ ʠʩʧʦʜ ʪʘʯʢʝ 0. ʇʨʝʤʘ ʪʦʤʝ 
4

3
p
-x Í

ö
÷

õ
æ
ç

å
- 0,

2

p
Ç ö

÷

õ
æ
ç

å
p

p
,

2
 

 



ʈʘʩʪʢʦ ɺʫʢʦʚʠ˂: ʄʘʪʝʤʘʪʠʢʘ II 

ɻʠʤʥʘʟʠʿʘ ɹʘˁʘ ʃʫʢʘ, 2011. 33 

ʠ ʪʘʢʦʹʝ 3ʭ ʤʦʞʝ ʠʤʘʪʠ ʩʚʝ ʚʨʠʿʝʜʥʦʩʪʠ ʢʦʿʝ ʩʝ ʜʦʙʠʿʫ ʜʦʜʘʚʘˁʝʤ ʥʝʢʦʣʠʢʦ 

ʧʫʥʠʭ ʢʨʫʛʦʚʘ (2kp ʨʘʜʠʿʘʥʘ) ʦʚʦʿ ʫʥʠʿʠ. ɼʘʢʣʝ, 3ʭ Í ö
÷

õ
æ
ç

å
Çö
÷

õ
æ
ç

å
-

4

5
,

4

3

4
,

4

pppp
 ʧʣʫʩ 

2kp, ʛʜʿʝ ʿʝ k ʧʨʦʠʟʚʦˀʘʥ ʮʠʿʝʣʠ ʙʨʦʿ. ʊʘʯʥʠʿʝ, ʨʿʝʰʝˁʝ ʜʘʪʝ ʥʝʿʝʜʥʘʯʠʥʝ ʿʝ 

ʩʚʘʢʠ ʙʨʦʿ ʭ ʪʘʢʘʚ ʜʘ ʿʝ p
p

p
p

kxk 2
12

2
12

+<<+-  ʠʣʠ p
p

p
p

kxk 2
12

5
2

4
+<<+ , 

ʢʘʜʘ k Í Z.§ 

ɿʘʜʘʮʠ 6.0.4. 

1. ʅʘ˂ʠ ʩʚʘ ʨʿʝʰʝˁʘ ʥʝʿʝʜʥʘʯʠʥʘ:  

ʘ) |sin2x| >  ; ʙ) |cos(x - 
p
)| <  ; 

ʚ) |tg(x ï 
p
)| < 1 ;  ʛ) |ctg3x| > 1.  

 

2. ʈʿʝʰʠʪʠ ʥʝʿʝʜʥʘʯʠʥʝ:  

ʘ) sin x + cos x > 1; ʙ) sin x ï cos x < 1; 

ʚ) sin x ï Ѝσ cos x < 1; ʛ) Ѝσ sin x + cos x > 1. 

 

3. ʀʟʿʝʜʥʘʯʠʪʠ ʩʘ ʥʫʣʦʤ, ʨʘʩʪʘʚʠʪʠ ʥʘ ʬʘʢʪʦʨʝ ʠ ʨʠʿʝʰʠʪʠ:  

ʘ) sin x + cos2x > 1; ʙ) cos x ï sin2x < 0. 

 

4. ʅʘ˂ʠ ʩʚʘ ʨʿʝʰʝˁʘ:  

ʘ) |tg x + ctg x| < 
Ѝ

; ʙ) |tg x ï ctg x| > ςЍσ . 

 

5. sin x sin2x < sin3x sin4x, ʢʘʜʘ x Í(0, p/2). 

 

6. ʐʪʘ ʿʝ ʚʝ˂ʝ: cos sin x, ʠʣʠ sin cos x ? ʂʘʜʘ? ɿʘʰʪʦ? 
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III ʊʨʠʛʦʥʦʤʝʪʨʠʿʩʢʝ ʬʫʥʢʮʠʿʝ 

7. ʇʝʨʠʦʜʠʯʥʝ ʬʫʥʢʮʠʿʝ 

ʇʝʨʠʦʜʠʯʥʝ ʬʫʥʢʮʠʿʝ ʩʫ ʬʫʥʢʮʠʿʝ ʦʙʣʠʢʘ y = f(x) ʢʦʿʝ ʠʤʘʿʫ ʦʩʦʙʠʥʫ 

ʧʦʥʘʚˀʘˁʘ ʩʚʦʿʝ ʚʨʠʿʝʜʥʦʩʪʠ (ʫ) ʫ ʨʝʛʫʣʘʨʥʠʤ ʠʥʪʝʨʚʘʣʠʤʘ ʠʣʠ ʧʝʨʠʦʜʠʤʘ 

ʘʧʩʮʠʩʝ (ʦʩʝ x).  

ʋ ʤʘʪʝʤʘʪʠʮʠ, ʧʦʩʪʦʿʠ ʧʦʩʝʙʥʘ ʛʨʫʧʘ ʬʫʥʢʮʠʿʘ ʢʦʿʝ ʥʘʟʠʚʘʤʦ ʢʨʫʞʥʝ 

ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʝ ʬʫʥʢʮʠʿʝ, ʠʣʠ ʩʘʤʦ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʝ ʬʫʥʢʮʠʿʝ, ʢʦʿʝ ʩʚʝ 

ʠʤʘʿʫ ʦʩʦʙʠʥʫ ʧʝʨʠʦʜʠʯʥʦʩʪʠ. ʆʩʥʦʚʥʝ ʧʝʨʠʦʜʠʯʥʝ ʬʫʥʢʮʠʿʝ ʩʫ ʦʩʥʦʚʥʝ 

ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʝ ʬʫʥʢʮʠʿʝ: ʩʠʥʫʩʦʠʜʘ, ʢʦʩʠʥʫʩʦʠʜʘ ʠ ʝʚʝʥʪʫʘʣʥʦ ʪʘʥʛʝʥʩʦʠʜʘ 

ʠʣʠ ʢʦʪʘʥʛʝʥʩʦʠʜʘ. ʋ ʜʘˀʝʤ ʪʝʢʩʪʫ ˂ʝʤʦ ʧʦʜʨʘʟʫʤʠʿʝʚʘʪʠ ʜʘ ʩʫ ʫʛʣʦʚʠ ʦʚʠʭ 

ʬʫʥʢʮʠʿʘ (ʭ) ʜʘʪʠ ʫ ʨʘʜʠʿʘʥʠʤʘ, ʦʩʠʤ ʫ ʧʦʩʝʙʥʠʤ ʩʣʫʯʘʿʝʚʠʤʘ ʢʦʿʝ ˂ʝʤʦ 

ʥʘʛʣʘʩʠʪʠ. ʅʘ ʧʨʠʤʿʝʨ sin x ,̄ cos x ,̄ ʠʣʠ tg x .̄ 

7.1. ʆʩʥʦʚʥʝ ʬʫʥʢʮʠʿʝ 

ʉʠʥʫʩʥʘ ʬʫʥʢʮʠʿʘ y(x) = sin x, ʪʟʚ. ʩʠʥʫʩʦʠʜʘ, ʜʘʪʘ ʿʝ ʛʨʘʬʦʤ.  

 
ɼʦʤʝʥ ʦʚʝ ʬʫʥʢʮʠʿʝ ʿʝ ʩʢʫʧ ʨʝʘʣʥʠʭ ʙʨʦʿʝʚʘ R, ʢʦʜʦʤʝʥ ʿʝ ʟʘʪʚʦʨʝʥʠ ʠʥʪʝʨʚʘʣ [-

1, 1].ɻʨʘʬ ʩʠʥʫʩʥʝ ʬʫʥʢʮʠʿʝ ʧʨʝʩʿʝʮʘ ʘʧʩʮʠʩʫ (ʍ-ʦʩʫ) ʫ ʪʘʯʢʘʤʘ 0, °p, °2p, °3p, 

..., (p º 3,14). ʄʿʝʩʪʘ ʧʨʝʩʿʝʢʘ ʬʫʥʢʮʠʿʝ ʩʘ ʘʧʩʮʠʩʦʤ ʥʘʟʠʚʘʤʦ ʥʫʣʝ ʬʫʥʢʮʠʿʝ. 

ʆʚʘ ʬʫʥʢʮʠʿʘ ʜʦʩʪʠʞʝ ʤʘʢʩʠʤʘʣʥʝ ʚʨʠʿʝʜʥʦʩʪʠ 1, ʦʜʥʦʩʥʦ -1 ʦʨʜʠʥʘʪʝ (Y-ʦʩʝ) ʫ 

ʪʘʯʢʘʤʘ °
p
, °
p
 + 2p, °

p
 + 4p, é . ʀʥʘʯʝ, ʤʘʢʩʠʤʘʣʥʘ ʦʜʩʪʫʧʘˁʘ ʦʨʜʠʥʘʪʝ ʦʜ ʦʩʝ 

ʦʩʮʠʣʦʚʘˁʘ ʧʝʨʠʦʜʠʯʥʝ ʬʫʥʢʮʠʿʝ ʥʘʟʠʚʘʤʦ ʘʤʧʣʠʪʫʜʦʤ ʧʝʨʠʦʜʠʯʥʝ ʬʫʥʢʮʠʝ. 

