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[Npearosop

OBa CKpunTa je HenocpeaHu HacTaBak ,MHpopmaTuuke Teopuje”l, Koja je cagpaBana Haci0Be, NOYEB
oA, 1. HekBagpaTHa maTpuua KaHana“, ao ,,43. YcnosHe BepoBaTHohe”. Hymepauuja Tema ce HacTas/ba
peaom. O6e ckpunTe paheHe cy Ha ocHoBy ceharba M 3anunca NuTara M oArosopa Ha baory? akTyenHom
y Be3u ca Mojom Teopujom nHpopmaumje. Tu ce npopadyHu, objalirera U f0Ka3n 1ako 3abopas/bajy U
noTpebHO MX je Herge ocTaB/baTu ,,3a KacHuMje", Bepyjem.

TekctoBM Te npse ckpunte (MHPopmaTnyKa Teopwuja |) 3aBpLIEHN CYy U HE HaMepaBaM UX MeHATU KakBU
rog, 6unu pasnosun. Mehytum, ckpunTa Kojy nuwem, y Tekyhum nornae/bmma, yBek je npenyHa nancyca,
paYyHCKMX rpeLLIKK, NorpeLIHMX NPeTNOoCTaBKM, Ha Koje ce CcTafHO Bpaham u cTanHo ux ncnpassbam. Kao
[a BULLE BOIMM TPAXKMUTU M UCMPAB/baTK CBOje rpeLLKe Hero HacTas/baTh Ca NMCakbeM, @ 3anpaBo pagu
ce 0 Xxunotesama Koje NpBO MHTYUTUBHO NOCTaB/baM M TOKOM TeCTUpam, gopahyjem, nuam oabauyjem.

HaBogum To jep pagHe TEKCTOBE APXKMM Ha MHTEPHETY, Kaga MU NOHEKM NpujaTesb LEePeTCKn fobaum
,»AXa, HalWao cam TU rpeLlKy maTemaTtuyapy!”, a ja my ysspatum ,[1o6po, y Tekyhoj je Bep3uju, anun 4mk
MU Hahu rpewwky y 3aBpeHoj!” OBae cam 3arnaBmo ca Hedoc/e4HUM 3a0KpYKUBatemM BepoBaTHoha
NpBO Ha ABe, Ma TPU, LECT M BULIE AeUnMana U, HapaBHO, Ca PasIMYUTMM pe3yaaTima (HapounTo o,
nornas/ba perpecuja ppeKseHuUmja CNoBa), a OHAA 360r NOrpeLwHNX NPeTNoCTaBKM U IOWMM OLEHaMa.

AyTop, 2022.

! MndopmaTunuka Teopwja |, https://archive.org/details/it 20220709/
2 Bnor, http://rvukovic.net/blog/
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IV [leo: AmMnaunTyae

[lBe BpeaHOCTM KapaKTepuCTMUHE 3a ocLuMAaLmje Cy TanacHa AysKMHa v amnauTyaa. MNpea nosesyje 6poj,
bpeKBeHLMjy NoHaB/bakba OCHOBHE dase y jeanHuum BpemeHa u npeheHn nyT, gakne 6p3mHy Tanaca, a
[APyra Ham Kake HewwTo o 0ACTynaky dase Tanaca og teHe cpeare BpegHocTu. Y oba cayyaja paam ce
0 Hekum BeposaTHohama. MpBe 0 HeoapeheHOCTU HanaxKerba Tanaca Ha AaTOM MECTY, a Apyre 0 CHasu
“3pasa Tanaca, erosoj Mohu fa KOMyHULMPA Ca OKOJIMHOM, O4HOCHO LUAaHCaMa Onakakba ocumnaumje,
WK OHOTa LITO Tasac NPeACTaB/ba Of, CTPaHe APYIuX.

CmaTpam ga KomntoHoB edekat, nopes No3HaTe MHTepnpeTaLuje, roBopu o BepoBaTHOhM KpeTatba ca
CTAHOBMLUTA CaMe YecTuLe-Tanaca (GoToHa), 0 HECMOHTAHOCTM CKpeTakba Ha Matkbe NyCTUHE MOoJIoXKaja U
npahery TakBUX TpajeKTOpUja Kao Marbe BepoBaTHMX. OHO LITO Ce AellaBa TOKOM cyAapa je AenoBakbe
cune Koja (Nnpema mojoj Teopuju MHoOpMaLmje) mera nepuenuumje u seposatHohe, HaKoH Yera cnegum
CKpeTarbe W pacunarbe NPoCTo Kao HOBO ,HajBepoBaTHUje KpeTarbe” (Ca CTAaHOBULUTA YYECHUKA).

Manu je KopaK 3a GM3MKyY 4,0 NOMEHYTOT ,MHOPMATUYKOT” Tymayera KoMNTOHOBOT pacunakba, a jow je
MatbK [0 ogrosapajyher BepoBaTHOCHOT TyMmayerba TanacHe Ay»KuHe n amnantyge (Wavelength I1). Ako,
Kaja Ta CTaHOBULUTA jeAHOM YCBOjMMO, OHAa he TpeTuparba TUX TaNaCHUX KapaKTepuCTMKa AoOunjaTh Ha
LUMPUHU K, BEPYjeM, HA HaYMHE KOju Cy OBAE TEK 3anoyeTu.
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44, Codepe noTeHuMjana

3amuwsbamo age nonTte, Behy ca LeHTpom S nonynpedyHmka R m ca ueHTpom O Ha HeHOoj chepun makby
NIONTY NOAYNPEYHMKA T'. Ha canum je paBHU Npecek TUX IONTK, NO raBHoj KpyHuum K sehe chepe n
TNIAaBHOj KPYKHULM k Marbe chepe. MpeunHnk P — S — O Behe kpyHuue (K) je xMnoTeHysa npasoyrior
Tpoyrna POA. Ca nepudepuje, Tauke A = K N k, npeurunk PO suam ce nog npasum yrnom L(PAOQ) = %,
aowTpu yrnosu, ¢ = X(APO) ytaukn P n ¢, = L(POA) y Taukun O TOr TPOyrna, KOMMAEMEHTHMU CY, Tj.
o+, = % LleHTpanHm yrao sehe kpyxHuue <(BSA) = 0 = %, roe Takohe Tauka B € K N k. 3a Tauke

C =ABNPO,D =k N PO tpebahe Ham ayxnHe H = COn h = DC.

OBakKo 3aMu1LLI/baMo NPOCTOp BepoBaTHONa, ca rpynucakbem BepoBaTHUjUX gorahaja cee 6auKe LeHTpy
Behe nonte (S), Npu Yyemy je beHa chepa Ma Kojer nonynpedyHuka (R) yBek rpaHuua sBepoBaTHoha. OHa
YPaBHOTEXKYje HaneToCTW YHYTpaLHe rycTUHe BepoBaTHoONhe M BakbCKUX CUNA HEM3BECHOCTU. JlonTa ca
ueHTpom (0) Ha oboay Behe npeacTaB/ba (MaTepujanHy) TauKy KpaTKor AOMeTa genoBakba (7). OcHoBHe
cy TemMe (MOBOJOM NPETXOAHUX HACN0Ba) 6Ue O PeNeBaHTHOCTM OAHOCA AyXKWHa yHyTpawber ADB 1
BaHbCKOT /IyKa, MOCMaTpaHo 13 LeHTpa (0) marbe KpyxHuue (k), ogHocHo oarosapajyhux noBplmnHa, Te
3anpemMuHa Marbe chepe yHyTap u u3BaH Behe. Y TOM TEKCTY cam ce onpeaenno 3a 3anpemuHe, pagehu
No UHTYMLUMjU, alX MMA CMUCNA U3PadYyHaBaTU O4HOCE NOBPLUMHA, AN AYKUHA.

NMpumep 1. yskuHa nyka (ADB) kpyxHuue (k) nonynpednuka r je l; = 2ro, = rm — 2ro = r(m — 0).
OcTaTaK teHor 06uma je nyk gyxuHe l, = 2rm — Iy = r(m + 0). OgHOC 0BUX AYKMHA, KOEDULM]EHT,
nnm ,noterumjan” f' = l;: 1, = (m — 6): (r + 0), mokemo anpoKcMmmpaTy, jep 3a Hawe notpebe sehu

nonynpedHuk (R) mHoro je sBehu oa mamser (). Vlag — 0 cnean %% =singp = @,aotynald = 2¢ = z

R'
: 2r
najef'zl—ﬁ.l:l
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Npumep 2. N3payyHaBamo 04HOC NOBPLUMHA Ae/10Ba Makber Kpyra, 3ajeAHn4YKe yHyTpawroctm K N k
npema ocTtaTky. MospwwnHa oaceuka (AOB) seher kpyra je P’ = %RZ - 20 — %RZ sin(26), a nospwuHa

oaceuka (ADB) mawer je P'' = %rz “2¢04 — l1"2 sin(2¢;). To cy pa3nuKe NOBPLIMHE KPYXHOT MCEYKA U

T -6
Tpoyrna yHytap. OBaejen pame g =—— @ =——unb = ; - 0, na Hanasumo:

R? r?
P’ = 7(29 —sin20), P" = ?(Zgol —sin2¢,)

2

P,=P 4+P"= [(20 —sin260) + > (m — 6 —sin 9)]

. . . T . .
jepjesinx — x,kagax = 0,a 20 = = Tako oBa P, 3ajeAHMYKA NOBPLUMHA KPYroBa, NocTaje:

R? r? 2 rim 1r
P~ — [0+ 2 (x — 26) ——(n—20)=—(1———)
2 TR

MospwwuHa P, octaTka mamber Kpyra je:
) r’m r rem 1r
P=r’m—P=r’mn——+_—~=~ (1+——)

HonxoB KONMYHUK

je koeduunjeHT Koju aeduHULe ,NoTeHLMjan” y cnydajy NnoBpLUMHA AenoBa Kpyra. NMpumeTtnmo aa je
NCTE 03HaKe, jep je UcTe BPeAHOCTM Kao U KOJIMYHMK AYKUHA, OHaj M3 npowwsior npumepa.

Mpumep 3. MoTpaxkKMMO O4HOC NOBPLUMHA KAaNoTa Makbe Kyrie, Aena yHyTap Behe n octatka. BucuHa
KanoTe, Kanuue Koja je geo mame chepe y sehoj nontu:

h=DC=r—C0- =r[t-cos(z-g) =r(1-smg) = (1-3)
= =T =r—rcosep, =r Ccos 2 2 =r Sln2 =T )

na je NoBpLWWHa Kanote
0
P, = 2rmh = 2r°n (1 _E)
MoBpLlKHA OCcTaTKa Matbe chepe je:
0
P, = 4r’m — P, = 2r’nm (1 + 5)

na je OAHOC TUX NOBpPLWWNHA:

PacTko Bykosuh n
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To je KoepULUMjeHT Koju geduHuULe ,,noTeHUMjan”y cnydajy nosplumHa genosa cpepe.
Pasnuka KoeduumjeHaTa ogHOCA NOBPLUMHE KasioTe AYKMHA JIYKOBa je:
iy , (1 1r) (1 Zr) 4—nr>0
== 2 nR) 2w R

naje f" > f'. ¥ ,Mudopmatnukoj Teopuju“, y Hacnosy ,38. BuptyesnHe coepe” 3a KoedpuumjeHT, 0ogHOC
3anpemMuHa 3aje4HUYOor 4ena U OCTaTKa Makbe /IoNTe, Koju aeduHule ,noteHymjan” nobujeHo je

=1--=
f 4R

Nopepakje 0 < f < f' < f" < 1. CsejeaHo, cBa Tpu KoeduumjeHTa feduHULLY Y BUTU UCTY BPCTY
noTeHunjana, oHn gepuHULLY cue Koje onaajy ca KBagpaTom ygasbeHocTn R. Hajmaksu og oBa Tpu
noteHuujana ynopeheH ca penaTMBUCTUYKUM rPaBUTALMOHUM Aaje:

f = 9oo

3r R
1_ﬁ_1_ﬁ

3r

7=k

rae je R = 2GM/c? lLisapuwumnnaos NonynpeyHnk®, y kojem je G rpaBuTaLLMOHa KOHCTaHTa, M je maca
TeNa Koje rpaBUTaLLMOHO NPUBAAYN, a € je Bp3MHa CBETIOCTM Y BaKyymy.