ʇʨʝʤʘ ʪʦʤʝ, ʩʠʥʫʩʥʘ ʬʫʥʢʮʠʿʘ ʠʤʘ ʧʝʨʠʦʜ, ʠʥʪʝʨʚʘʣ ʧʦʩʣʠʿʝ ʢʦʿʝʛ ʩʝ ˁʝʥ ʛʨʘʬ 

ʧʦʥʘʚˀʘ ʿʝʜʥʘʢ 2p, ʠ ʘʤʧʣʠʪʫʜʫ 1. ɻʨʘʬ ʦʚʝ ʬʫʥʢʮʠʿʝ ʿʝ ʮʝʥʪʨʘʣʥʦ ʩʠʤʝʪʨʠʯʘʥ 

ʫ ʦʜʥʦʩʫ ʥʘ ʠʩʭʦʜʠʰʪʝ ʢʦʦʨʜʠʥʘʪʥʦʛ ʩʠʩʪʝʤʘ, ʰʪʦ ʟʥʘʯʠ ʜʘ ʿʝ ʩʠʥʫʩʥʘ ʬʫʥʢʮʠʿʘ 

ʥʝʧʘʨʥʘ, ("xÍR) y(-x) = -y(x).  

ʂʦʩʠʥʫʩʥʘ ʬʫʥʢʮʠʿʘ y(x) = cos x, ʪʟʚ. ʢʦʩʠʥʫʩʦʠʜʘ, ʜʘʪʘ ʿʝ ʩˀʝʜʝ˂ʠʤ ʛʨʘʬʦʤ. 

 
ɼʦʤʝʥ ʠ ʢʦʜʦʤʝʥ ʦʚʝ ʬʫʥʢʮʠʿʝ ʩʫ ʿʝʜʥʘʢʠ ʧʨʝʪʭʦʜʥʦʿ. ɻʨʘʬ ʢʦʩʠʥʫʩʥʝ ʬʫʥʢʮʠʿʝ 

ʜʦʙʠʿʝʤʦ ʪʨʘʥʩʣʘʮʠʿʦʤ ʩʠʥʫʩʥʝ ʬʫʥʢʮʠʿʝ ʟʘ 
p
 ʫ ʣʠʿʝʚʦ. ʇʨʝʤʘ ʪʦʤʝ, cos x = sin(x 

+ 
p
), ʦʜʥʦʩʥʦ sin x = cos(x ï 

p
). ʊʘʢʦʹʝ, ʢʦʩʠʥʫʩʥʘ ʬʫʥʢʮʠʿʘ ʠʤʘ ʧʝʨʠʦʜ 2p, ʠ 

ʘʤʧʣʠʪʫʜʫ 1. ʆʙʝ ʬʫʥʢʮʠʿʝ, ʩʠʥʫʩʦʠʜʘ ʠ ʢʦʩʠʥʫʩʦʠʜʘ ʥʠʩʫ ʙʠʿʝʢʮʠʿʝ 

(ʦʙʦʩʪʨʘʥʦ ʿʝʜʥʦʟʥʘʯʥʘ ʧʨʝʩʣʠʢʘʚʘˁʘ). ɻʨʘʬ ʦʚʝ ʬʫʥʢʮʠʿʝ ʿʝ ʦʩʥʦ ʩʠʤʝʪʨʠʯʘʥ ʫ 

ʦʜʥʦʩʫ ʥʘ ʫ-ʦʩʫ, ʰʪʦ ʟʥʘʯʠ ʜʘ ʿʝ ʢʦʩʠʥʫʩʥʘ ʬʫʥʢʮʠʿʘ ʧʘʨʥʘ, ("xÍR) y(-x) = y(x). 
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ʅʘ ʩʣʠʮʠ ʣʠʿʝʚʦ ʿʝ ʪʘʥʛʝʥʩʥʘ ʬʫʥʢʮʠʿʘ y(x) = 

tg(x), ʪʟʚ. ʪʘʥʛʥʩʦʠʜʘ. ɻʨʘʬ ʪʘʥʛʝʥʩʥʝ ʬʫʥʢʮʠʿʝ 

ʧʨʝʩʿʝʮʘ ʘʧʩʮʠʩʫ (ʭ-ʦʩʫ) ʫ ʪʘʯʢʘʤʘ 0, °p, °2p, 

°3p, ... , ʯʠʿʝ ʩʫ ʧʨʠʙʣʠʞʥʝ ʚʨʠʿʝʜʥʦʩʪʠ ʨʝʜʦʤ 

°3,14; °6,28; °9,42; ... . ʊʦ ʩʫ ʥʫʣʝ ʦʚʝ ʬʫʥʢʮʠʿʝ. 

ʇʝʨʠʦʜ ʪʘʥʛʝʥʩʥʝ ʬʫʥʢʮʠʿʝ ʿʝ p º 3,14.   

 

ɸʩʠʤʧʪʦʪʘ ʬʫʥʢʮʠʿʝ ʿʝ ʧʨʘʚʘ ʢʦʿʦʿ ʩʝ ʛʨʘʬ 

ʙʝʩʢʦʥʘʯʥʦ ʧʨʠʙʣʠʞʘʚʘ, ʙʝʟ ʜʦʜʠʨʘ. 

ʊʘʥʛʝʥʩʦʠʜʘ ʠʤʘ ʚʝʨʪʠʢʘʣʥʝ ʘʩʠʤʧʪʦʪʝ, ʧʨʘʚʝ 

ʧʘʨʘʣʝʣʥʝ ʦʨʜʠʥʘʪʠ (ʫ-ʦʩʠ) ʫ ʪʘʯʢʘʤʘ ʭ = 
p
, 

p
, 

p
, é, ʪʿ. ʫ ʪʘʯʢʘʤʘ ʘʧʩʮʠʩʝ ʯʠʿʝ ʩʫ 

ʧʨʠʙʣʠʞʥʝ ʚʨʠʿʝʜʥʦʩʪʠ °1,57; °4,71; 7,85; ... . 

ʊʘʥʛʝʥʩʥʘ ʬʫʥʢʮʠʿʘ ʥʝʤʘ ʘʤʧʣʠʪʫʜʫ, ʿʝʨ ˁʝʥʝ 

ʦʨʜʠʥʘʪʝ ʥʝʦʛʨʘʥʠʯʝʥʦ ʨʘʩʪʫ ʫ ʙʣʠʟʠʥʠ 

(ʚʝʨʪʠʢʘʣʥʠʭ) ʘʩʠʤʧʪʦʪʘ. ɼʦʤʝʥ ʪʘʥʛʝʥʩʥʝ 

ʬʫʥʢʮʠʿʝ ʯʠʥʝ ʩʚʠ ʨʝʘʣʥʠ ʙʨʦʿʝʚʠ ʦʩʠʤ ʦʥʠʭ ʥʘ 

ʭ-ʦʩʠ ʢʫʜʘ ʧʨʦʣʘʟʝ ʘʩʠʤʧʪʦʪʝ ʦʚʝ ʬʫʥʢʮʠʿʝ; 

ʢʦʜʦʤʝʥ ʿʝ ʩʢʫʧ ʩʚʠʭ ʨʝʘʣʥʠʭ ʙʨʦʿʝʚʘ. ʋ ʩʚʠʤ 

ʪʘʯʢʘʤʘ ʜʦʤʝʥʘ, ʪʘʥʛʝʥʩʥʘ ʬʫʥʢʮʠʿʘ ʿʝ ʨʘʩʪʫ˂ʘ.   

 

ʂʦʪʘʥʛʝʥʩʥʘ ʬʫʥʢʮʠʿʘ y(x) = ctg(x), ʪʟʚ. 

ʢʦʪʘʥʛʝʥʩʦʠʜʘ, ʧʨʝʩʿʝʮʘ ʘʧʩʮʠʩʫ ʫ ʪʘʯʢʘʤʘ 
p
,  

p
, 

p
, é, ʠʤʘ ʠʩʪʠ ʧʝʨʠʦʜ p ʢʘʦ ʪʘʥʛʝʥʩʦʠʜʘ, ʘʣʠ ʿʝ ʩʚʫʛʜʿʝ ʦʧʘʜʘʿʫ˂ʘ. 

ɸʩʠʤʧʪʦʪʝ ʢʦʪʘʥʛʝʥʩʥʝ ʬʫʥʢʮʠʿʝ ʩʫ ʚʝʨʪʠʢʘʣʥʝ ʧʨʘʚʝ ʭ = 0, °p, °2p, °3p, ... .  
 

ʊʘʥʛʝʥʩʥʘ ʠ ʢʦʪʘʥʛʝʥʩʥʘ ʬʫʥʢʮʠʿʘ ʩʫ ʫʟʘʿʘʤʥʦ ʨʝʮʠʧʨʦʯʥʝ, ˁʠʭʦʚ ʧʨʦʠʟʚʦʜ 

ʿʝʜʥʘʢ ʿʝ ʿʝʜʠʥʠʮʠ. ʆʙʝ, ʪʘʥʛʝʥʩʥʘ ʠ ʢʦʪʘʥʛʝʥʩʥʘ ʬʫʥʢʮʠʿʘ ʩʫ ʥʝʧʘʨʥʝ. 