3 Npoctop-Bpeme, 1.2.10 LLsapuwmnngoso pelerse, http://rvukovic.net/knjige/Prostor-Vreme.pdf
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45. Cnune BepoBaTHohe

Y anctpakTHom 3-[1 npocTopy BepoBaTHONA 3aMULL/bAaMO LLEHTPE OKO KOjUX Ce rPynuLLYy U3BECHOCTU,
nocreneHo cse Behux BeposaTHoha LITO je yAa/beHOCT 04, LLeHTPa Makba. Ta ce uaeja moxe pasymesaTu
nomohy rpadosa pacnogena, peunmo bepHynunjese 1 eHUX anpokcumaumja MNyacoHose 1 MNaycose,
KOjXU Ham MOry M3rnefaTh Kao Aa Heka ,,cuna“ Haromunasa Behu 6poj ncxoga oKo cpeaHux BpegHoOCTH.

0s | A
p= 0, 02=5.0
0.8 p=-2,6"=0.5 -
0.7 9
0.6 | -
05 b -
04 A~ .
03} A N\ 4
0.2 F ( .
0.1 f V4 J
0 PP il 1 1 ik, 1

-3 -4 -3 -2 -1 0 1 2 3 - 5

Ha BuKkuneguju moxeTe nornepatv objawrere oBUX rpadoBa HopmasiHe pacnogene (Faycose), pagu
WHCNMpaumje, anm aybsbu pasor noTpare 3a 0BUM CUaMa je y inTepaTypu noapasymeBaH U HUKaLa 40
Kpaja eKCnAnUUTHO M3peyeH ,NpuHLMN BepoBaTHohe”, aa ce BepoBaTHMjM ncxoam yewhe gorahajy.

3Hamo aa je ny GU3nLUM ynmuTaH OHaj CTapy KOHLUENT CUe U3 NPOLL/INX BEKOBA, KOjU je 3a rpaBuTaumjy
AjHWTajH (1916) AONYHMO 3aKPUB/LEHUM MPOCTOPOM, AaK/e BPCTOM ,,CNOHTAaHOCTU Koje ynpaBo oBAe
pa3oTKkpmBamo. CnoHTaHo, Yewhe ce gorahajy BepoBaTHUjU UCXOAM, TOMNOTA NPENasn ca TeNa HUXKe Ha
cycefHO Teno BuLIe TemnepaType, CUCTEMU Ce HACTOje pa3BujaTu Ka Matbe MHPopmaTUBHNUMA, PU3NYKa
KpeTarba ce nogBpraBajy NPUHLMNY HajMmaker AejcTBa.

Cvna o Kojoj je oBAe pey npunaaa NoonlTeHOoj CNOHTAHOCTH, anun oneT, keHe dopme* npoHanasnmo y
KennepoBom apyrom 3aKoHy, Yy , KpeTaky Haboja“ no KoHMKama, nNo AesioBakby ,,6P3MHOM CBETNOCTU 1
no onagakby ca KBagpaToMm yaasbeHocTu. CBaku o, TUX GeHoMeHa, aHanoruja, notpebHo je nocebHo n
nak/bMBO NpencnutaTh. HewTo og Tora ypaauhy oamax.

4 Uncertainty Force, https://www.academia.edu/83009873/Uncertainty Force
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Cdepe noTeHUMjana NocMaTPamMo BaHBPEMEHCKM, Kao HEKY MOCTaBKY NO30PHULE Ha KOjoj ce Tek Tpebajy
nojas/bMBaTN HeKn gorahaTu. MpeTnocTaB/bamo Aa je moryhe TakBo 6e3BpeMEHCKO, aNCTPAKTHO CTakbe
M A3 je OHO Yy TOM CMUC/Y BPCTA MaTeEMaTUUKe CTPYKType. MehyTum, Lpnnmmo nHcnmpaumjy us ¢pmsmke.

Y Mmojoj Teopuju BeposaTHohe, Beh 04aBHO PYTUHCKM NOCMaTpPam CBET/IOCT, €/1IeKTPOMArHeTHe Tasace U
yonwTe $oToHE, nnn apyre objekte Koju 61 ce KpeTanmn Tom 6p3MHOM Kao 6e3BpeMeHCKe, TaKBUMa Koju
CBOjy peasiHoOCT Ayryjy cBojum nocmatpadymma. ObjeKTu Kojuma Bpeme He Teye NocToje y NPoCcTopy Tamo
Cy re UM je HajsepoBaTHUje MecTo 1 buhe Ha TakKBOM MecTy U y ciegehem TpeHyYTKY CBaKor penaTtuBHoOr
nocmaTpaya, y A4aToj CUTYaLLMju KOjy MOXKEe MeHATU CaMOo CM/Ia, a KOja je yBEK MPOMEHa HacTasla MEHOM
cuTyaumja.

Cuna mersa BepoBaTHohe 1 npomeHa BepoBaTHoha HeKa Cy cuna, CTaHOBULUTE je Koje 3acTynam CBOjoM
Teopujom nHdopmaumje. Nopemehaj BeposaTHohe 3HaUM NPUCYCTBO CUE — pEYEHULA je MOjUX TEKCTOBA
0f1aBHO, Kao M —4alla je Ha CTOJy 3aTO LUTO jOj je TaMo HajBepoBaTHMje mecTo u buhe Tamo n yoyayhe
CBe [lOK Ha Yallly He aefyje HeKa Cuia AW HEKO ApYro Teno, NoNyT pyKe Koja he yally CKNOHUTW.

Y cknagy ca peyeHum, 6e3BpemMeHcKa Tena TaMo Cy rae cy, a MocMaTpaym cy TM Koju Um ,404ajy” ceoje
BpemMe, npoLiece 1 NpomeHe. 3aTo je 6p3nHa CBETNOCTM He3aBKCHA o4 6p3nHe M3BOPa, jep TeK Bp3unHa
MpPOMeHa OHOra KO CBET/IOCT MoCMaTpa Aaje Hoj 6p3uHy. Mpema Tome, cafallbOCT CBAKOT OZ, Hac, CBaKe
peasHOoCTM, MoOMepa Ce Ay BpeMeHCKe oce Bp3nHOM CBETI0CTH.

AHanorHo, chepe noTeHUMjaNa y CBOM MAaTEMATUYKOM KOHLENTY CTaTUYHE Cy, @ AUHAMMKY 400Mjajy Tek
onaykakbem of cTpaHe cybjekaTta Kojuma Bpeme Teye. O63MPOM Ha TOK CaAalLHOCTH, OZ, MPOLU/IOCTHU Ka
6yayhHOCTH, 04 UCKa3aHe MHOPMaLMje Ka HEMCKa3aHoj, 04 PeasiM30BaHOr Ka Hepean3oBaHom, chepe
noteHumjana 6uhe suhaHe y Wmpemy.

CBU [,eNnoBM CBaKe NojenHe o TUX ,lunpehunx chepa” MCTOBPEMEHMU Cy, LITO 3HAYM KBAHTHO CNPErHyTH,
Te UM Y GU3NYKOM CMUC/Y TaflacHe AyXKUHE Mory 6UTK UCTe, @ aMNAUTYAe CBE Makbe, Kao U APYrMM Tako
wupehmm Tanacuma. To, NaK, 3HaUM Aa CBakKa of chepa HOCK UCTY ,,eHeprujy” nnm ,mmnyc”, ann weHe
WaHCce MHTepaKLuMje ca eBeHTyalHMM ApyrMm objekTom onagajy ca noseharbem nonynpeyHunka. OBo je
MPUANYHO Y CKNa4y ca NPETX04HUM, OHMM KaKBe CMO Te chepe NoTeHLMjana OTKPMBAIM yNopeao Kpos
npase ¢pM3MUKe KOHCTAHTHE LLeHTpasIHe cune.

To Hac foBoAM A0 ,,3aK0Ha oapiKatba“ BepoBaTHohe, Takohe nogpasymeBaHoOr y Teopuju MHbopMmaLmje
(mojoj), ann papuTteTa y 3BaHMYHOj HayuW. Kako oHAa TakaB NoBe3aTh ca Heyum GU3NYKUM — NuTaheTe
ce, a oArosop je — nomohy eHepruje. Kako Baxu 3aKoH ofpXarba eHeprije, uamn mace (E = mc?), Tpeba
NpaTUTM M3payyHaBarba O BEPTMKANHOM Nay’ Kao aHanorujy n A06MUTU HeWTOo NONyT TaMoLHer

2
m = mOeGM/Rc
rae 61 maca m Tena Koje naga 6una mg y oacycrTsy rpasuTaumje. Pa3sojem nspasa y MaknopeHos pes
3aHemMapunBakbemM BULWKNX CTeNeHa Mainx 4aaHoBa, BUAUMO Aa MOXKeMO NUcatn

my
GM
1-%cz

m =

5 NMpoctop-Bpeme, 1.2.8 BeptukanaH nag, http://rvukovic.net/knjige/Prostor-Vreme.pdf
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WITO 3Ha4YK ga KoeduumjeHT noseharba mace y rpaBUTaLMOHOM MOJbY

my GM

m Rc?
Makap GopmasHO ogrosapa rope nomeHytTom [44.] ogHoCcy 3anpemuHa f 3ajegHUYor Aena v ocTaTKa
Mahbe IoNTe, Koju geduHuLle ,noTeHuujan BepoBaTHoha”. M3pauyHaTta 6p3mHa catenuTa (y KkbuM3n ns
NMHKA), je v = /GM /R, wTO f0N1a3v 13 3aKOHa OApXKatba eHepruje (Mace) 1 npesiacka noTeHuujanHe

eHepruje rpaBUTaLMOHOT NMOJ/ba Y KUHETUUKY, MPUIMKOM CIoboAHOr Naja.

PeuHnkom eHepruje, penatmsHe E un concteeHe Ey, aonasmmo go mctor. LUtaBuwe, noctoju aHanoruja
nsamehy oBux KoedpuLmMjeHaTa ONWTe M CNeunjanHe Teopuje penaTMBHOCTU:

E myc? 1v2 1
mc? =E = 0 = = myc?y ~ myc? (1 +——> = Ey + =mgv?

) ) 2 c? 2
i S c?

LLTo je pasnararbe ykynHe penatveHe eHepruje (E = E, + Ej) Ha concTBeHy, Kojy KnacuyHa ¢pusmka

. 1 . .
Ha3uBa noTeHumnjanHom (Ey = Ep), n kKuHetnuky (Ej = Emovz). To WTO je AaHac 1 BMLWE 04, aHanorunje

3a TeopmjcKy GU3UKY, LLMPUMO Aa/be Ha HOBM TEPEH Y Teopujy BepoBaTHohe.

Apyrvm peunma, 3a HaBogHe noTeHumjane coepa BepoBaTHoha MOXKeMo nucaTu:

E
f ~ =0 = e_Ek/Ep
E
a 7o 3Hauu ga he 6p3nHa v, Koja feduHMLIE KUHETUYKY eHeprujy Tena y cnoboaHOM nagy, oAroBapaTtu
cny4yajHoj Bapujabam x HopmanHe pacnogesne BepoBaTHoha. KoeduumjeHT, unn noteHumjan chpepe Tako

nocraje

LUTO je 3anpaBo rycTMHa HopmasHe (Faycose) pacnogene.
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46. NHdopmauuja chdepa

Cdepe noTeHuMjana, Kojuma ce y 0BUM y3aCTONMHMM Haca0BMMa 6aBMmo, cTaTuuHe cy. MonyT Tabaunue
MHOX€eHba, OHE Cy ancTpaKTHE KOHCTPYKUMje 6e3 peuumo Merbatba TOKOM BpemeHa. PasBojHOCT hrma
[0Na3n o4, peflaTMBHMX NoCcMaTpaya Unja BpemeHa ,,Teky 6p3mHom ceetnoctu”. Bpeme (t) Tako nocraje
umaruHapHa (i2 = —1) ayxuHa (x, = ict) koja 61 ce morna npehu 6p3nuHom ceetnocty (c). Aumensuia
BpemeHa Mma BuLle.

CBeT cBaKor oZ, penaTMBHMX NOoCcMaTpada NoTeHUMjaaHNX chepa CTPYKTYpUpaH je nHdopmauujom ymja
CYLITWMHA je HEeM3BECHOCT, paau Yera Huje moryhe peanmsosatu peanmsosaHy nHpopmaumjy. MoHoB/beHa
,BECT” HUje BULLIE BECT, HUTU je ca CTaHOBULLUTA UCTOr MOCMATpaYa y3acTonHo Buhere TayHo ncte coepe
moryhe. CBaku o4, nocmaTpaya CTaiHO Ce MeHba, O4HOCHO HeroBa OKOJ/IMHA, Na OHAA HU OH Y HOj HUKaL,
Hucy uctn. Chdepe noTeHUMjana Koje OHU MOTy BUAETHU LIMPE Ce, TUTPajy, Hoce NoTeHuunjan nHopmaumje
M NOHEeKa, nHTeparyjy.