ɿʘʜʘʮʠ 7.1.1. 

1. ʅʘ˂ʠ ʪʘʯʥʫ ʚʨʠʿʝʜʥʦʩʪ:  

ʘ) sin 120̄;  ʙ) cos 300̄;  ʚ) tg -210̄ ;  

ʛ) sin -2p;  ʜ) cos 
p
;  ʹ) tg p.  

 

2. ʅʘʧʠʩʘʪʠ ʩʚʝ ʚʨʠʿʝʜʥʦʩʪʠ ʟʘ ʫʛʘʦ q ʦʜ -4p ʜʦ 6p ʟʘ ʢʦʿʝ ʿʝ:  

ʘ) sin q = 1;  ʙ) cos q = 1; ʚ) tg q = 1. 

 

3. ʉʢʠʮʠʨʘʪʠ ʛʨʘʬ ʬʫʥʢʮʠʿʝ y, ʟʘ ʫʛʘʦ q ʦʜ ʦʜ -2p ʜʦ 4p :  

ʘ) y = 2sin q ;  ʙ) y = 0.5cos q ; ʚ) y = -tg q . 
 

4. ʉʢʠʮʠʨʘʪʠ ʛʨʘʬ ʬʫʥʢʮʠʿʝ y, ʟʘ ʫʛʘʦ t ʦʜ ʦʜ -2p ʜʦ 4p :  
ʘ) y = sin 2t ;  ʙ) y = cos 0.5t ; ʚ) y = tg(-t). 

 

5. ʉʢʠʮʠʨʘʪʠ ʛʨʘʬ ʬʫʥʢʮʠʿʝ y, ʟʘ ʫʛʘʦ x ʦʜ ʦʜ -2p ʜʦ 4p :  
ʘ) y = 1 ï sin x;  ʙ) y = 1 + cos q ; ʚ) y = tg x ï 1 . 

 

6. ʉʢʠʮʠʨʘʪʠ ʛʨʘʬ ʬʫʥʢʮʠʿʝ f(x), ʟʘ ʫʛʘʦ x ʦʜ ʦʜ -2p ʜʦ 4p :  



ʈʘʩʪʢʦ ɺʫʢʦʚʠ˂: ʄʘʪʝʤʘʪʠʢʘ II 

ɻʠʤʥʘʟʠʿʘ ɹʘˁʘ ʃʫʢʘ, 2011. 36 

ʘ) f(x) = sin(x + p);  ʙ) f(x) = cos(x ï p); ʚ) f(x) = tg( p ï x). 

7.2. ʇʝʨʠʦʜ 

ɼʝʬʠʥʠʮʠʿʘ 7.2.1. ʌʫʥʢʮʠʿʘ f : Df ­ R , Df Ì R , ʿ ʝ ʧʝʨʠʦʜʠʯʥʘ ʘʢʦ ʧʦʩʪʦʿʠ 

ʨʝʘʣʘʥ ʙʨʦʿ ʊ ʨʘʟʣʠʯʠʪ ʦʜ ʥʫʣʝ, ʪʘʢʘʚ ʜʘ ʿʝ ʟʘ ʩʚʝ t Í Df , t ° T Í Df ,  f(t + T) = 

f(t). ɹʨʦʿ ʊ ʿʝ ʧʝʨʠʦʜ ʬʫʥʢʮʠʿʝ f. 

ʆʩʥʦʚʥʝ ʧʝʨʠʦʜʠʯʥʝ ʬʫʥʢʮʠʿʝ ʩʫ: ʢʦʥʩʪʘʥʪʥʝ ʬʫʥʢʮʠʿʝ, ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʝ 

ʬʫʥʢʮʠʿʝ ʠ ʨʘʟʣʦʤˀʝʥʘ ʬʫʥʢʮʠʿʘ { x} . 

ʅʘ ʩˀʝʜʝ˂ʦʿ ʩʣʠʮʠ ʜʦʣʝ ʿʝ ʛʨʘʬ ʬʫʥʢʮʠʿʝ ʢʦʿʘ ʥʠʿʝ ʧʝʨʠʜʦʜʠʯʥʘ. ʀʘʢʦ ʜʫʞ 

ʘʧʩʮʠʩʝ (ʭ-ʦʩʝ) ʧʦʩʪʦʿʝ ʛʨʘʬʠʯʢʝ ʩʣʠʯʥʦʩʪʠ, ʚʨʠʿʝʜʥʦʩʪʠ ʦʨʜʠʥʘʪʘ ʩʝ ʧʦʩʪʝʧʝʥʦ 

ʠ ʥʝʧʝʨʠʦʜʠʯʥʦ ʧʦʚʝ˂ʘʚʘ. 

 
ʃʘʢʦ ʿʝ ʚʠʜʿʝʪʠ ʜʘ ʙʠʣʦ ʢʦʿʘ ʢʦʥʩʪʘʥʪʥʘ ʬʫʥʢʮʠʿʘ f(t) = c = const. ʠʤʘ ʦʩʦʙʠʥʫ 

ʧʝʨʠʦʜʠʯʥʦʩʪʠ, ʩʘ ʧʨʦʠʟʚʦˀʥʠʤ ʧʝʨʠʦʜʦʤ ʊ Í R
+
. ʅʘʠʤʝ, ("tÍR) f(t + T) = f(t) = 

c. 

 

ʅʘ ʩʣʠʮʠ ʣʠʿʝʚʦ ʿʝ ʧʨʠʤʿʝʨ ʛʨʘʬʘ 

ʥʝʧʦʟʥʘʪʝ ʧʝʨʠʦʜʠʯʥʝ ʬʫʥʢʮʠʿʝ f(t) ʩʘ 

ʧʝʨʠʦʜʦʤ ʊ.  

 

ɽʣʝʢʪʨʦʢʘʨʜʠʦʛʨʘʤ (ɽʂɻ), ʥʘ ʩˀʝʜʝ˂ʦʿ 

ʩʣʠʮʠ ʜʝʩʥʦ ʿʝ ʧʨʠʤʿʝʨ ʿʝʜʥʝ 

ʧʝʨʠʦʜʠʯʥʝ ʬʫʥʢʮʠʿʝ ʠʟ ʤʝʜʠʮʠʥʝ. ʊʦ 

ʿʝ ʛʨʘʬʠʯʢʠ ʟʘʧʠʩ ʝʣʝʢʪʨʠʯʥʝ 

ʘʢʪʠʚʥʦʩʪʠ ʩʨʮʘ ʫ ʪʦʢʫ ʢʨʘʪʢʦʛ ʧʝʨʠʦʜʘ 

ʚʨʝʤʝʥʘ.  

ʉʘ ʩʚʘʢʠʤ ʦʪʢʫʮʘʿʝʤ, ʦʜ ʚʨʭʘ ʜʦ ʜʥʘ 

ʥʘʰʝʛ ʩʨʮʘ ʧʨʝʥʦʩʠ ʩʝ ʝʣʝʢʪʨʠʯʥʠ 

ʩʠʛʥʘʣ ʢʦʿʠ ʧʨʦʫʟʨʦʢʫʿʝ ʢʦʥʪʨʘʢʮʠʿʫ 

ʠ ʧʫʤʧʘˁʝ ʢʨʚʠ. ʀʤʝ ɽʂɻ ʜʦʣʘʟʠ ʦʜ 

ʪʨʠ ʛʨʯʢʝ ʨʠʿʝʯʠ: ʝʣʝʢʪʨʦ, ʢʘʨʜʠʦ ï 

ʩʨʮʝ, ʛʨʘʤ ï ʧʠʩʘʪʠ.  

 

ʅʘ ʩˀʝʜʝ˂ʝ ʜʚʠʿʝ ʩʣʠʢʝ ʜʘʪʝ ʩʫ ʿʦʰ 

ʜʚʘ ʛʨʘʬʘ ʬʫʥʢʮʠʿʘ ʢʦʿʝ ʩʫ ʪʘʢʦʹʝ 

ʧʝʨʠʦʜʠʯʥʝ.  
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ʇʨʠʤʿʝʨ 7.2.2. ʅʘ˂ʠ ʧʝʨʠʦʜ ʬʫʥʢʮʠʿʝ { x} = x ï [x], ʛʜʿʝ ʿʝ [x] Ăʥʘʿʚʝ˂ʝ ʮʠʿʝʣʦ ʦʜ 

ʭñ.  