YKynHa nospLunHa chepe pacTe ca KBaApaToM nosynpeyHuka (/7= R?), a Tako ce cMarbyje 1 rycTUHa
jeavHUYHE HeHe noBplwurHe (cneunduryHa ryctuHa), onaga joj amnauMTya Mako TafacHa AyKuHa ocTaje
ucta (Koje noctoje camo y Buherby HeHOr pelaTMBHOT NocMmaTtpaya). MosplwmrHa aate coepe TpeHyTHa je,
LUTO 3HAYM A3 je KBAHTHO CNPEerHyTa, Te ce CBa UCMOoPYUyje y eBEHTYAIHOj MHTEePaKUMjW.

BeposaTtHoha p € (0,1) uHTepakumje jeanHnYHe NoBpLINHE chepe onaga ca KBagpaToM NoNyrNpeyHMKa
R. OHa Hocn uHdopmaumjy® h = —Inp € (0, +0), KOAMUMHY 3a KOjy NPETNOCTaB/baMo [a He 3aBUCK Of,
n3bopa gena tbeHe jeanHNYHe noBplumHe. He aoraha ce HenocpeaHa yKynHa MHTepaKLuuja gpyror Tena
ca uesiom chepom, jep je MCTOBPEMEHOCT chepe HeHa HAMBUAYAHA NojaBa. YaK HU Hale Hore HuUcy
NCTOBPEMEHE Ca I/1aBOM, jep je CBET/I0CTM NOTPpebHO HEKO BPEME Aa CTUTHE Ca Kpaja Ha Kpaj, @ Kamoau
[a Ham JenoBu Kakee Behe chepe mory 6UTU UCTOBPEMEHM. 3aTO Onakakba AesoBa chepe cmaTpajmo
Pas’NUUYNTUM (OUCjYHKTHUM) gorahajuma.

BeposaTHoha MHTepaKuUyje jeanHNYHe NOoBpPLIMHe chepe MMa YHUPOpMHy pacnogeny p = 1/R?T, woj
oarosapa Xaptaujesa unpopmaumja h(R) = — In(R?m) Koja ce metba 6p3nHOM:

dh 1 dR . c

dt Rdt R
WU jeHOCTaBHUWje NNCcaHo Rh+c=0. NHbopmaunja aena chepe cmarmyje ce ca noseharbem HeHor
nosynpeyHmKa, WTo Nnpema Ha4yeJITHOM MMHUMann3Mmy MHbopmaumje 3Haum aa ce chepa Wwmpw.

MHaue, Tamo rae Hema npomeHe BepoBaTHohe, Hema HM NpomMeHe XapTavjese nHdopmaumje, usp = 0
cnegn h = 0, a ucto Barkm 3a LleHoHoBY. OBO A4PYro BUAUMO U3:

ds

. d . . . .
$== —%(pllnpl + -+ pplnpy) = —[(P1Inp; +p) + - + PnInp, + Pl

Otyaa, ako je ceako p, = 0 pegom 3a v= 1, ...,n oHaa je $ = 0. [lakne, U3 KOHCTAHTHOCTU BepoBaTHOha
cneam KoOHCTaHTHoCT nHdopmauuje. OBae je pyq, -.., Pn, BUNA HeKa pacnoaena BeposaTHoha, a LLleHoHoBa
uHdopmaumja s = s(n) = —(p;Inp; + -+ p, Inp,,) je wuxoBa cpenra BpegHoOCT.

5 UndopmaTnuka Teopuja |, 05. XapTamjesa nHpopmaumja, https://archive.org/details/it 20220709
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Mpumetnmo Aaa je LLleHoHoBa MHPopmaumja (aena chepe noteHumjana) cee seha kaga n pacre. Haume,
. . 1.
aKo Ha 1 fleN1oBa ie/IMMO PaBHOMEpHY pacnoaeny, nojeAuHa BeposaTtHoha je p; = — na je lWenoHosa

nHpopmaumja:
s(m) = —(p1Inp; + - +ppInpy) =
1. 1 1.1 1 1
—(—1n—+---+—1n—)=—1nn+---+—1nn=lnn
n n n n n n

alnn <In(n+ 1), 1. s(n) < s(n+ 1). Ca apyre ctpaHe rnegaHo, Takohe je y3opak aena coepe gate,
peunmo jeanHUYHE, NOBpPLUNHE cBe MHOPMATUBHU|K, jep Beha cdepa rpaHuMua je Behoj HeM3BecHOCTH.

MehyTum, yaeo nipopmaumje y nojeamHom geny, cabupky LLleHoHose nHPopmaumje, CBe je Matbh, jep

1
| 1 -1
n+1n(n+ )<nnn

3acBako n > e = 2.71828... lokas je ussog dyHKkumje f(x) = ilnx, Koju je

1—-Inx
f'x) = —z <0
3alnx > 1, 1j. x > e, Kaga je oBa pyHKUMja onagajyha 1 Baxkun npeTxoaHa HejegHakocT. To 61 nwno ca
CMarbMBarbEM Aena NoBpLKnHe pactyhe coepe penpeseHTaTUBHOT 33 KOMYHUKALMY.

Ha HauunH cinMyHMX cdepa objaibaBao cam WNpeHe BUPTyeNHN GOTOHA OKO e/IeKTPOHA, M3a TecTUpatba
ay6seer cmucna y ®ajHmaHosum aujarpammuma’: ,[a 61 y3pok ogbujarba enekTpoHa Kyn1oHOBOM criom
(nponopuuoHanHOM HaeleKTpUcarbMMa YecTuUa a 06pHYTO NPONOPLMOHAHOM KBaZpaTy PacTojara
namehy mux) 6unm BupTyenHn GoToHM, He Tpeba MX TPeTMpPaTH Kao OLCKaKMBakba NUHI-MOHT IONTULE.
PauyH he 6UTK TauaH TeK ako GpOTOH 3aMMLL/bAaMO Kao BUPTYeHY chepy Koja ce Wunpwu U3 LeHTpa (cBakor
04,) enekTpoHa.” PasmeHe TeKy y NakeTnuma, UCMOPYKOM KBaHTa AejcTBa HacTaje geduumT MHpopmaumje,
a 360r HayenHor MMHMManM3Ma (MPUBNAYHOCTU MatbKa) MHPOpPMaUmje, HacTaje CynpoTHA emMucHja.

Y cnyyajy mano onwTwuje, uHbopmaumje nepuenunje S = x1yq + -+ + X, Yy, KOja je cKanapHU Npon3BoL,
BeKTOpa X = (X1, ..., Xp) WY = (¥4, ..., Y ), NOCTOje Aasbe moryhHOCTU ogpsKkarba. Ha npumep, 13

S = Gy + x191) + -+ @Yo + XnVn)

MOKe ce A06UTU KOHCTaHTHOCT y BpemeHy, S = 0, ako je x,y, + x,y, = 0 pegom 3a cBako v =1, ..., n.
To 3HauM pacT NpBe Bapujabne Kaga Apyra onaga v 06pHYTO, OCLMIOBakE KaKBO Ce 3aucTa goraha.

7 MHorocTpyKocTu, KBaHTHa cnperHyTocT, http://rvukovic.net/knjige/Mnogostrukosti.pdf
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47. Ocumnaumje

MepuoanyHe nojase cy HAYMH A3 Ce 04 p¥KaBajy KOANYMHE, @ a CUCTEMM KOju HeMajy ,namhetrbe” cTapy
BECT OneT BM/e Kao HOBY. 3a cucTeme ca c1abum namherbem 13nas je cnaba nepmoamyHoCT, a y cay4ajy
nojaea jayer namhema Ty cy ,MOHaB/barba” Ha YBEK A0BO/bHUM M3y3eLMma. TakaB je CBET 3aCHMBaAH Ha
nHpopmaLMjama Ynja CyLITUHA je HEM3BECHOCT.

Kao wrto 3Hamo, amdepeHuumjan npomssoaa je d(xy) = (dx)y + x(dy). OH moxke 6uth Hyna, a aa ce Te
[iBe BesiMuuHe ctanHo memajy, (dx)y = —x(dy), kapa noseharve jeaHe npatn oarosapajyhe cmarerse
Apyre Tako ga TpajHo 6yae d(xy) = 0. Kaga umamo cnpery S = x;y;1 + - + X, Y, KOMNOHEHTM HN30Ba
X =(x1, 0, Xp) MY = (V1, ..., Yn), UCTO je moryhe ca cBakum napom dpakTopa y keHum cabupupma. OBo
nokasyje 3Hayaj MHbopmaLmje nepuenumnie y Teopujn MHopmaLmje KaKBOM je passujam.

MepuoaunyHa HenpekugHa TanacHa dyHKumnja ¢ = y(xy, ..., X, ) 3340B0/baBa TaJacHy jeHAYUHY

92 92 92
N _ o (Tv, O
ot 0xj 0x;,

rae je c? peanHa KoHcTaHTa. Y dusuum t je Bpeme, na HagoBe3yjyhu ce Ha pasmaTparba U3 NPETXOAHNX
HAc/0Ba, A3 Ce CafallHOCT KPO3 NPOCTOp-Bpeme BacMoHe Kpehe 6p3nHOM CBETNOCTH, Taaa je ¢ bp3unHa
cseTnoctu. TakBo BpeMe NnocTaje NPOCTopHa KoopauHaTta T = ict, rae 33 UMarMHapHy je AMHULY BaXKu

jeanakocT i2 = —1 ny ¢pusnukom 4-[1 NpoCcTOp-BpeMeHy MOXKEeMO N1caTh

0%y 0%y 9%y 9%y

o2 Yoy T oz Tz =0

62\y+62\|1 0%y 1 0%y
0x%?  0y? 0z%* ¢? 0t?

=0

. . . .1
d TO Jé TazlaCHa jeaHa4YnHa KOoja cneau mns Makcsenosux pPagoBa O eENEKTPOMArHeTu3My, rge je C_Z = Uo&p,

aply = 4w X 1077 N/A? marHeTHa, a &, = 8,854 X 10712 F/m enekTpuuHa KOHCTaHTa NnepmeabuaHoCTy
BaKyyma®.

CumeTpuja NPOCTOPHMX M BPpEMEHCKNX KoopauHaTa Beh je npumeheHa y dpusuum, nytem MakcBenosmx
jepHaumHa, Na TeopMjomM PeNaTUBHOCTU, aln OHAa HUKaLa HUje L0BO/bHO EKCMIMLMTHO U3ParkeHa Kao y
oTkpuhy 6-[1 npocTop-BpemeHa , Teopuje nHpopmaumje” (Dimensions). MehyTrm, HM TO HUje AOBOJLHO,
WY KaXKMMO [a je NpuUxBaTakbe HOBUX AMMEH3Mja BPEMEHA OTBapakse NyTeBa Yy Nceyao-peasHocTH, a To
Aasbe y TYMmayere KOMMJIEeKCHMX bpojeBa Kao BpCTe BenYMHa ,cTBapHocTM” (Solenoid).

Ha cnyuajaH HaumH yectuua bupa Buwe moryhHoCTH, o Kojux he Heka 6MTKU Aa oHa ocTaje y ,Hawwoj”
peanHocTn. MehyTum, tbeH gpyraumnjn nsbop ,noctojahe” ny HeKoj og Nnceyao-peanHocTu, U3 Koje oHa
Aa/be MorKe oneT 6upaTtu, a aKo je HEKM o4 TUX n36opa NonasHa peasHoCT HacTaje NojaBa Kojy HasnBam
»3a06unaxere” (Bypass). Anrebapcku, To 61 3Haumno aa 6uno Koja na u peanHa dpyHKumja, f(x) € R
3a cBako x € R, Koja 61 6una HeKO KOMMNEKCHO pellere aaTtor 3aaatka, f(z) € C3a z € C, cabpaHa ca
cebu KorbyrosaHom BpegHowhy f*(z), aaBana 6u peanHy BpegHocT f + f* € R.

8 Mpoctop-Bpeme, Mpumep 1.4.3. http://rvukovic.net/knjige/Prostor-Vreme.pdf
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Mma v gpyrv HaumHu ga ce gobuje peanaH 6poj anrebapckum onepauunjama ca KOMMNJAEKCHUM, HapaBHO,
a M MHOTUX 0, kWX KOju BM MHTepnpeTnpanm pM3mUKe nojase y npoLecnma ,,3aobunarkera”. HosocT je
(moje) Teopuje nHpopmaumje objaBa Aa 6K TakaB pavyH MMAo HEKOT GU3MYKOT CMUCAA.