ʈʿʝʰʝˁʝ: ʇʨʚʦ, ʪʘʙʣʠʯʥo ʜʘʿʝʤʦ ʚʨʠʿʝʜʥʦʩʪʠ ʟʘ ʥʝʢʦʣʠʢʦ ʭ-ʦʚʘ.  

x 1 1,2 1,5 1,7 2 2,3 2,5 2,8 3 

[x] 1 1 1 1 2 2 2 2 3 

{ x}  0 0,2 0,5 0,7 0 0,3 0,5 0,8 0 

ʅʘʢʦʥ ʪʘʙʝʣʠʨʘˁʘ ʿʝ ʣʘʢʰʝ ʩʢʠʮʠʨʘʪʠ ʛʨʘʬ ʦʚʝ ʥʝʦʙʠʯʥʝ ʬʫʥʢʮʠʿʝ ʠ 

ʧʨʠʤʿʝʪʠʪʠ ˁʝʥʫ ʧʝʨʠʦʜʠʯʥʦʩʪ.  

 
ɼʘˀʝ, ʠʟ f(x) = { x} = x ï [x], ʩˀʝʜʠ f(x + T) = x + T ï [x + T], ʧʘ ʘʢʦ ʿʝ f(x + T) = 

f(x), ʪʘʜʘ ʿʝ x + T ï [x + T] = x ï [x]. ʆʪʫʜʘ ʿʝ T = [x + T] ï [x], ʪʿ. T Í Z. ʅʘʿʤʘˁʠ ʿʝ 

ʧʦʟʠʪʠʚʘʥ ʮʠʿʝʣʠ ʙʨʦʿ 1 ʠ ʪʦ ʿʝ ʦʩʥʦʚʥʠ ʧʝʨʠʦʜ ʜʘʪʝ ʬʫʥʢʮʠʿʝ.§ 

ʇʨʠʤʿʝʨ 7.2.3. ʅʝʢʘ ʿʝ ʜʘʪʘ ʥʝʢʘ ʬʫʥʢʮʠʿʘ f(x) ʠ ʧʦʟʠʪʠʚʘʥ ʨʝʘʣʘʥ ʙʨʦʿ ʘ ʪʘʢʘʚ 

ʜʘ ʟʘ ʩʚʘʢʦ x Í R ʚʘʞʠ ʿʝʜʥʘʢʦʩʪ f(x + a) + f(x) = 0. ɼʦʢʘʟʘʪʠ ʜʘ ʿʝ f(x) 

ʧʝʨʠʦʜʠʯʥʘ ʠ ʥʘ˂ʠ ˁʝʥ ʧʝʨʠʦʜ.   

ɼʦʢʘʟ: ɼʘʪʘ ʿʝʜʥʘʢʦʩʪ ʩʝ ʤʦʞʝ ʧʠʩʘʪʠ ("xÍR) f(x + a) = ïf(x). ɿʘʤʿʝʥʦʤ Ăʭñ ʩʘ Ăʭ 

+ ʘñ ʜʦʙʠʿʘʤʦ f(x + 2a) = ïf(x + a) = f(x) ʟʘ ʩʚʘʢʦ ʨʝʘʣʥʦ ʭ. ʇʨʝʤʘ ʪʦʤʝ, ("xÍR) 

f(x + 2a) = f(x), ʰʪʦ ʟʥʘʯʠ ʜʘ ʿʝ ʬʫʥʢʮʠʿʘ f(x) ʧʝʨʠʦʜʠʯʥʘ ʩʘ ʧʝʨʠʦʜʦʤ ʊ = 2ʘ.§ 

ʇʨʠʤʿʝʨ 7.2.4. ʅʘ˂ʠ ʧʝʨʠʦʜ ʬʫʥʢʮʠʿʝ y = aÖtg(bx + c).  

ʈʿʝʰʝˁʝ: ʂʘʜʘ ʩʝ ʭ ʧʦʚʝ˂ʘ ʟʘ ʥʝʧʦʟʥʘʪʠ ʧʝʨʠʦʜ ʊ, ʪʘʜʘ ʩʝ ʘʨʛʫʤʝʥʪ a = bx + c 

ʧʦʚʝ˂ʘ ʟʘ ʧʝʨʠʦʜ p ʪʘʥʛʝʥʩʥʝ ʬʫʥʢʮʠʿʝ. ɼʘʢʣʝ, b(x + T) + c = (bx + c) + p. 

ʈʿʝʰʘʚʘˁʝʤ ʦʚʝ ʿʝʜʥʘʯʠʥʝ ʜʦʙʠʿʘʤʦ 
b

T
p
= .§ 

ʇʨʠʤʿʝʨ 7.2.5. ʅʘ˂ʠ ʧʝʨʠʦʜ ʬʫʥʢʮʠʿʝ f(x) = asinkx + bcoskx. 

ʈʿʝʰʝˁʝ: ʉʤʿʝʥʦʤ a = rcosb ʠ b = rsinb , ʦʜʘʢʣʝ ʩˀʝʜʠ 22 bar +=  ʠ f(x) = 

rcosbsinkx + rsinbcoskx = rsin(kx + b). ʆʚʘ ʬʫʥʢʮʠʿʘ ʠʤʘ ʘʤʧʣʠʪʫʜʫ r ʠ ʠʩʪʠ 

ʧʝʨʠʦʜ ʢʘʦ ʬʫʥʢʮʠʿʘ sin(kx + b). ʂʘʜʘ ʩʝ ʫʛʘʦ a = kx + b ʧʦʚʝ˂ʘ ʟʘ ʧʝʨʠʦʜ 

ʩʠʥʫʩʥʝ ʬʫʥʢʮʠʿʝ, ʟʘ 2p, ʪʘʜʘ ʩʝ ʘʨʛʫʤʝʥʪ ʭ ʧʦʚʝ˂ʘ ʟʘ ʥʝʧʦʟʥʘʪʠ ʨʝʘʣʥʠ ʙʨʦʿ ʊ, 

ʪʿ. (kx + b) + 2p = k(x + T) + b. ʆʪʫʜʘ T = 2p/k . ʊʦ ʿʝ ʪʨʘʞʝʥʠ ʧʝʨʠʦʜ ʜʘʪʝ 

ʬʫʥʢʮʠʿʝ f(x).§ 
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ʇʨʠʤʿʝʨ 7.2.6. ʅʘ˂ʠ ʧʝʨʠʦʜ ʬʫʥʢʮʠʿʝ sin
2
x.  

ʈʿʝʰʝˁʝ: ʀʟ 
2

2cos1
sin2 x

x
+

=  ʩˀʝʜʠ ʜʘ ʿʝ ʧʝʨʠʦʜ ʦʚʝ ʬʫʥʢʮʠʿʝ ʿʝʜʥʘʢ ʧʝʨʠʦʜʫ 

ʬʫʥʢʮʠʿʝ cos2x. ʆʪʫʜʘ, ʪʨʘʞʝʥʠ ʧʝʨʠʦʜ ʿʝ ʊ = 2p/2 = p.§ 

ʅɿʉ ʧʨʘʚʠʣʦ 7.2.7. ʂʘʜʘ ʩʫ ʜʚʠʿʝ ʬʫʥʢʮʠʿʝ ʧʝʨʠʦʜʠʯʥʝ, ʩʘ ʦʩʥʦʚʥʠʤ 

ʧʝʨʠʦʜʠʤʘ ʊ1 ʠ ʊ2, ʪʘʜʘ ʿʝ ʠ ˁʠʭʦʚ ʟʙʠʨ ʧʝʨʠʦʜʠʯʥʘ ʬʫʥʢʮʠʿʘ ʩʘ ʦʩʥʦʚʥʠʤ 

ʧʝʨʠʦʜʦʤ ʢʦʿʠ ʿʝ ʥʘʿʤʘˁʠ ʟʘʿʝʜʥʠʯʢʠ ʩʘʜʨʞʘʣʘʮ ʙʨʦʿʝʚʘ ʊ1 ʠ ʊ2.  

ʈʝʮʠʤʦ, ʬʫʥʢʮʠʿʘ y(x) = sinx + sin , ʠʤʘ ʧʝʨʠʦʜʝ ʩʘʙʠʨʘʢʘ ʨʝʜʦʤ ʊ1 = 2p ʠ ʊ2 = 

4p, ʯʠʿʠ ʅɿʉ ʿʝ 4p. ʇʨʝʤʘ ʪʦʤʝ, ˁʝʥ ʧʝʨʠʦʜ ʊ = ʅɿʉ(ʊ1, ʊ2) = 4p, h ʪʦ ʩʝ ʣʘʢʦ 

ʚʠʜʠ ʥʘ ʩʣʠʮʠ:  

. 

ʅɿʉ ʟʘ ʮʠʿʝʣʝ ʙʨʦʿʝʚʝ ʟʥʘʤʦ ʥʘ˂ʠ. ʊʘʢʦʹʝ ʟʥʘʤʦ ʥʘ˂ʠ ʅɿɼ (ʥʘʿʚʝ˂ʠ ʟʘʿʝʜʥʠʯʢʠ 

ʜʿʝʣʠʣʘʮ) ʮʠʿʝʣʠʭ ʙʨʦʿʝʚʘ. ʊʘʜʘ, ʘʢʦ ʠʤʘʤʦ ʨʘʟʣʦʤʢʝ , ʤʦʞʝʤʦ ʢʦʨʠʩʪʠʪʠ 

ʬʦʨʤʫʣʫ:  

ʅɿʉ = (ʅɿʉ ʙʨʦʿʥʠʢʘ)/(ʅɿɼ ʥʘʟʠʚʥʠʢʘ). 