3a npeAcTaB/bakbe pellersa NPOU3BOJ/bHE NOMHOMCKE jefHauunHe (¢o + ¢z + 2% + -+ cpz™ =0)ca
peanHum KoedULNjeHTUMA HUCY [LOBOJbHU peasiHu 6pojeBu, anm ca KOMMNEKCHUM Ce MOTy UCKa3aTu CBU
KOPEHM TaKBUX, YaK U aKo Cy joj KoeduLMjeHTU KOMMAEKCHU. Ta yHMBEP3aNHOCT KOMMNAeKCHUX BpojeBa y
CIMYHUM CUTYaLMjama faje Npuanky aa, 6ap npuBpemMeHo, 3a0KpyKMMO NpUYy 0 NPOCTOPY, BpEMEHY U

MaTepPUj1 Ha MOMeHYTUX 3+3 AMMeH3Mje NPOoCTopa U BpeMeHa, YMja CTPYKTYpa je MHbopmaumja, a eHa

Ay6sba cywTMHA HEU3BECHOCT.

Tako fona3nMmo A0 yHMBEpP3a/IHOT KOMMJIEKCHOT 6poja, Kojer NMLLIEeMOo Ha pa3nynTe HaumHe:
e'? = exp(ip) = cis g = cos @ + ising
Hberos moayo, MHTEH3UTET je jenaH |ei"’| = 1, a MHOXeme
HUMe NPon3BosbHOr 6poja
z=a+ib=re,

[ ]

Z=u+bi rae je

r= |z|=mmtg9=§,
r npeAcTaB/ba POTALM)jy AaTOr Y KOMMNAEKCHO] PAaBHU OKO
HEHOT MCXOAMLLTA 33 yrao . Haume, y HajonwTrjem cayyajy
z =re'® (3a a = 0, +2m, +4m, ... Taj 6poj je peanaH):
ze'? = retfel® = rell0+9)

MehyTum, poTaumnja je TakBa U3OMETPUjCcKa TpaHchopmaLmja
(koja yyBa yAa/bEHOCTM TaYaKa) KOja MOXKe 3aMeHUTU cBe ocTase (TpaHcnauuje, pedaekcuje, potauuje).

Tum aBema ,,yHMBepP3aHOCTMMA” KOMMNIeKCHUX BpojeBa, y UCKa3nBakby pelletba jeHauuHa U 3aMeHa y
OnucKBakby M30OMETPUjCKMX TpaHchopMaumja, Tpeba foaaTv u Gp13nUKe NPOLLECe KOjU U3PaXkaBajy 3aKOH
oAp¥Karba. Y npoctopnma BepoBaTHoha, y4a/beHOCTU Cy BeIMYMHE, KaKkBe cy nocebHo n 063epsabne. To
nocaeate Ha CBOj HauMH NpumeheHo je y KBaHTHOj dusnum.

Lnar Ha TopTy oBAe NpobpaHe PeTPOCMEKTUBE O OCLMIALMjaMa Cy 1I0rapuTMU KOMNIEKCHUX 6pojeBa
Logz =Inr +i6

KOju He metbajy BpeAHOCT HAaKOH NyHe poTauuje, 3a yrao 2km, rae je k npoussosbaH uenu 6poj. dakne,
Kapa yrao 6 3ameHumo yrnom 6 + 2km pobuhemo UcTy BpeAHOCT OBOT IorapuTma, na je dpyHKuuja Log z
nepvoguyHa. Mpowunperbem Xaptavjese uHpopmauuje (h = log z), ca usBopHo z npupoaHux bpojesa,
na Ha No3nTMBHE peasiHe U KOHAYHO Ha KomnaeKcHe bpojese A06MjamMo HauMH 3@ ONUC CBETA KaKBMM OH
jecTe, CTPyKTypupaH nepnogmyHum nipopmaumjama. Y MNpryama o nnbopmaumin (2.1 dpexkseHumja)
nu1cao cam jegaH nonynapaH, MoXga HeobuyaH NPUAOT 0 OCLMNALLMjaMa KOjU NPenopyYyjem, ako Bam je
0Baj TEKCT BMO NpeTerkak.
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48. NTannacosa TpaHchopmaumja

JlannacoBa TpaHchopmalmia je jegHa of, pasHUX MaTeMaTULLM NO3HATUX TpaHchopMaLMja HTerpana, y3
®ypujeosy, MNyacoHosy, MenuHosy v cinyHe. tbome pelasamo gudepeHLmjanHe jeaHaunHe peLmo,
TpaHchopmuwyhm nx y anrebapcke umju pesyntat 3atum Bpahamo nHeesmjom. PauyHcKke NnocTynke oBm
TpaHcPopMaLMjom CBOAMMO Ha anrebapcke, NpecsMKkaBamo BeMYMHE Koje cy dyHKLUMje BpemeHa t y
bYHKLMje KOMNIeKCHe Bapujabne z.

Heka je F ckyn peanHux uav KomnaekcHux pyHkumja f peanHe npomeHssmse t, 0 < t < 40, Koje cy

. b
HenpeKnaHe y CKOPO CBMM (CEM MOXKAa Y M30/10BaHMM) Ta4Kama LOMeEHa U HeKa NocToju fa |f(®)| dt3a
cBako 0 < a < b < oo. dyHKUM]ja f He mopa BUTK orpaHUYEeHa 3a CBE NMPOMEH/bMBE, a/n 3a bap jedaH

. . . T _
peanaH UaM KomnaekcaH 6poj z NocToju rpaHuLa Thm fo e Ztf(t) dt.
—00

DeduHunumja 1. 3a dyHKumjy f € F, unterpan L{f(t)} = fooo e 2t f(t) dt Hasmsamo ,Jlannacosum
uHTerpanom” te dyHKumje, a F(z) = L{f (t)} nasusamo ,/lannacosom TpaHcopmaumjom”.

. . T, _
*em WHTerpan ,,ancoayTHO KOHBepreHTaH" ako noctoju li TakK cB
Kaxkemo Aa je nHTerpan ,anco ooeea”aoooTlmOIeZttIdtaoasae
—00

T' > T saxu |fTT' e 2t f(t) dt| < fTTIIe‘th(t)I dt - 0 kagat — 0. DyHKuMja je ,eKcnoHeHLMjaNHO
oraHMyeHa” ako noctoje KoHcTaHTe a > 0 u b € R TakBe aa 3a Heko to = 0 Bpeay |f(t)| < ae’t kapa
t = ty. DyHKuMja f je geo no geo HenpekuaHa Ha uHTepsany [0, ) ako nocroju tlir31+ f@®)=£f(0%wm

HenpeknaHa je Ha CBakoM KOHaYHOM UHTepBany (ry,7;) OCUM y EBEHTYa/IHO KOHAYHO MHOTO TayakKa y
KojuMa Mma npekuge.

Teopema mHoxera (Bopenosa Teopema) rosopu o ,,KoHBoAyLmnju“ dyHKumje f(x) n g(x) o3HauaBaHy
ca f(t) * g(t) 3a kojy Baxn L{f x g} = L{f}L{g}.

48.1. OcHOBHe ocobuHe
Ca onepauujama cabupatrba U MHOXKeHa KOMMIeKCHMM Bpojem, ckyn F nma CTpyKTypy BEKTOPCKOr
NPOCTOpPA HAaL TENOM KOMNNEKCHUX 6pojeBa. To cnean 3 INHEapHOCTU:

Licifi + cofo} = f e e f1(t) + cpfo (D)) dt = le e ?fi(t) dt + sz e #f(t)dt
0 0 0

Baku ,, Teopema cMYHOCTM KOja Kake aa je

1 ,z
Lif(at)} =—f—
Uy =-£()
n ,Teopema nomepara“, jeaHakocT

F(z—a) = L{e“f(1)}

O6e Bake y ycnoBMMa Kaga AaTv MHTEpran nocToju (peummo eKCrnoHeHuujaaHe orpaHnYeHocTn). Hbux je
N1aKo AoKasaTu.

Jlannacosa TpaHchopMaumja ce y MaTemaTULLM KOPUCTU 33 aHAIM3UPakbe IMHEAPHMUX, BPEMEHCKM
HEenpoOMeH/bUBUX CUCTEMA, KAKBE MMAMO KO, €NIEKTPUYHMX KO1a, XapPMOHMjCKUX OCLMAATOPaA, ONTUYKUX
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ypehaja u mexaHUYKMX cuctema. Mma npumeHe y pewasamy audepeHumnjanHmx jeHaumMHa U Teopujm
BepoBaTHohe. 360r 0BaKo Be/IMKe NPUMEH/bUBOCTU Hehe BUTK Yy4HO Aa YCKOPO OTKPUjEMO U BESTUKY
npumeH/bMBOCT Jlannacose TpaHchopmauuje y (byayhoj) Teopmju nHpopmaumje.

Mpumep 1. Nokasatun aa je: L[c] = E, Re(z) > 0,c € C.

Pewerse: L[c] = F(z) = fooo e ?tcdt = Efooo(—e‘“) d(—zt) = 5(—e‘2t)og = E Qa

z

Mpumep 2. Ako je f(t) = e, b € R, tapaje L[] = ﬁ

] 1 1

- - 1
Pewerve: L{e?t} = [~ e Zeltdt = [ e Dtdt = — e dx = —e*|3o=-7H

EBO jow HekonmKo npumepa Slannacose TpaHcpopmaumje,3an = 1,2, 3, ..., b > 0, Fama dyHKUMUjy,
KOCMHYC, CUHYC U X1NepbosIHM KOCUHYC U cuHYC. [loKase moxeTe Hahu Ha MHOTo MecTa.

f(@®) L{f} Ji0) L{f}
1 1
1 - ebt
z z—b
t ! t z
Z_Z cosa Zz n CZZ
t2 2! sin at il
z3 z% + a?
n! z
t" g chat m
rb+1) a
tP ZbT shat m

Cnegehu npumep je 3anpaBo NO3HaTa ,TeOpPEMa O MOMaKy“. 3aTo HAaBOAMM U [,0Ka3, MaKO HUje TeXKaK.

Mpumep 3. Kako je F(z) = fooo e~ 2t f(t)dt, 3a buhe:

F(z—b) = f e~ Dty dt = f e Zt[ebtf(t)] dt = L{ePtf (1)}
0 0

3az—b>0.1

NMocneaHum NpuMep roBopu 1 0 ,,4UCTO BPEMEHCKOM Kalltberby”. iBe dyHKUMje uctor o6auka, f(t) u
f(t — ty), rae Apyra KacHu 3a NPBOM 3a BpeMe t,, Moryhe je aedunucatn ca L[f (t — ty)] = e %o F (2).
Y1CTO BPEMEHCKO KallkbeHE MMa PELMMO TPODA3HM CUCTEM HAU3MEHWUYHUX CTPYja.

Kopuctehu uctu 3. npumep, Nako AonNyHaBamo NPeTxXoaHy Tabeny, Hanasnumo:

n!

e akoje f(t) = eP't", onpa je L{f} =

(Z_b)n+1;
o akoje f(t) = eb cosat, onpa je L{f} = —(Z_Z;zb_,_az;
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a

e akoje f(t) = e’’ sinat, onpa je L{f} = i

Kaga je dyHKumja f(t) aeo no aeo HenpeknaHa Ha uHTepsany [0, ©0) 1 eKCNOHEHLMjaNHO OrpaHUYeHa,
Taga reHa Jlannacosa TpaHchopmaumja noctoju. To Kaxe cneaehu npumep, Teopema eraucteHumje.

Mpumep 4. Kaga je dyHKumja f(t) no penosmMma HenpeKnaHa 3a CBakM KOHauHU HTepBan raejet > 0
nakoje |[f(t)] < Me"? 3a cBe TakBe NpoMeH/bUBE U HeKe KoHCTaHTe b 1 M, Taga noctoju Jlannacosa
TpaHchopmMaumja gate PpyHKLMje 3a cBe z > b. Haume:

(0]

f e ZLf(t)dt

0

o) o) [oe]

< f e 2| f(t)|dt < f e 7t Mebtdt=Mf e~ (@Dt gp =
0 0 0

IL{f} =

z—Db

LITO je KoHBepreHuuja.