ʅʘ ʧʨʠʤʿʝʨ, ʟʘ ʨʘʟʣʦʤʢʝ 3/5 ʠ 2/3 ʅɿʉ ʙʨʦʿʥʠʢʘ 3 ʠ 2 ʿʝ 6, ʘ ʅɿɼ ʥʘʟʠʚʥʠʢʘ 5 ʠ 3 

ʿʝ 1, ʧʘ ʿʝ ʙʨʦʿ 6/1 ʥʘʿʤʘˁʠ ʙʨʦʿ (ʅɿʉ) ʯʠʿʠ ʢʦʣʠʯʥʠʢ ʩʘ ʜʘʪʠʤ ʨʘʟʣʦʤʮʠʤʘ ʿʝ 

ʮʠʿʝʣʠ ʙʨʦʿ. ɼʨʫʛʠ ʧʨʠʤʿʝʨ, ʅɿʉ( , ) = ʅɿʉ(9, 15)/ʅɿɼ(10, 14) = 45/2; 

ʧʨʦʚʿʝʨʘ:   :  = 25 ʠ  :  = 21.  

ʅʘ ʠʩʪʠ ʥʘʯʠʥ ʤʦʞʝʤʦ ʥʘ˂ʠ ʅɿʉ ʟʘ ʠʨʘʮʠʦʥʘʣʥʝ ʙʨʦʿʝʚʝ ʦʙʣʠʢʘ 3Ѝς/5, 2Ѝυ/3, 

..., ʠʣʠ ʦʙʣʠʢʘ 2p/3, 3p/5, ... . ʅʘ ʧʨʠʤʿʝʨ, ʅɿʉ(p/3, 3p/2) = ʅɿʉ(p, 3p)/ʅɿɼ(2, 3) 

= 3p/1 = 3p.  

ʅɿʉ ʧʨʘʚʠʣʦ ʥʝ ʚʘʞʠ ʟʘ ʜʨʫʛʝ ʠʨʘʮʠʦʥʘʣʥʝ ʙʨʦʿʝʚʝ, ʢʘʦ ʰʪʦ ʥʝ ʚʘʞʠ ʟʘ ʢʦ-

ʬʫʥʢʮʠʿʝ, ʥʠʪʠ ʟʘ ʧʘʨʥʝ ʬʫʥʢʮʠʿʝ. 

ʇʨʠʤʿʝʨ 7.2.8. ʅʘ˂ʠ ʧʝʨʠʦʜ ʬʫʥʢʮʠʿʝ f(x) = sin
3
x.  

ʈʿʝʰʝˁʝ: ʀʟ f(x) = sin
3
x = 

4

3sinsin3 xx-
 = xx 3sin

4

3
sin

4

3
- . ɿʥʘʤʦ ʜʘ ʧʨʚʠ 

ʩʘʙʠʨʘʢ ʠʤʘ ʧʝʨʠʦʜ ʊ1 = 2p, ʜʨʫʛʠ ʧʝʨʠʦʜ ʊ2 = 2p/3. ʆʪʫʜʘ, ʊ = ʅɿʉ(ʊ1, ʊ2) = 

2p.§  

ɿʘʜʘʮʠ 7.2.9. 

1. ʂʦʿʠ ʩʫ ʦʩʥʦʚʥʠ ʧʝʨʠʦʜʠ ʬʫʥʢʮʠʿʘ ʥʘ ʩˀʝʜʝ˂ʠʤ ʩʣʠʢʘʤʘ:  
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2. ʅʘ˂ʠ ʦʩʥʦʚʥʠ ʧʝʨʠʦʜ ʬʫʥʢʮʠʿʝ: ʘ) f(x) = 3 + 2sin
p

 ; ʙ) f(t) = 5 ï 3cos
p

 . 

3. ʅʘ˂ʠ ʧʝʨʠʦʜʝ ʬʫʥʢʮʠʿʘ:  

ʘ) y = sin2x + cos2x;  ʙ) y = sin  ï cos  ;  ʚ) y = Ѝσsin(x - p) + cos(x - p). 

 

4. ʀʟʨʘʯʫʥʘʪʠ ʧʝʨʠʦʜʝ ʬʫʥʢʮʠʿʘ:  

ʘ) ö
÷

õ
æ
ç

å
++ö

÷

õ
æ
ç

å
-=

3
2sin

3

2
3sin)(

p
p

p
p xxxf ;  

ʙ) xxxf cossin)( += ; 

ʚ) f(x) = sin
2
x + cos

4
x;  ʛ) f(x) = sin{x}.  

[2; p/2; p/2; 1.] 

5. ʅʘ˂ʠ ʧʝʨʠʦʜʝ ʬʫʥʢʮʠʿʘ:  

ʘ) y = sin x + sin2x;  ʙ) y = cos3x ï cos2x;  ʚ) y = sin x + cos2x. 

 

6. ʂʦʿʠ ʿʝ ʦʩʥʦʚʥʠ ʧʝʨʠʦʜ ʬʫʥʢʮʠʿʝ ʜʘʪʝ ʛʨʘʬʦʤ:  
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7.3. ɸʤʧʣʠʪʫʜʘ ʠ ʪʦʢ 

ʂʨʘʪʢʦ ʨʝʯʝʥʦ, ʘʤʧʣʠʪʫʜʘ ʿʝ ʧʦʣʦʚʠʥʘ ʨʘʩʪʦʿʘˁʘ ʦʜ ʤʠʥʠʤʘʣʥʝ ʜʦ ʤʘʢʩʠʤʘʣʥʝ 

ʚʨʠʿʝʜʥʦʩʪʠ ʢʦʜʦʤʝʥʘ ʧʝʨʠʦʜʠʯʥʝ ʬʫʥʢʮʠʿʝ. ʂʘʜʘ ʢʦʜʦʤʝʥ ʥʠʿʝ ʦʛʨʘʥʠʯʝʥ, 

ʢʘʞʝʤʦ ʜʘ ʥʝʤʘ ʘʤʧʣʠʪʫʜʝ, ʠʣʠ ʜʘ ʿʝ ʘʤʧʣʠʪʫʜʘ ʙʝʩʢʦʥʘʯʥʘ. ʅʘ ʧʨʠʤʿʝʨ, ʪʘʢʚʘ 

ʿʝ ʪʘʥʛʝʥʩʥʘ ʬʫʥʢʮʠʿʘ. 

ʇʨʝʮʠʟʥʠʿʝ, ʘʤʧʣʠʪʫʜʘ ʧʝʨʠʦʜʠʯʥʝ ʬʫʥʢʮʠʿʝ ʠʣʠ ʧʨʠʛʫʰʝʥʦʛ ʦʩʮʠʣʦʚʘˁʘ, ʿʝ 

ʤʘʢʩʠʤʘʣʥʦ ʨʘʩʪʦʿʘˁʝ ʦʜ ʨʝʬʝʨʝʥʪʥʦʛ ʥʠʚʦʘ ʙʠʣʦ ʫ ʧʦʟʠʪʠʚʥʦʤ ʠʣʠ ʫ 

ʥʝʛʘʪʠʚʥʦʤ ʩʤʿʝʨʫ. ʇʝʨʠʦʜʠʯʥʘ ʬʫʥʢʮʠʿʘ ʤʦʞʝ ʧʨʝʜʩʪʘʚˀʘʪʠ ʚʠʙʨʘʮʠʿʫ, ʪʘʣʘʩ, 

ʠʣʠ ʦʧʠʩʘʪʠ ʢʨʝʪʘˁʝ ʢʣʘʪʥʘ, ʦʜʥʦʩʥʦ ʦʧʨʫʛʝ.  

ʅʘ ʧʨʠʤʿʝʨ, ʩʠʥʫʩʦʠʜʘ y = Asin(wt + a), ʛʜʿʝ A > 0, ʛʜʿʝ ʩʫ w ʠ a ʢʦʥʩʪʘʥʪʝ, ʤʦʞʝ 

ʧʨʝʜʩʪʘʚˀʘʪʠ ʫʜʘˀʝʥʦʩʪ ʯʝʩʪʠʮʝ ʢʦʿʘ ʩʝ ʢʨʝ˂ʝ ʧʨʘʚʦʣʠʥʠʿʩʢʠ ʪʦʢʦʤ ʚʨʝʤʝʥʘ t 

ʧʨʠʣʠʢʦʤ ʦʩʮʠʣʦʚʘˁʘ ʦʢʦ ˁʝʥʦʛ ʠʩʭʦʜʠʰʪʘ ʆ. ʂʦʥʩʪʘʥʪʘ ɸ ʿʝ ʘʤʧʣʠʪʫʜʘ, ʢʦʿʘ 

ʿʝ ʥʘʿʚʝ˂ʘ ʫʜʘˀʝʥʦʩʪ ʜʦʩʝʟʘˁʘ ʯʝʩʪʠʮʝ ʦʜ ʪʘʯʢʝ ʆ.  