[Be dyHKUMje Koje nmajy jegHaKy Jlannacosy TpaHchopMaLmjy NOTAYHO cy MAeHTU4YHe. [lpyra 3roga ca
Nannacosum TpaHchopmaLmjama je LTo MHOXKere u genere F(z) = L{f} oarosapa gudepeHumpary
n uHTerpuparby dyHkumje f(t). Ha Taj HauuH ce cnoxeHe onepauuje MHGUHUTEIMMANHOT padyHa cBoae
Ha jegHoCTaBHe anrebapcke.

48.2. NHOMHNTE3MMane

Y ycnosuma ersucterumje (f je HenpekuaHa 3a cee npomensbuse t = 0, u | f(t)| < MePt 3a neke
KoHCTaHTe b u M), Baxkuhe jegHakocTu 3a ussoge dyHkumje f(t) pegom:

L{f'} = zL{f} = f(0)
L{f"} = 22 L{f} = 2f (0) - f'(0)
L{f"} = 22 L{f} — 22 £(0) — 2" (0) — f"(0)

L{f ™} = 2" L{f} = 2" £ (0) = 2" 727 (0) — -+ = f*7V(0)

Haume,
£y = [ e @ ae=le oy +2 [ et
0 0

Tume je goKa3aHa HasegeHa JlannacoBa TpaHcpopMaLmja 3a NPBM M3BOA,. YBpPLUTaBatbeM Te BPeAHOCTU
y Apyry Aepusaumjy gobujamo:

L{f"} = 2L{f} - f1(0) =
= z[L{f} = F(O)] = f(0)
= z°L{f} — zf (0) — f'(0)

Tume je gokasaHa /1T 3a apyru nssoa. CanyHo gobujamo Tpehy n octane gepusaumje.
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r 1
z:{ [ 7 dsl = L{F ()
0

V4

Haume, 3a z > 0 m b > 0 npetnoctasumo aa je unterpan g(t) = fotf(s) ds HenpeknaHa dyHKuMja. U3:

t t
lg(®)] < flf(s)ldsSMfebsds =%(ebs—1)
0 0

Cneam orpaHunueHoct u g'(t) = f(t), ocum y Taukama rae f(t) uma npekua. OTyaa, npema npeTxogHum
jeaHaKocTMMma 3a nssoge:

L{F ()} = L{g' ()} = zL{g(D)} — g(0)

na kako je g(0) = 0 gobujamo

g} =~ £(f}

Tz
a oTyAa ropkba jegHakoct 3a JIT uHTterpana. NMpumenHy osux popmyna Buanumo y cnegehem npumepy.

Mpumep 5. PewsaBamo audepeHumjanHy jeaHaumHy Apyror pesa ca KOHCTaHTHUM KoeduupjeHTUMa

y() + ay(t) + by(t) = ct

y3 noyetHe ycnose y(0) = —1 n y(0) = 2. Yaumamo Jlannacosy TpaHchopmaLujy IeBe U AecHe CTpaHe
jeAHAKOCTM M Ha OCHOBY /IMHEAPHOCTM Aobujamo:

LY"} + al{y'} + bLiy} = L{ct}

z2Y — zf(0) — £'(0) + alz¥ — f(0)] + bY = Ziz

c
(zz+az+b)Y+z+a—2=Z—2

roejeY = L{f}, f(0) = =1 n f'(0) = 2, an3 Tabaunue yaumamo L{ct} = cL{t} = c¢/z*. Otyna

z2—(a—2)z+¢c

Y@ = z2(z24+az+b)

Hobunu cmo anrebapcky jegHaumHy Koja ce HasmBa ,nomohHa jegHaumHa“. OHa ce 3aTUMm pasnaxe y
,napuujanHe pasnomke” 1 us Tabaule Hanase peluema. [

[a 6u pasymenu o Yemy ce pagm y 3aBpwHULM 5. npumepa, cTaBumo a = —10, b =9 uc = 5, pagu
nojeAHOCTaB/bMBatba U AOBPLUMMO PaAYyH:

V() = —z3 4122245 3 5 N 12—z 3
T2 210249) 22z-9z-1)  z-9Gz-1
5 50 31 2

_@+81Z+81(z—9)_z—1
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50,5, 3L,
“81 79 Tg1°¢ ¢

Y nuTepaTtypu MMa 40BO/bHO OBAKBUX pelliera, HaMereHUxX yBexbasary. MpumeTtmo aa
andepeHumMjanHe jegHauMHe roBope o YNasHUM U U31a3HMM BeIMYnHaMa.

48.3. IuBep3Ha TpaHchopmalmja

Heka je L{f (t)} = F(2). Pewere jegHaunHe F(z) = fot e 2t f(t) dt rpe je F(t) nosHaTo, Ha3mBa ce
nHBep3Ha Jlannacosa TpaHchopmaumja v nuue f(t) = L7{F(z)}. OcHoBHe ocobuHe MHBEp3He
Nannacose TpaHcdhopmauumje cy:

L YaF(z) + bG(2)} = af (t) + bg(b);

LFe} =11 (2)

L7HF(z = b)} = e’ f(1);

LHFM @)} = (DM f();

LTHF(@)G ()} = f(©) * g(b).

MNpumep 9. Oagpehyjemo nHBep3Hy Jlannacosy TpaHchopmaumjy dyHKLMje

e w N E

3z — 14
472 + 12z + 10

F(z) =

Jaty dbyHKumjy TpaHchopmmwemo y ob6ank

s(:+)-%
4(Z+7) +Z
noroAaH 3a Yntame pelerba U3 Taﬁnmu,e. ,ﬂ,albe je:
3 37
3 3er3)-%| 3 s [2-%F
A e I S Pt
24>
4(Z+7) +Z z +4
3 337 1
Z —
=Z€_5t1:_1 1 _Z?e__tZL_l 2 T
2 - 2 1
+4 A +4
3 _%t( t 37 t)
=—e COS2 3 SlIl2

To je dyHKumja f(t) umja je Nlannacosa TpaHchomaumja fata dyHKumja F(z). 1

Nannacosa TpaHchopmauuja je ,jeaHo3HavyHa”. To 3Ha4M Aa 3agaTta dyHKLMja KOMNeKcHe Bapujabe,
peuumo F(z), Koja je Jlannacosa TpaHchopmaLmja Heke BpemeHcke dyHKumje f(t) 1 yjeHO Heke apyre
BpemeHcKke dpyHKumje g(t), oHaa je pasnuka usmehy bdyHkumja f(t) n g(t) saHemapsbumea. Uckmwyuyjyhu
OBe TpMBMjasiHe C/lyYajeBe, OBa jeAHO3HAYHOCT rapaHTyje Aa je HeKa BpeMeHCKa yHKLUNja je MHCTBEHO

oapeheHa cBojom JlannaueoBom TpaHcHOPMaLLMjoM.
PacTko Bykosuh



NHPOPMATUYKA TEOPUIA I

U3 F(z) = L{f(t)} cneam f(t) = L™H{F(2)}, apyrvm peunma dyHkumja f(t) je HeepsHa Slannacosa
TpaHcdopmauumja og F ().

48.4. MMpurywmeame

Mpumep 6. JegHaumHa mu(t) + bv(t) = f(t) rosopu, NeBo of, jeAHAKOCTH O TPaXKeHUM Bp3MHama, Ha
OCHOBY ynasHe cune f(t) Ha gecHoj cTpaHu. CTasumo im fasamacym =1, b = 2uny = v(t), 7o he
6uTK ,Hema” gudepeHunjanHa jegHa4YMHa NPBOr pesa ca KOHCTAHTHUM KoeduLmnjeHTUMa

y'(®) +2y(t) = f(t)

raoe ynas moxe 6utn u ctpyja, a usnas HanoH u camyHo. Kao uy 5. npumepy, 3ameHama 1T, Hanasmmo
0Baj NyT NOMOhHY jeaHauYnHy
e—Z

1
zZY(2)+2+2Y(2) =——
z z

KOjy 3aTUM Tpeba pasnaraTv y napuujanHe passiomke n 13 Tabaunue (Mam nspadyyHasakbem obpHyTe /1T)
Hahu pewersa. [

OHo wTo JlannacoBsa TpaHchopmaLmja pasam ca yAasHOM BEIMYMHOM je NPUryLLIMBatbe TOKOM BPEMEHa,
Tako memajyhu nsnasHe pesyntaTte. Kako oHa npurylyje ynas, ynopego Pypujeosoj TpaHchopmamin
(koja pasnaxke PpyHKUM]jy BpemeHa y ppeKBeHLMje Koje ra YUMHe), BU3yeNHO je NPUKa3aHo Y 3aHUM/bUBOM
npunory What does the Laplace Transform tell us. OHa je TakBa HapO4YMUTO 3rogHa 3a ONUC CMatbMBaBHA
ryctuHe BepoBaTtHohe, Uan amnanTyaa, BpeMeHOM Uan noseharbem NonynpevyHrKa BupTyenHux chepa
KOje CMO pa3maTpanu y NPeTxogHUM HacnoBMMa.

Mpumep 7. (MpuryweHa cnHycHa dyHKUMja) Heka 3a peanHu feo komnnekcHor 6poja Baxu Re(z) > —a,
3a HEKM peanaH No3nTneaH 6poj a 1 HekKa je:

f(t) =e *sinwtx(t) =e (#) *©

Tapa je NannacoBsa TpaHchopmauuja:

F(z) = L{f} = L{e ¥ sinwt x(t)} = L{e‘at (#)x(t)} =

1 . ) 1 . .
— ZL{(e—atewut _ e—ate—Lwt)x(t)} — Z1:{[6—(0L—lw)t _ e—(a+1w)t]x(t)}

1 ) 1 .

— ZL{e—(a—Lw)tx(t)} _ Zﬁ{e_(aﬂw)tx(t)}

_ 1 [ 1 1 ] _ w
2ilz+a)—iw C+a)tiol Z+a)?+ w?

O6nact koHBepreHuuje NT je Re(z) > —a, nate npuryweHe cuHycHe dpyHKumje.

Mpumep 8. (MpuryweHa KocMHycHa GyHKLMja) 3a peanHn feo KomniekcHor 6poja Baxu Re(z) > —a, 3a

HEeKW peanaH nosutueaH 6poj a 1 gaTo je:
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eiwt + e—iwt
f®) =e *coswtx(t) =e (2—1 x(t)

Momohy JSlannacose TpaHchopmaumje gobujamo:
eiwt + e—iwt
F(z) = L{f} = L{e"* sinwt x(t)} = L{e‘at (f)x(t)} =

1 . , 1 . ;
— EL{(e_atelwt + e—ate—lwt)x(t)} — EL{[e—(a—lw)t + e—(a+1w)t]x(t)}

_1[ 1 N 1 ]_ z+a
T 2lz+(a—iw)  z+(a+iw)l (z+a)? + w?

O6nact KoHBepreHuuje /IT Takohe je Re(z) > —a, caga npuryweHe KocuHycHe ¢yHKumje.

063upom ga je et = cos wt + i sin wt, To 3a GyHKLMjy

f(t) = e~ %ei®tx(t) = e~ (cos wt + i sin wt)x(t)
Nannacosy TpaHcdopmaumjy gobujamo Kao 36up npumepa 7-8, o4HOCHO:

z+ (a+iw)

L{f} = L{e"* e x(t)} = Gt +w?

Obnact KoHBepreHuuje Nlannacose TpaHchopmaumje oBe npuryweHe dyHKumje je Re(z) > —a. Kaga
yrao HeorpaHM4eHo pacTe, w — ©, Taga:

S
—_— 5 — 50
(z + a)? )
STt

W

Lif} =

OHa npeAcTaB/ba U HAUYMH NPUryLLIMBatba TanacHe GpyHKUMje cnoboaHe YecTmue KBaHTHE MeXaHWKe, 13
yera flako BugmMmo 6ap ase nocneguue. CMarbuBakbe BPeAHOCTM amnanTyae npubanKHoO ogrosapa
onucy onagarba noteHuujana [44-45.] BupTyenHux cdepa u, Npy ncyesasBatby, HEroBMM NPeSackom y
YMCTO MMArMHAPHU LOMEH.
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49. dypunjeosa TpaHchopmaumja

Pypujeosa TpaHchopmaLMia je maTeMaTUYKa onepaumja pasnarakba nepnoanyHe GpyHKuUMje Ha beHe
,CMEeKTpasHe KOMMNoHeHTe” paau jeaHocTaBHUje aHanmse. OHa y3uma LWaboH 3aCHOBaH Ha BPEMEHY,
mepu moryhe umkayce n Bpaha yKynaH ,peLenTt UMKayca“, Tj. bMXoBe aMnanTyae, NoMmake u 6psnHe
poTtauuje. YonwTe, maTeMaTU4yKa TpaHchopmaumja je npomeHa nepcnekTtmee. Y Tom cmucny ®Pypujeosa
TpaHchopMaLmMja Mmera Haly NepcneKkTUBy o4 ,NoTpowaya” fo ,,nponssohava”, npersapajyhu ,wra
MMam”y , KaKo je Hanpas/beH", 3a 4aTy CMeLUy OHa TPaXKK peLenT.

Ca cTaHOBULWITA UHXKerepcTBa, Pypujeosa TpaHchopmauuja je ,,anatka” 3a ogpehmBarbe LOMUHAHTHUX
dpeKBeHUMja y curHanmMma subpaumja. Kaga AommHaHTHa ppeKkBeHLMja cMrHana ogroBapa NpMpoaHOj

dpeKBeHLMU CTPYKTYpe, BUbpaLuje Koje ce jaBs/bajy MOry ce nojayaTtu ycnes pesoHaHue. OBO ce morke
[0roanTv [0 Te Mepe Aa CPyLUW CTPYKTYPY.

DeduHuumja 1. nckpetHa Pypujeosa TpaHchopmaLmja NPeTBapa HU3 Xy, ..., Xy AaTUX N KOMNIEKCHUX
6pojesa y HM3 N KomnneKkcHUx 6pojesa

N-1
— 2mwikn/N
Xe= ) xue /
n=0
3a0<k<N-1.
WHaue je 3a UMarMHapHy jeamHuuy i = —1, a octane o3Hake cy:

e N — 6poj y3opaka,

e 1N — peaHu 6poj Tekyher y3opkKa,

® X, — Be/MYMHA CUTHaNA Y N-TOM TPEHYTKY,

o k — tekyha ¢dpekBeHumja (ogq 0 Hz go N — 1 Hz),

o X, — pesynTat anckpetHe ®ypujeosBe TpaHchopmaumje (amnamTyaa u dpasa).

M3nas X}, je KomnaekcaH 6poj Koju Kogmpa amnantyay v ¢asy CMHYCcoMAHOr Tanaca ca GppeKBeHLmMjom
k/N uuknyca y jeamHuum spemeHa, Ha ocHosy Ojnepose popmyne

exp(2mikn/N) = cos(2mkn/N) + isin(2nkn/N)
M3pauyHaBarbem X NpoHanase ce KoedbuumMjeHTH anpoKcMmMmaLmje CUrHana IMHeapHoOM KoMbBMHaumnjom

TaKBMX Tanaca. MoLwTo CBakM Tanac uma ueo 6poj N LuKayca TOKOM jeguHULE BpemeHa, anpoKkcumaumja
he 6uTK NnepmnogmyHa ca nepnogom N.

DedunHuumja 2. HBepsHa anckpeTHa Pypujeosa TpaHchopmaumja Bpaha HU3 Xy, ..., Xy HaheHux N
KOMMNEKCHWUX 6pojeBa y HM3 N opuUrMHanHUX KOMNIEKCHUX bpojeBa

1 N-1
Xy = Z XkeZn'lkn/N
k=0

=|

3a0<n<N-1.&A4

CBu TanacHun 061mum, 6e3 063mpa WTa NULWEMO UM MOCMaTPaMO Y BaCMOHM, 3aMnpaso cy camo 36up
jeaHOCTaBHMX CMHYCcOMAa Pa3nMunTUX ppekeeHumja. Otyaa moryhHocT ga ce GpyHKUMje TaKo MacoBHO U
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ycneulHo noasprasajy Pypujeosoj TpaHchopmaumju. LLTasuile, npeacTaB/bakbe CKOPO CBaKor 061MKa
NvHWje rpada (TpajekTopuje yectuue) nomohy Npom3BO/bHUX TaslaCHUX 06MKA cyrepuile Ham Aa cy cBe
Te IMHUje 3anpaBo eHM 061MLUN, OLHOCHO Aa IMHUje U HEMAjY UCTaKHYTE MUKPO 06MKe.

MpumeTmo ga csojom popmom Pypujeosa TpaHchopmauuja noaceha Ha ,MHbopmaLmjy nepuenumje”.
OHa je cKanapHM NPounsBog, BeKTopa (HM30Ba) onaxkaja cybjekTa 1 objeKTa Koju gepuHuiemo ca

n
ab = Zakbk
k=1

UcTa je popma guckpeTHe Pypujeose TpaHchopmaLmje U3 Yera Nponsmnase U Heke (ancTpakTHe) ucte
nssenbe. Mehytnm, oBa ce anckpetTHa dopma nako NpeHocu y ogroeapajyhe HenpeknaHe obaunke.

Aedunuumja 3. HenpeknagHa Pypujeosa TpaHchopmaumja yHKumje f(t) je
+00

) =#{f) = [ erpwa

— 00

roe je w = 2m@ obnyHO HekM yrao u t je speme. MiHBep3Ha Pypujeosa TpaHchopmaLmja oBoOj je
+ 00

f) = % f e!“'F(w) dw.

—00

dyHkumje f(t) n F(w), ogHocHo F{f}, unterpabunHe cy komnnekcHe sennumtHe. Mogyo ose apyre je
T3B. CMEKTPa/IHa r'yCTMHA aMNANTYAa, @ apryMeHT CreKTpasiHa rycTuHa ¢asa.

MocToju HEKONIMKO Hama MHTepPeCcaHTHUX Teopema DypujeoBux TpaHchopmaLmja Koje hy oBae yKpaTKo
NpPesncTaTh U A0Ka3aTh 33 KOHTUHYaIHe CyYajeBe.

Teopema 1. (iuneaproctn) F{af + bg} = aF{f} + bF{g}, rae cy a n b koHcTaHTe.

Jokas:
A0 C> Flw) +00 |
Flaf + bg}(w) = f [af (t) + bg(t)]e~2mwt ¢ =
T e = w *00
gl G(w) =a f f()e ?™@t gt + b f g(t)e=2mot g

>
=S| = aF(2) + bG(2) = aF{f} + bF{g}
!

Dakne, F{af + bg}(w) = aF{f}+ bF{g}, aTo je oHo wTO

je Tpebano gokasatv. m
c> Fw) +
Sytg(n) Glw) Ha cavum neso BMAMMO Aa 0Ba, TeOpema JIMHEaPHOCTU, UMa
e NN ) A [ - NMPUMMEHY y Npoyyasarby MHTepdepeHumje Tanaca.
!

@

dypujeosa TpaHchopMaumja cagpkm ncte MHGopmMaumje Kao 1 opurMHanHa GpyHKUMja, oHa je 4oaaTHU
HauWH NpeacTaB/bakba cUrHana (y GpeKBeHUMNCKOM, @ HE Y BPEMEHCKOM AOMEHY).
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Teopema 2. (Momepara) F{f (t — x)}(w) = e 2TH@XF(f}.

JoKas:

T{f(t - X)}(a)) = f f(t — x)e—ZTL'iwt(eZTEiwxe—Zn:iwx) dt =

+00 +oo
— e—Zniwx f f(t _ x)e—Zn:iw(t—x) dt = e—Zniwx f f(y)e—Zm'wy dy

— e—Zniwa(Z) — e—Zniwa{f}

Nakne, F{f(t — x)}(w) = e ?™*F{f}, wro je n Tpebano AoKa3aTV. W

Teopema nomeparba roBOPM Ham O BPEMEHCKWN HE3aBUCHO] g(1) :
dopmu umnyncHor oasmea. CnKa AecHO NoKasyje cuctem
WHBapPWjaHTaH Ha IMHeapHU nomak. O4rosop Ha UMNyAC /
h(t) - h(t — t") nomepen u3 TpeHyTKa t 3a t' gaje uctu /

061K MMnyncHor ogsnea. /

49.1 Mpumepn APT
Cnepe KnacuMyHuU Nnpumepn anckpetHe Pypujeose TpaHchopmaumje.

MNpumep 1. Hekajexg = 1, x; = x5 = -+ = xy_1. Tafa je:
N-1
_2mikn 2mik 2mik2 _2mik(N-1)
Xk=2xne N =xy+xi& N +x6 N +--+xy_q€ N =1,
n=0

3aceakok=0,1,2,...,N—1. 1

M3 oBor npumepa, 3a MHBEP3HO
Xp =

N-1
2mikn
k=0

1
cneamn xo = N =1, noK 3a octane nHgekce, n # 0, umamo:

=

N

N-1 2min
1 — 2miny K 1(6 N) -1
Xn =N;<e N ) =ﬁ—e¥_1 =0.

OnckpeTHa ®ypujeosa TpaHchopmaumja y 1. npumepy ,,WN/baK”, U3 NOYETHOr TPEHYTKA, pallynakbyje Ha
36uMp Tanaca (oBae jeAHaKo NOHAEPUCAHUX) Koju MHTepdepunpajy, mehycobHo ce noHUwTaBajyhm y cBum
TPeHyLMMa ocMm noyeTHor. To ce jow 6o/be BUAM Kaga Wn/bak NpeMecTumo y cneaehm TpeHyTak, Kao y

APYrom npumepy.
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Npumep 2. Hekajex; = 1,axg = x; = - = xy_q1 = 0. Tapa je:
N-1
_2mikn _2mik _2mik2 2mwik(N—-1) 2mik
X, = Xp,e N =xyg+xe N +x¢ N +--+xy_q€ N =e N,
n=0

peaom3a k = 0,1,2,...,N — 1. Ako je, peummo N = 4, gobujamo pegom:

_omil
XO =e 4 = eO =1

. 21 21
¥ = g2mii/a _ (__) . (__) 0
1=e cos 2 + isin 2 0—i
X, = e 2m2/% = cos(—m) +isin(-m) = —1+i-0

; 3n 3
X3 = e 2™3/% = cos (—7) +i sin(—T) =0+1i

naje (Xi) = (1,—i,—1,i). 4

M3 2. npumepa n3pavyyHaBamo MHBEP3HO, OPUTMHaIe Ha OCHOBY Konuja:
1 — kan 3
nz_z _ <X0+X1e277:m4+Xe2mn4+XeZmn )
N

. . . 3w T .
rae (baKTOpM -1, —1, L pegom npencrassbajy d)aaHe MOMaKe TasiacCa 3a ?, TT, ; ,Cl,afbe je:

1 . m | . 7n 3nn . 3mn
xn=z 1—l(COS7+lSIH7) (COS7TTL+lSll‘1T[Tl)+l(COST+lSIIlT)]

MNocebHo 3a n = 1 6uhe:

-M»—n

1
xl=Z[1—i(0+i-1)—(—1+i-0)+i(0 D] =
MehyTnm, 3a cee octane (n # 1) je:
[ ( 3nn nn) ( ~3mn 7m>]
=2 cos cos > sin > sin >
1( . 4mn  2mn . 2mn 47m> —0

= —2i sstmT -2 SIHTCOST =

YonuwrTe he nHBep3Ha TpaHcpopmaumja gaTn NoYeTHe BPeAHOCTH, WTO ce Buam n3s cnegeher:

N-1 N- )
1 kan 1 kam 2mikn
W=y L, K M ﬁZ Z e =
k=0 k=0 m=0
N-1N-1 -1
1 _2mikm 2mkn 1 ka(n m)
N (e ) = 2, e
k=0 m=0 k,m=0
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N-1 N-1 .
2mwik(n—-m)

Xn e N = Xp

jep Kaga je n # m yHyTpawmmM 36up je 0, a can = m 1aj 36up je N (B. KOMmeHTap HakoH 1. npumepa).

Kagay 2. npumepy 3a N ctaB/bamo cse Behu 6poj, a M gasbe jegmHo x4 = 1 je pasnnunto og Hyne, oHAa
nobujamo cse BuLle BpegHocTH X, (TauHmje N TakBUX), KOjWU ce MOry NpPeaCcTaB/baTv aMIIMTYAAMA YK
peanHe n umarmHapHe (Re, Im) oce KOMNAEKCHMX
6pojeBa, 0K ce Ta/ac NpemeLlTa gy k-oce, Kao
Ha camum neso. LLTo je Behu 6poj N, yyectanoct
(dpekBeHuLMja) NojaB/bMBaHba OBUX POTaLMja OKO
k-oce Beha je, anu ca yBeK UCTUM amnanMTygama
(oTKNOHMMA) y NpaBUMMa peanHe U UMarnHapHe
oce.