ʀʟʨʘʟ ʘʤʧʣʠʪʫʜʘ ʩʝ ʢʦʨʠʩʪʠ ʠ ʢʦʜ ʪʟʚ. ʧʨʠʛʫʰʝʥʠʭ ʦʩʮʠʣʘʮʠʿʘ ʟʘ ʦʟʥʘʯʘʚʘˁʝ 

ʦʜʛʦʚʘʨʘʿʫ˂ʝʛ ʢʦʝʬʠʮʠʿʝʥʪʘ, ʯʘʢ ʠ ʘʢʦ ʦʥ ʥʠʿʝ ʢʦʥʩʪʘʥʪʘʥ. ʅʘ ʧʨʠʤʿʝʨ, ʬʫʥʢʮʠʿʘ 

y = 2
-t
sin3t  ʠʤʘ ʘʤʧʣʠʪʫʜʫ ɸ = 2

-t
 ʢʦʿʘ ʩʝ ʩʤʘˁʫʿʝ ʢʘ ʥʫʣʠ ʢʘʜʘ t ʥʝʦʛʨʘʥʠʯʝʥʦ 

ʨʘʩʪʝ.  

ʌʫʥʢʮʠʿʘ ʿʝ (ʩʪʨʦʛʦ) ʨʘʩʪʫ˂ʘ ʥʘ ʦʥʦʤ ʜʿʝʣʫ ʩʚʦʛ ʜʦʤʝʥʘ ʛʜʿʝ ˁʝʥʘ ʦʨʜʠʥʘʪʘ 

(ʩʪʨʦʛʦ) ʨʘʩʪʝ ʟʘʿʝʜʥʦ ʩʘ ʘʧʩʮʠʩʦʤ. ʌʫʥʢʮʠʿʘ ʿʝ (ʩʪʨʦʛʦ) ʦʧʘʜʘʿʫ˂ʘ ʥʘ ʦʥʦʤ 

ʜʿʝʣʫ ʜʦʤʝʥʘ ʛʜʿʝ ʦʨʜʠʥʘʪʘ (ʩʪʨʦʛʦ) ʦʧʘʜʘ ʜʦʢ ʘʧʩʮʠʩʘ ʨʘʩʪʝ.  

ʇʨʠʤʿʝʨ 7.3.1. ɸʤʧʣʠʪʫʜʘ ʬʫʥʢʮʠʿʝ y(x) = asin(bx + c), ʠʣʠ ʬʫʥʢʮʠʿʝ  

 

y(x) = acos(bx + c),  je |a|. ʇʦʩʝʙʥʦ, 

ʘʤʧʣʠʪʫʜʘ ʬʫʥʢʮʠʿʝ  

 

ö
÷

õ
æ
ç

å
-=

3
sin4)(

x
xy  

 

ʜʘʪʝ ʛʨʘʬʦʤ ʥʘ ʩʣʠʮʠ ʣʠʿʝʚʦ ʿʝ 4. 

ʅʘ ʛʨʘʬʫ ʚʠʜʠʤʦ ʜʘ ʬʫʥʢʮʠʿʘ 

ʦʧʘʜʘ ʟʘ x Í (-5, 5), ʦʜʥʦʩʥʦ ʨʘʩʪʝ  

ʟʘ ʭ Í (5, 15), ʠ ʜʘˀʝ ʧʝʨʠʦʜʠʯʥʦ.  

ʇʨʠʤʿʝʨ 7.3.2. ɸʤʧʣʠʪʫʜʘ ʬʫʥʢʮʠʿʝ y(x) = a1sin(bx + c) + a2 cos(bx + c) je 
2

2

2

1 aaA += .  

ɼʦʢʘʟ: ʄʦʞʝʤʦ ʧʠʩʘʪʠ y(x) = ö
÷

õ
æ
ç

å
+++ )cos()sin( 21 cbx

A

a
cbx

A

a
A , ʛʜʿʝ ʿʝ 

2

2

2

1 aaA += . ɼʘˀʝ, ʧʦʩʪʦʿʠ ʫʛʘʦ q ʪʘʢʘʚ ʜʘ ʿʝ 
A

a1cos =q  ʠ 
A

a2sin =q , ʿʝʨ ʚʘʞʠ 

ʦʩʥʦʚʥʠ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʠ ʠʜʝʥʪʠʪʝʪ cos
2q + sin

2q = 

2

2

2

1
ö
÷

õ
æ
ç

å
+ö

÷

õ
æ
ç

å

A

a

A

a
 = 

2

2

2

1

2

2

2

2

2

1

2

1

aa

a

aa

a

+
+

+
 = 

2

2

2

1

2

2

2

1

aa

aa

+

+
 = 1. ʇʨʝʤʘ ʪʦʤʝ, ʜʘʪʘ ʬʫʥʢʮʠʿʘ ʿʝ y(x) = 

A(cosqÖsin(bx + c) + sinqÖcos(bx + c)) = Asin(bx + c + q), ʢʦʿʘ ʠʤʘ ʘʤʧʣʠʪʫʜʫ 
2

2

2

1 aaA += .§ 

ʇʦʩʝʙʥʦ, ʥʘ ʩˀʝʜʝ˂ʦʿ ʩʣʠʮʠ ʿʝ ʛʨʘʬ ʬʫʥʢʮʠʿʝ y(x) = 2sin5x + 3cos5x, ʢʦʿʘ ʠʤʘ 

ʘʤʧʣʠʪʫʜʫ 1332 22 =+=A  º 3,6.  
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ʇʨʠʤʿʝʨ 7.3.3. ʅʘʮʨʪʘʪʠ ʛʨʘʬ ʬʫʥʢʮʠʿʝ ʧʨʝʜʩʪʘʚˀʝʥʝ ʠʟʨʘʟʦʤ  

x

xx
y

2cos1

3sinsin

+

+
=  

ʧʦʰʪʦ ʩʝ ʦʥ ʧʨʝʪʭʦʜʥʦ ʪʨʘʥʩʬʦʨʤʠʰʝ ʥʘ ʧʨʦʩʪʠʿʠ ʦʙʣʠʢ
9
 ( a  , a > 0,  ʿ ʝ 

ʧʦʟʠʪʠʚʘʥ ʙʨʦʿ). 

ʈʿʝʰʝˁʝ: ɼʝʬʠʥʠʮʠʦʥʦ ʧʦʜʨʫʯʿʝ ʿʝ 1 + cos2x > 0, ʪʿ. 2cos
2
x > 0, h ʪʦ ʿʝ 

ʠʩʧʫˁʝʥʦ ʟʘ ʩʚʘʢʦ p
p

kx +¸
2

, k Í Z. sin3x = sin(x + 2x) = sin x cos2x + cos x sin2x 

= é = sin x (3 ï 4sin
2
x) . 

x

xx
y

cos

2sincos
2Ö=  = 

í
ì
ë

<Ö-

>Ö

0cos,2sin2

0cos,2sin2

xx

xx
. ʀʥʘʯʝ, 

cos x > 0 Ú x Í(- 
p
 , 
p
) + 2kp, ʦʜʥʦʩʥʦ cos x < 0 Ú x Í (

p
 , 
p
) + 2kp, k Í Z. 

ʇʝʨʠʦʜ: sin2x, ʊ = p. ʅʫʣʝ: sin2x = 0, x = 
p
 . ɽʢʩʪʨʝʤʠ: sin2x = 1 ʟʘ p

p
kx +=

4

3
, 

k = 0, °1, °2, é . 

.§ 

ɿʘʜʘʮʠ 7.3.4.  

                                                 
9
 13. ʈʝʧʫʙʣʠʯʢʦ ʪʘʢʤʠʯʝˁʝ ʩʨʝʜˁʦʰʢʦʣʘʮʘ ɹʠʍ ʫ ʤʘʪʝʤʘʪʠʮʠ, 1971. 
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1. ʂʦʣʠʢʝ ʩʫ ʘʤʧʣʠʪʫʜʝ ʬʫʥʢʮʠʿʘ:  

ʘ) y = 2sin(3x ï 4);  ʙ) y = -cos( 
p
 ï 2x);  ʚ) y = 0,5tg(4x + 

p
 ). 

 

2. ʀʟʨʘʯʫʥʘʪʠ ʘʤʧʣʠʪʫʜʝ ʬʫʥʢʮʠʿʘ:  

ʘ) y = 2sin
2
(x ï 

p
);  ʙ) y = -cos

2
(2x + 

p
);  ʚ) y = 1,5tg

2
(3x + 

p
 ). 

 

3. ʂʦʨʠʩʪʝ˂ʠ ʧʨʠʤʿʝʨ (7.3.2.) ʥʘ˂ʠ ʘʤʧʣʠʪʫʜʝ ʬʫʥʢʮʠʿʘ:  

ʘ) y = sin2x + cos2x;  ʙ) y = sin  ï cos  ;  ʚ) y = Ѝσsin(x - p) + cos(x - p). 