Ca ctaHoBUWTa (Moje) ,, Teopuje uHPopmauuje”,
TO MMa M A0A4aTHMX 3HaYera. Ha npumep, Kaga
y3MeMo y 0631Mp MHOFOCTYKOCT NpPocTop-BpemMeHa (Dimensions), oHAa cy OBO poTaumje HaM3MeHUYHO
KpO3 peasiHOCT Tekyher nocmaTpaya v HeroByy nceyo-peasHocT, aHaIorHO No3HATOj NojaBu KpyrKHe
nonapusauuje.

Y enekTpoAnHamMmnum, Kpy*kHa nonapusaumja (Circular polarization) eneKTpomarHeTHOr Tanaca je cTakbe
nosiap1saumje y Kojem, y CBakoj Ta4Ku, eN1eKTPOMArHeTHO NoJbe Tasaca MMa KOHCTaHTHY BE/IMYMHY O,0K
Ce POTMpPa KOHCTAHTHOM BP3NMHOM Y PaBHM KOja je ynpaBHa Ha Npasal, Taaaca.

49.2. KoHBonyumja

KoHBOAMYLIK|a je n3pa3 Koju Ham FroBOpPU O HauyMHy 06nKoBakba jeaHe dyHKUMje (HM3a) 4pyrom, oA4HOCHO
OHa je uHTerpan (36mp) Koju nspaskaBa Npeknanare jeaHe GyHKUMnje gpyrom. Ty ,mellaBUHY” dyHKLM]a
f v g y cnyyajy HenpeKkMaHoOCTM NpPeLm3HO NUWEMO:

F{f * g}w) = f F(Dg(w— 1) dt

CMEHOM NPOMeH/bUBE Y = w — t Ceau eKBUBANEHTaH 3anuc, a 0TyAa KOMyTaTUBHOCT f * g = g * f. U3
[BOCTPYKMX MHTErpana npmKkasaHux utepaumjama Hanasmmo f * (g * h) = (f * g) = h, acoumjaTmsHoCT,
a U3 IMHeapHOCTU uHrerpana u guctpubytmeroct f * (g + h) = (f * g) + (f = h).

Y AVUCKPETHOM CNyyajy KOHBOAYLMje, PaAM NaKLLEer pa3ymeBatba, NPBO NMOCMAaTPajMo ABa NOMHOMA:
flx) =ag+a;x, g(x) =by+ bix+ byx?

npeTnoctas/bajyhu Aa cy cBv KoedULMjEHTU KOjU OBAE HUCY HAMUCAHW jeaHaKU HYAU, a, = a3z = - =0
nbs = by = -+ = 0. MpounsBog 0BUX NOANHOMA je:

f(x)g(x) = aobo + (aobl + albo)x + (aobz + a1b1 + azbo),

f)g@) = (a *E)o +(a *B)1x+ (a= B)sz
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roe cy
k
(@xb), = z @Dy j
j=0
OVCKpeTHe KoHBonyumje. Cneaeha, Teopema KOHBOAYLIM|E 33 AUCKpeTHY Pypujeosy TpaHchopmaumjy
TBPAM fa Y BPEMEHCKOM JlOMEHY KOHBO/IYLIMja OArOoBapa MHOXekHY Mo Taykama Yy GpeKkBeHLUjCKOM
OOMeHy, Aa

(gxh)eG-H

rae cy aecHo ®ypujeose TpaHchopmaumje dyHKLMja neso. Pypujeosa TpaHchopmaLmja KOHBOAYLM]E je
npoussog ase Pypujeose TpaHchopmaumje! [lokas je jeAHOCTABAH M Kao LITO Ce BUAM Y HacTaBKy gohu
he Kpo3 3ameHy pefocnena cabuparba U3 KOHBOIYLIMjE U ANCKPETHE BPEMEHCKe TpaHCchopMauyje.

Teopema 3. (Konsonyumje) F{g = h} = F{g}- F{h}.

JoKas:
+00 +00 400
Flg * h}(w) = Z (g * W)y e'k = Z Z Imhi-me™* =

k=—o0 k=—0c0 m=—c0

+00 +00 +00 +00

= z gm( z hk—me_iwk>= z gm( z Hm)
k=—o0 m=—coo k=—c m=—oo
+00
= ( z gke_i“’k> H(w) = G(w)H(w).

k=—c0

Ha Kpajy je KopuwTeHa 2. Teopema (nomeparva). Jakne, F{g * h}(z) = F{g}-F{h}. m

KoHBonyumjy g(t) v h(t) kpaTko 03HayaBamo ca g * h. Y npumeHama ose pyHKLMje YecTo MMajy cacBUM
pasnnynTa 3HadYera. JegHa Kao TUMMYHKM CUTHAA UM TOK NoAaTaka Koju Tpaje y Heaor/es, y BpemeHy, a
Apyra je ¢yHKUMja ogrosopa, 06MYHO BpLUHA, MOEHTUPaHa oAdak/e Ha obe cTpaHe naga Ha HyAy.

49.3. HenpekngHocT

Teopema CNIMYHOCTM je Y OCHOBM OrpaHUYeHa Ha Cc/lydaj HenpekngHor spemeHa. Kaxe aa ,,passnaderse”
curHana 3a GpakTop a y BpEMEHCKOM AOMEHY YMHU ,,CTUCKame” kerose Pypujeose TpaHchopmaLmje 3a
nctn pakTop y ppekBeHumjckom gomeHy. OBo je Beoma dyHAameHTanaH Pypmjeos ogHoOC.

Teopema 4. (CimuHoctn) F{f (at)}(w) = LF (%)

la|

Hokasz: F{f (at)} = f_+;° f(at)e_%at adt =
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( "
.
| f flat)e ™a@ qdt, a >0
17 o
l(H f Fl=lalDe > 319D gl « <0
t=—00
( 1 +o
Tal f fOe~ ~2migy dy, a>0
— 1 W
y— [ee)
=1 L Tt (E)'
o [ e ay, a<o
\ y=—00

Tume je TBpherbe A0Ka3aHo. A

Cnepeha je ,Pejnejesa Teopema” o eHepruju. OHa Kaxe Aa je MHTerpaa KeagpaTta BeandnHe GpyHKumje
(Tj. eHeprunja dyHKUMje) jeAHaK MHTErpany KBagpaTa BefiMunHe tbeHe Pypujeose TpaHchopmaumje.

Teopema 5. (Pejnnjesa) [ |f ()12 dt = [ |F () dw.

JoKas:

f FOI? de = f FOF® dt =

w=—00

[ f F(2)e?™t du| f(t)dt = f [ f F*(w)e 2™t do | £(¢) dt
t=—o0

w=—00 t=—o0

= F(a))[ f e~2mot £ty dt|dw = fF(a))F(a))dw— fIF(w)Izdw

w=—00 t=—00 z=—00

DNakne, f 112 dt = +;OIF(a))I2 dw, WTO je n Tpebano gokasaTh. m

PejnejeBa Teopema o eHepruju 308e ce 1 [MapceBanoBa Teopema 3a eHepreTcke curHane. OHa Benn ga je
CHara curHana jegHaka 36Mpy KBagpaTta BEJIMUMHA PA3IUUUTUX XaPMOHMUjCKMX KOMMOHEHTU MPUCYTHUX Y
(anckpeTHOM) cnekTpy. Ta Ham, 5. Teopema, roBOpM Aa CHary curHana oapehyjy werosu KoeduumnjeHaTH
®ypunjeosor peaa, Uav Apyrum pevynma, XapMoOHULM NPUCYTHWU Yy CUTHANY.

Cnepehe je cBojcTBO ®ypujeose TpaHchopmaLmje Aa U3BOL Y BPEMEHCKOM AOMEHY AaTe dyHKUuje Buamn
Kao MHOXehe PypujeoBe TpaHCchopmaumje Te dyHKumje dakTopom 21Tl y GPeKBEHLMjCKOM AOMEHY.

Teopema 6. (udepeHumjaumje) F{f' (t)}w) = 2miwF (w).

JloKas:
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) =F YF}= f F(w)e?™t duw
@) = f 2miwF (w)e?™*t dw

f' =F 2niwF (w)}
F{f'} = 2miwF (w)
aTo je uTpebano poKasaTn. m

3Hamo ga HenpeknaHy Pypujeosy TpaHchopmaumja (3. aeduHnLMja) MOXKEMO pa3ymeTH Kao npenasak
Ca BpeMeHCKor t Ha GpPeKBEHLMjCKM AOMEH w, NPU Yemy Konuja He rybu nHbopmaunje opurmHana. ¥3 1o
NPUMETMMO [1a MHOXeHe KOMMIEKCHOM jeanHULIOM e'®t BpemeHCKMX BpeaHoCTM f(t) BPLIM CMULLakbe,
poTaumjy 0BUX BPEAHOCTM Y UMarMHapHOj paBHU Koje TeK gobuja ,duUsnykn cmmcao”, TayHumje cmucao y
(mojoj) ,,Teopuju nndopmauuje” (The six dimensions of space-time). Teopema andepeHumnjaumnje Tome
npugoaaje (40 fa/bHer peuumo KBasn) KUHeTUURy eHeprijy (Angular frequency).

[pyra nepcnekTusa Kojy Ham oBe TpaHchopmauuje oTBapajy cy ¢pekBeHumje. OHe cy Ha (3acag nceyao)
HaYMH MPUCYTHE U HA PELMMO TpajeKTopujama rae ux MHade He Buhamo (Frequency). Tpehu KoHuenT cy
KaHa/IM NpeHoca, Koje NpeacTas/bajy 0BakBe TpaHchopmaLmje.
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50. MenunHoBa TpaHchopmaLumja

3a pasnuky og Pypujeosux 1 Jlannacosux TpaHcpopmaumja Koje cy yBedeHe 3a pelaBarbe GUINYKMX
npobnaema, MennHosa TpaHchopmallmja je HacTana y maTeMaTUIKOM KOHTeKcTy. Pobept MenuH 6uo je
bUHCKM MaTemaTnyap Koju je ctygmpao Kog Kapna BajepwTpaca.

DeduHuumja 1. Heka je f(t) dyHKumMja gedrHUCaHa Ha NO3UTUBHO] peanHoj ocu, 0 < t < oo, MennHosa
TpaHcdopmaumja M je npecnvkasare dyHKumje f y dyHKUMjy F neduHUCAHO Yy KOMMIEKCHO] paBHU
penauujom

M{fY(s) = Fs) = f FO1 dt
0

®yHKumja F (s) je MenuHosa TpaHcdopmaumja dyHkumje f(t). ObpHyTo, Kaga je gato F(s), oHAaa je

1 c+ico
M‘l{F}:f(t):ﬁ f t™SF(s)ds

NHBep3Ha MennHoBa TpachopmaLmja.

OsHaKa gpyror nHTerpasa MMnaMumMpa 4a je oH JIMHNjCKN MHTerpas y3eT NPeKo BEPTUKAHE INHMje Y
KOMMNIEKCHOj PaBHM, YMju NpaBu Aeo ¢ Tpeba Aa 3a4,0B0/bM camo Baary Aoy rpaHuLy. Ycnosu nog
KOjMMa O0Ba MHBep3Mja BaXKn gatn cy y MesimHOBOj TeoOpemun 0 MHBEP3NjU.

OCHOBHMU, rOpHbM MHTErPasl HaKOH CMeHe Bapujabne t = e ™™, ogakne dt = —e *dxu f(e™) = g(x)
nocraje geocTtpaHa Jlannacosa TpaHchopmaLmja

tig)= [ guoeax

WTO Nnuwemo

MAf(); s} = L{f(e™); s}

[a 6u gobunm dypujeosy TpaHchopmaumjy, y OBy CMeHy CTaBUMO s = a + 2mifl
F(s) = f fle™*)e e 2mbx gx

PesynTart je

MA{f(t); a + 2mip} = F{f (e *)e™*; B}

NHaue je Dypujeosa TpaHchopmauuja

Ffp = | Fee 0t ax
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DNakne, 3a paty spegHoct Re(s) = a koja npunaga Tpaum aedunHnumje, MennHosa TpaHchopmaumja
bYHKLUMje ce moXKe U3pasnTh U Kao Pypujeosa TpaHchopmaLmja. OHO Ha WTa M3 oBora Tpeba obpaTuth
naxmy jecy npecavkaBarba amnantyae, Taga seposaTHohe Jlannacose n Pypujeose TpaHchopmaumje y
nHdopmaumjy MennHose.

Hanme, roprbum npenncn MennHose y geoctpaHy Jlannacosy TpaHchopmauujy cy:
L{f}(s) = M{f(=log)}(s), M{f}(s) = L{f(e™)}(s);
a Kaga ce y oBe npenuce ykibyye n Pypujeose TpaHchopmaLmje:

{T {F}(=s) = L{f}(=is) = M{f(—log x)}(—is)
M{f}(s) = L{f(e7)}(s) = F{f (e} (—is)

a To je camo jow jeaHo og Beh noctojehmnx MHOro6pPojHUX TyMmayera OBUX jeAHAaKOCTH.