 

4. ʇʨʦʮʿʝʥʠʪʠ ʚʨʠʿʝʜʥʦʩʪʠ ʘʤʧʣʠʪʫʜʘ ʟʘ ʬʫʥʢʮʠʿʝ:  

ʘ) y = sin x + sin2x;  ʙ) y = cos3x ï cos2x;  ʚ) y = sin x + cos2x. 

 

5. ʅʘ˂ʠ ʘʤʧʣʠʪʫʜʫ ʠ ʥʘʮʨʪʘʪʠ ʛʨʘʬ ʬʫʥʢʮʠʿʝ:  

ʘ) f(x) = 2sin
2
x + Ѝσsin2x; ʙ) f(x) = sin

4
x + cos

4
x; 

ʚ) f(x) = sin x + |sin x|;  ʛ) f(x) = cos x + |cos x|. 

 

6. ʀʩʧʠʪʘʪʠ ʪʦʢ ʠ ʥʘʮʨʪʘʪʠ ʛʨʘʬʠʢ ʬʫʥʢʮʠʿʝ:  

ʘ) f(x) = sin x ï cos2x; ʙ) f(x) = 1sin2sin2 +- xx ; 

ʚ) f(x) = 
2

sin
xx-

;  ʛ) f(x) = 
2

cos
xx+

. 

[  

 

 

 
] 

7.4. ɸʨʢʫʩ ʬʫʥʢʮʠʿʝ 

ʀʥʚʝʨʟʥʝ ʪʨʠʛʦʥʦʤʝʪʨʠʿʩʢʝ ʬʫʥʢʮʠʿʝ ʠʟʚʦʜʠʤʦ ʠʟ ʦʩʥʦʚʥʠʭ ʥʘ ʩˀʝʜʝ˂ʠ ʥʘʯʠʥ:  

¶ aʨʢʫʩʩʠʥʫʩ: a = arcsin b  Ú  b = sin a,  a Í [-p/2, p/2];  

¶ ʘʨʢʫʩʢʦʩʠʥʫʩ: a = arccos b  Ú  b = cos a,  a Í [0, p]; 

¶ ʘʨʢʫʩʪʘʥʛʝʥʩ: a = arctg b  Ú  b = tg a,  a Í [-p/2, p/2];   

¶ ʘʨʢʫʩʢʦʪʘʥʛʝʥʩ: a = arcctg b  Ú  b = ctg a,  a Í [0, p].  

ʅʘ ʪʘʿ ʥʘʯʠʥ ʩʫ ʿʝʜʥʦʟʥʘʯʥʦ ʜʝʬʠʥʠʩʘʥʝ ʠʥʚʝʨʟʥʝ ʬʫʥʢʮʠʿʝ:  

¶ y = arcsin x,  x Í [-1, 1];  

¶ y = arccos x,  x Í [-1, 1];  

¶ y = arctg x,  x Í R;  

¶ y = arcctg x,  x Í R. 
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ɻʨʘʬʦʚʠ ʦʚʠʭ ʬʫʥʢʮʠʿʘ ʩʫ ʨʝʜʦʤ:  

   

ʇʨʠʤʿʝʨ 7.4.1. ɼʦʢʘʟʘʪʠ ʠʜʝʥʪʠʪʝʪ arcsin x + arccos x = 
p
 . 

ɼʦʢʘʟ: ʅʝʢʘ ʿʝ a = arcsin x. ʊʘʜʘ ʿʝ x = sin a, ʧʘ ʿʝ 
21cos x-=a , ʘ ʟʙʦʛ ʭ Í [-

p/2, p/2] ʥʝ ʜʦʣʘʟʠ ʫ ʦʙʟʠʨ ʥʝʛʘʪʠʚʘʥ ʢʦʩʠʥʫʩ. ʉʣʠʯʥʦ, ʥʝʢʘ ʿʝ b = arccos x. ʊʘʜʘ 

ʿʝ x = cos b ʠ 21sin x-=b . ɿʘʪʦ ʿʝ sin(a + b) = x
2
 + (1 ï x

2
) = 1, ʧʘ ʿʝ 

p
p

ba k2
2
+=+ , k Í Z. ʂʘʢʦ ʿʝ a Í [-p/2, p/2] ʠ b Í [0, p] ʪʦ ʿʝ 

ù
ú

ø
é
ê

è
-Í+

2

3
,

2

pp
ba , ʧʘ ʿʝ 

2

p
ba =+ .§ 

ʇʨʠʤʿʝʨ 7.4.2. ʀʟʨʘʯʫʥʘʪʠ öö
÷

õ
ææ
ç

å
ö
÷

õ
æ
ç

å
-

7
sinarccos

p
. 

ʈʿʝʰʝˁʝ: ʅʝʢʘ ʿʝ a = öö
÷

õ
ææ
ç

å
ö
÷

õ
æ
ç

å
-

7
sinarccos

p
. ʊʘʜʘ ʿʝ ö

÷

õ
æ
ç

å
-=

7
sincos

p
a  ʠ a Í [0, p]. 

ʂʘʢʦ ʿʝ ö
÷

õ
æ
ç

å
+=ö

÷

õ
æ
ç

å
-

72
cos

7
sin

ppp
, ʙʠ˂ʝ 

14

9
coscos
p

a= . ʆʪʫʜʘ p
p

a k2
14

9
+°= , k Í 

Z. ɼʦʣʘʟʠ ʫ ʦʙʟʠʨ ʩʘʤʦ 
14

9p
a= .§ 

ʇʨʠʤʿʝʨ 7.4.3. ɼʦʢʘʟʘʪʠ ʠʜʝʥʪʠʪʝʪ ( )221arctg
2

2
arctg

2

2
arcsin +=+ .  

ɼʦʢʘʟ: ʅʝʢʘ ʿʝ 
2

2
arctg=a . ɿʙʦʛ 

42

2
arcsin

p
=  ʠ 

24

p
a

p
<+   ( 1

2

2
0 <<  Ý 

4
0

p
a<< ), ʙʠ˂ʝ öö

÷

õ
ææ
ç

å
ö
÷

õ
æ
ç

å
+=+

4
tgarctg

4

p
a

p
a . ʄʝʹʫʪʠʤ, 

2

2
tg =a , 1

4
tg =
p

, ʧʘ ʿʝ 

( )212
4

tg +=ö
÷

õ
æ
ç

å
+
p

a , ʰʪʦ ʟʥʘʯʠ ( )221arctg
4

+=+
p

a .§ 

ɿʘʜʘʮʠ  7.4.3. 

1. ʀʟʨʘʯʫʥʘʪʠ: arcsin 0,5 ; arccos 
Ѝ

 ; arctg(-Ѝσ) ; arcctg 0.  

2. ɼʦʢʘʟʘʪʠ ʠʜʝʥʪʠʪʝʪ:  

ʘ) arctg x + arcctg x = 
p
;  ʙ) arccos(-x) = p - arccos x. 

 

3. ʀʟʨʘʯʫʥʘʪʠ:  

ʘ) öö
÷

õ
ææ
ç

å
ö
÷

õ
æ
ç

å
-

5
sinarccos

p
;  ʙ) ö

÷

õ
æ
ç

å

5

3
cosarcsin
p

;  
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ʚ) ö
÷

õ
æ
ç

å

3

8
ctgarctg
p

;  ʛ) öö
÷

õ
ææ
ç

å
ö
÷

õ
æ
ç

å
-

3

8
tgarctg

p
. 

[ 7p/10; -p/10; -p/6; p/3] 

4. ɼʦʢʘʟʘʪʠ ʠʜʝʥʪʠʪʝʪ:  

ʘ) arccos + arccos =arccos(ï );  ʙ) 2arctg  + arctg14 = arctg  ;  

ʚ) arctg  + arctg  +arctg  arctg  = 
p
 . 

5. ʆʜʨʝʜʠʪʠ ʜʦʤʝʥ ʬʫʥʢʮʠʿʝ:  

ʘ) 
21

2
arcsin)(

x

x
xf

+
= ;  ʙ) 

222

2
arcsin)(

24

2

+-
=

xx

x
xf ;  

ʚ) 
x

xf
1

arccos)( = ;  ʛ) 
2

arcsin)(
-

=
x

x
xf ;  

ʜ) 21arccos)( xxf += ;  ʹ) )sin2arccos()( xxf = . 

[a) D = R, ʿ ʝʨ 1
1

2
2
¢

+x

x
; ʙ) D = R, ʿ ʝʨ x

4
 ï 2x

2
 + 2 = (x

2
 ï 1)

2
 + 1 > 0 ʠ 

1
222

2
1

24

2

¢
+-

¢-
xx

x
; ʚ) 1

1
¢

x
, ʪʿ. |x| ² 1; ʛ) D = (-¤, 1]; ʜ) ʩʘʤʦ ʭ = 0; ʹ) 2sin x 

¢ 1, tj. -p/6 + kp ¢ x ¢ p/6 + kp, k Í Z.] 

6. ʅʘʮʨʪʘʪʠ ʛʨʘʬʠʢ ʬʫʥʢʮʠʿʝ:  

i. y = sin(arcsin x);  ii . y = arcsin(sin x);  iii . y = sin(arccos x);  

iv. y = arcsin(cos x);  v. y = tg(arctg x).  
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IV ɹʨʦʿʝʚʠ 
ʀʩʪʦʨʠʿʘ ʙʨʦʿʝʚʝ ʿʝ ʜʫʛʘ ʢʦʣʠʢʦ ʠ ʠʩʪʦʨʠʿʘ ʤʘʪʝʤʘʪʠʢʝ. ɸʥʪʠʯʢʠ ɽʛʠʧ˂ʘʥʠ ʩʫ 

3000 ʛ.ʧ.ʥ.ʝ. ʦʪʢʨʠʣʠ ʧʨʠʨʦʜʥʝ ʙʨʦʿʝʚʝ, ʢʦʿʝ ʩʫ ʧʠʩʘʣʠ ʫ ʙʘʟʠ 10. ʇʦʟʥʘʚʘʣʠ ʩʫ ʠ 

ʿʝʜʥʦʩʪʘʚʥʝ ʨʘʟʣʦʤʢʝ. ɺʘʚʠʣʦʥʮʠ ʩʫ ʠʧʘʢ ʨʘʹʝ ʢʦʨʠʩʪʠʣʠ ʙʘʟʫ 60. 

ʇʨʝʪʧʦʩʪʘʚˀʘʤʦ ʜʘ ʿʝ ʙʘʟʘ 10 ʢʦʨʠʰʪʝʥʘ ʫ ʘʥʘʣʦʛʠʿʠ ʩʘ 10 ʧʨʩʪʠʿʫ ʥʘ ʨʫʢʘʤʘ, ʘ 

ʙʘʟʘ 60 ʟʙʦʛ ʚʝʣʠʢʦʛ ʙʨʦʿʘ ʬʘʢʪʦʨʘ ʪʦʛ ʙʨʦʿʘ. ɼʦʢʘʟ ʧʦʩʪʦʿʘˁʘ ʠʨʘʮʠʦʥʘʣʥʠʭ 

ʙʨʦʿʝʚʘ ʦʪʢʨʠʦ ʿʝ 500 ʛ.ʧ.ʥ.ʝ. ʫʯʝʥʠʢ ʇʠʪʘʛʦʨʝʿʩʢʝ ʰʢʦʣʝ ʫ ɸʥʪʠʯʢʦʿ ɻʨʯʢʦʿ 

(ʍʠʧʘʩʫʩ) ʢʦʿʠ ʿʝ ʟʙʦʛ ʪʦʛʘ ʫʙʠʿʝʥ. ʉʘʤ ʜʦʢʘʟ ʦʙʿʘʚʠʦ ʿʝ ɽʫʢʣʠʜ ʦʢʦ 200 ʛʦʜʠʥʘ 

ʢʘʩʥʠʿʝ.  

 
ʀʥʜʠʿʩʢʦ-ʘʨʘʧʩʢʠ ʙʨʦʿʝʚʠ ʩʘ ʙʘʟʦʤ 10 ʠ ʥʫʣʦʤ ʩʫ ʩʝ ʧʦʿʘʚʠʣʠ ʦʢʦ 600 ʛʦʜʠʥʝ 

ʥʦʚʝ ʝʨʝ. ʊʘʿ ʜʝʢʘʜʥʠ ʩʠʩʪʝʤ ʙʨʦʿʝʚʘ, ʟʘʿʝʜʥʦ ʩʘ ʥʝʛʘʪʠʚʥʠʤ ʙʨʦʿʝʚʠʤʘ ʿʝ ʧʦʩʪʘʦ 

ʦʩʥʦʚʘ ʝʚʨʦʧʩʢʝ ʤʘʪʝʤʘʪʠʢʝ 15. ʚʠʿʝʢʘ. ʋ ʩˀʝʜʝ˂ʝʤ ʚʠʿʝʢʫ ʿʝ ʧʨʚʠ ʧʫʪ 

ʫʧʦʪʨʝʙˀʝʥ ʠʤʘʛʠʥʘʨʥʠ ʙʨʦʿ. ʂʦʤʧʣʝʢʩʥʘ ʘʨʠʪʤʝʪʠʢʘ ʿʝ ʧʦʩʪʘʣʘ ʜʠʦ 

ʤʘʪʝʤʘʪʠʢʝ ʫ 17. ʚʠʿʝʢʫ, ʘ ʚʠʿʝʢ ʢʘʩʥʠʿʝ ʿʝ ʜʝʬʠʥʠʩʘʥ ʣʦʛʘʨʠʪʘʤ ʥʝʛʘʪʠʚʥʦʛ 

ʙʨʦʿʘ. ʈʝʘʣʥʠ ʙʨʦʿʝʚʠ ʩʫ ʧʨʝʮʠʟʥʦ ʜʝʬʠʥʠʩʘʥʠ ʪʝʢ ʫ 19. ʚʠʿʝʢʫ. 

8. ʈʝʘʣʥʠ ʙʨʦʿʝʚʠ 

ɿʥʘʤʦ ʜʘ ʩʝ ʩʢʫʧ ʨʝʘʣʥʠʭ ʙʨʦʿʝʚʘ ʦʟʥʘʯʘʚʘ ʩʘ R ʠ ʜʘ ʩʫ ˁʝʛʦʚʠ ʧʦʜʩʢʫʧʦʚʠ:  

¶ ʩʢʫʧ ʧʨʠʨʦʜʥʠʭ ʙʨʦʿʝʚʘ N = {1, 2, 3, é}, 

¶ ʩʢʫʧ ʮʠʿʝʣʠʭ ʙʨʦʿʝʚʘ Z = {é, -1, 0, 1, 2, é},  

¶ ʩʢʫʧ ʨʘʮʠʦʥʘʣʥʠʭ ʙʨʦʿʝʚʘ Q = {  | m Í Z Ø n Í N},  

¶ ʩʢʫʧ ʠʨʘʮʠʦʥʘʣʥʠʭ ʙʨʦʿʝʚʘ I  = R \ Q.  

ʈʘʮʠʦʥʘʣʥʠ ʙʨʦʿʝʚʠ ʩʝ ʤʦʛʫ ʧʨʝʜʩʪʘʚʠʪʠ ʨʘʟʣʦʤʮʠʤʘ ʩʘ ʮʿʝʣʦʙʨʦʿʥʠʤ 

ʙʨʦʿʥʠʢʦʤ ʠ ʥʘʟʠʚʥʠʢʦʤ. ʅʘ ʧʨʠʤʿʝʨ, ʜʝʮʠʤʘʣʥʠ ʙʨʦʿ -7 ʿʝʜʥʘʢ ʿʝ ʨʘʟʣʦʤʢʫ -7/1, 

ʘ ʜʝʮʠʤʘʣʥʠ ʙʨʦʿ 1,5 ʿʝʜʥʘʢ ʿʝ ʨʘʟʣʦʤʢʫ  ʠʣʠ  . ʇʦʥʝʢʘʜ ʪʦ ʥʠʿʝ ʦʯʠʛʣʝʜʥʦ, ʧʘ 

ʥʘʤ ʿʝ ʧʦʪʨʝʙʘʥ ʧʦʩʪʫʧʘʢ, ʠʣʠ ʜʦʢʘʟ ʜʘ ʿʝ ʜʘʪʠ ʜʝʮʠʤʘʣʥʠ ʙʨʦʿ ʿʝʜʥʘʢ ʥʝʢʦʤ 

ʨʘʟʣʦʤʢʫ.  

ʇʨʠʤʿʝʨ 8.0.1. ʅʘ˂ʠ ʨʘʣʦʤʘʢ ʿʝʜʥʘʢ ʜʝʮʠʤʘʣʥʠ ʧʝʨʠʦʜʠʯʥʦʤ ʙʨʦʿʫ 0,151515...  . 

ʈʿʝʰʝˁʝ: ʉʪʘʚʠʤʦ 0,151515... = ʭ. ʄʥʦʞʠʤʦ ʿʝʜʥʘʢʦʩʪ ʩʘ 100, ʧʘ ʜʦʙʠʿʘʤʦ 

15,151515... = 100ʭ, ʪʿ. 15 + 0,151515... = 100ʭ. ʆʪʫʜʘ ʿʝʜʥʘʯʠʥʘ 15 + ʭ = 100ʭ, 

ʦʜʥʦʩʥʦ 99ʭ = 15, ʯʠʿʝ ʨʿʝʰʝˁʝ ʿʝ ʭ =  .  ʇʨʝʤʘ ʪʦʤʝ, ʜʘʪʠ ʜʝʮʠʤʘʣʥʠ 

ʧʝʨʠʦʜʠʯʥʠ ʙʨʦʿ ʿʝʜʥʘʢ ʿʝ ʨʘʟʣʦʤʢʫ  .§ 




























































































