MehyTum, ayTEHTHUYHKU Npumepyn MenmHoBse TpaHchopmauuje MHOrobpPojHM Cy N HEU3BEKHM Y HEHO]
KaCHWjoj A0NYHWU KPO3 , Teopujy HPopmaumje”“.

Npumep 1. (Cahen—Mellin integral) MenvHosa TpaHcdopmaumja dpyHkumje f(x) = e ™ je rama
dyHKumja I'(s) = fooo x5~ e~ dx. OHa je aeduHMCcaHa 3a cBe KomnneKcHe 6pojese, a I'(n) = n! pakne

daktopujen (n! =1-2-3-----n)3a nosutmusHe Uene bpojese.

oo .
Npumep 2. (MonnHom) 3a NO3NTUBHE eKkcnoHeHTe (A > 0) nHterpan fo x* dx HUje KOHBEpreHTaH, anu
ce npurogHa GyHKUMja MoXKe geduHncaTH ca

_(xt x<1
f(x)"{o, x>1

na cy voeHe MennHoBe TpaHcdopmaumje:

1
x5 1x*dx =——, Re(s)>—a
s+a

|
MY = { %
/

1
s—1,.b — _ —
x5 1xP dx oy Re(s) < —b

Mposepute! 1
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51. WHTerpanHe TpaHchopmaumje

MHTerpanHa TpaHchopmaLumia je npecsMKaBake Koju Nponssoam HoBy GyHKUMjy g(y) nHTerpaumjom
npoussoaa kepHen dyHKumje k(x,y) v noctojehe dyHKumje f(x) y AaTum rpaHuLama. MNpolec HassaH
TpaHchopMaLmMjom AaT je jeAHaYNMHOM

b
g) =fk(x,y)f(x) dx

Heke og Tux TpaHchopmaumja nomeHyTe Cy y HefaBHMM HacnoBMMA. JegHa je JlannacoBa ca KepHenom

e™*Y 1 rpaHnLama uHTerpauuje oA Hye 4o nayc 6eckoHauHo, Apyra dypujeosa KepHena e *Y /+/2m ca
rPaHULLOM 04, MMHYC 40 niyc 6eckoHayHo, a Tpeha MennHoBa Koja vx NoonwTasa.

Ca cTaHOBMLUTA NpeHoca MHPOPMaLMja MHTerpasHe TpaHchopmauuje ce MOry jeJHaKo NOCMaTpaTH Ha
HEeKOMKO BUTHO Pas3IMYUTMX HAUMHA. JeaaH je oBae HarnawasaH [43. YcnosHe BepoBaTHohe], rae cmo
KepHes TpeTupanu Kao ycnosHy BeposatHohy k(x,y) = r(y|x), a noctojehy dyHKUMjy nonyT ryctuHe
seposaTHohe f(x) = p(x).Y HacTaBKy MAEMO TOM UHTEPNPETALMjOM MHTErPANHUX TPaHChOPMaLmja,
Kao KaHasa y y»KemM cMUcay, anun npumetmhemo Aa Tako AedpUuHUCaH KaHan Mma jeHy HenpeumnsHocT 1
oamax hemo je pacnpasuTtun. Ca NpoMeHOM ya3a Mersa ce AePpuHuUMja KaHana, a M1 gasbe pasgaBajamo
Ty yNa3Hy MHGOPMALM]y OF, KaHana y yXKem CMUCAY.

YKpaTKo, BeposaTHoha aa y nagHe y untepsan (y,y + dy) ako je x curypHo 6unoy (x, x + dx) nsHocu
r(y|x)dy. YcnosHa pacnogena r(y|x) He 3aBucK o ynasHe pacnogesne x, na 3roaHo deduHuLLe KaHa,
NPEHOC X — Y, OAHOCHO KaHan y yxxem cmucay. Ako je p(x)dx seposatHoha aa x 6yae y (x, x + dx) 10
jer(y|x)p(x)dxdy seposatHoha ga y 6yae y untepsany (y,y + dy). Npema Tome

e(y)dy = r(ylx)p(x)dxdy

OAHOCHO

+ 00

o) = f r(y|x)p(x) dx

— 00

3a Npou3BO/bHO Y. Tako oapehyjemo rycTvHy nsnasa (@) u3 kaHana (r) Kpo3 Koju WasbemMo NPOU3BO/bHY
pacnogeny (p) ynasHux curHana.

3a pasfiMKy o4 npeTxogHe aAedpuHULMje, KaHana y wupem cmucay [43.], caga UcTv KaHan aeduHuwemo y
Y*KEM CMUC/Y U TO @aHANOTHO TPETUPatby ANCKPETHUX KaHana. MpenosHajemo PpeaxosmoBy MHTErpaaHy

jeaHauunHy npse BpcTe, o3Hake k(x,y) = r(y|x), rae je

+o0

f k(x,y)dy =1, k(x,y)=0.

Ako je npousBosbHa PpyHKUMja k(x, y) HTerpabunHa no oba aprymeHTa (x v y) u HoOpMUpaHa no Apyrom
aprymeHTy (y), Taga oHa Moxe AeduHMCaTM KaHan y yxkem cmucay. 360r ycioBa HOPMUPAHOCTU ynasHe

pacnogene (p) BuamMmo aa je dyHKLMja ¢, aKo NocToju, Takohe HopmupaHa.
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Mpumep 1. Kaga je KaHan gedmHMCcaH PyHKLMjOM KOja He 3aBMCHK 04, ApYyre NPOMEH/bUBE, HA M31a3y je
KOHCTaHTHa pacrnoaesna, OHa He pearyje Ha NpoMeHe BpeHOCTM yna3He pacnoaene.

Haume, ako je k(x,y) = f(x) = 03acse x € (a,b) n k(x,y) = 03acse ocrane x ¢ (a,b),4akn ako f
HUMje HOPMMPAHO Ha jeanHMLY, A0BKWjamo n3n1asHY pacnogeny:

+oo b
o) = [ keypear= [ fapedx = const

[aK/ie KOHCTaHTY 3a CBaKy y/na3Hy pacnogeny p. BpefHoCT KoHCTaHTe oapehyje HopMmupaHoCT GyHKUM]a
p v @. obujamo yHndbopmHy pacnogeny Ha uHtepsany (a, b) ako je ynasHa pacnogena HeHeraTMBHa Ha
NUCTOM UHTepBany.

MNpumep 2. Kaga je KaHan gedurHMcaH PyHKLMjOM KOja He 3aBMCHK 0Z, NpBe NPOMEH/bMBE, Ha U3M1a3y je
pacnogena camor KaHana, 6e3 063upa Ha ynasHy pacnogeny.

Haume, ako je k(x,y) = f(y), 3a Npon3BObHY yNasHy rycTuHy p, 360r theHe HOPMUPaHOCTH, J,06Ujamo
usnasHy pacnogeny ¢(y) = f(y). d

Y oba npumepa umamo beckopucHe KaHase (LpHe KyTuje), jep Ha OCHOBY NMPMMJ/bEHOT M3/1a3a He Aa ce
oApeauTV KapaKTep yiasHUX nogaTtaka. Mpeu og npumepa, napadpasmpam, Kaxke ga b6es ,anapaTta” 3a
npeHoc MHpopmaumje Hema nHpopmaumje, a Apyru ga 6e3 HeKor TaKBOr HEMA HUTK Ae3nHbopmauuje.
CneuujanHu ciyyaj npeTxoaHumx je kanan k(x,y) = const, a Koju nponssoan yHudopMHy pacnogeny Ha
Hekoj ob6n1actn Oxy paBHMU.

KepHen k(x,y) aedunHuwe nuHeapHu onepatop K : p = ¢ Koju ckyn ynasHux pacnogena npecivkasa y
CKYN M3N1a3HuUX pacrnogena. Hamme:

+00

Klapy + b2} = | ke ylep (@) + bp, ()] dx =

+o00 +oo

—a f k(x,y) p1(0) dx + b f ke, y) po () dx = aKi{py} + bK{p,}.

To je onwTa ocobuHa Koja, HapaBHO, BaKK 1 3a Jlannacosy [48.] unu ®ypujeosy [49.] TpaHchopmaumjy.

Ha npumep, Kaga je kaHan y y>kem cMUcy AeprHUCaH eKCMOHEHLMjaIHOM pacnogesiom
k(x,y) = xe™

ca Nno3uTuBHUM Bapujabnama (x, y > 0), Taga ce K morke cBectu Ha

LUF©)} = F(s) = j F(Dest dt
0

AaKkne Ha Jlannacos onepatop (TpaHcdopmaumjy).

Npumep 3. Kaga je ynasHa pacnogena Epnadrosa (4,x > 0cam = 0,1,2, ...)
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A(Ax)™
() = ZL g

nonasehu on nosHate (TabanuHe) jeaHakocTy 3a Slanaacos onepatop

t" atl _ 1
L{Ee }_(s—oc)"+1

pobunjamo n3nasHy pacrnogeny

1
om(y) = m

cay>0.1

MocebHo, 3a m = 0, ynasHa EpnaHrosa pacrnogena cBOAM ce Ha ekcnoHeHumjanHy [40.], a n3nasHa
noctaje Kowwnjesa pacnogena

A
p(y) = m
cay > 0. Nlako je nposeputn aa je Kowujesa pacnoaena gMBEPreHTHa, Tj. HEMA KOHAYHE MOMEHTE
(ouekumBarbe, gucnepsnjy, uta.), na npema [41. Teopema 1.] He mopa UMaTK KOHaYHy MHOPMaLUjy
KOHTUHYYMa.

Mo3HaTo je fa Bpeme yC/yKuBakba KMjeHaTa, Bpeme ycyre Kynua, Bpeme nonpaske aytomobuna,
Bpeme pasroBopa TenepoHOM — MMa eKCMOoHEeHUMjanHy uan EpnaHroBy pacnogeny. KaHan y yxkem
CMUC/Y Ca EKCMOHEHLMja/IHOM Pacnogesiom ce, Tpema Tome, UMUTUPa TProBLa YKje je NnojeanHauHo
Bpeme yC/y:KunBatba y, a npoceyHo Bpeme ycayre 1/x. M3nasHa pacnogena je cpearba BpeaHocT (p)
bYHKLMje KaHana y y:Kem cMucay.

KaHan ca HopmanHom (FaycoBom) pacrnogenom

1 _(x—y)?
e 202
oV2ln

ca x,y € R, uma HewTo apyradnje nHTepnpetaumje. To je pacnogena Koja Ao6po onucyje rpeLuke

k(x,y) =

mMmepersa U raharba. AKO MepMMO BEIMYMHY YMja je TauHa BPedHOCT X, a Cpestba rpeLuka MepHor
ypehaja usHocu o, oHaa BeposaTHoha fa he 6uTK namepeH 6poj y uHtepsany (v, y + dy) nsHocu
k(x,y)dx.

Cam KaHan K, Koju rog, cagprku nnm nponssoam HeogapeheHocT unja je cpeatba BpeAHOCT

+o0

n(K) = — j k(x,y)log k(x,y) dy,

a Kaja je KaHan HopmanHe pacnogene MMmamo [36. Pacmnare] Herosy MHbopmaumjy

S(K) = logaV2me
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3anpaBso jeiHaKy LWYMY KOju OH npoussoau. To je u pesynTart jeaHak [40. Mpumep 1.], a moxKe ce 406UTU
Ha jol jeAaH HaYuH.

Haunme, cpearba BpeaHocT HeoapeheHoCTH KaHana no ynasHoj pacnogenu [43.] je wym:

+00

SX,Y)=S{|Xx) = f p(x)S(K) dx = S(K)

— 00

rae ce nogpasymeBa HempekuaHu KaHan, na Hema notpebe Aa KOPUCTMMO 03HaKy S™ Kao npe. Osae je
S(K) KoHcTaHTa, a p je HopmupaHo. LLlym HopmasHOr KaHana He 3aBUCK OZ yNasHe pacrnogese.

3aTm, NPOU3BOJbHA M3N1a3HA pacnogena, BapujaHce 033, npema [41. Teopema 1.] uma nHpopmaumjy
S(Y) < logayV2me

a ca gpyre CTpaHe, OHa je jegHaKa 36upy cpegtbe y3ajamHe MHpopMaLmje 1 Wwyma, Te je
Oy
0<SX, 7)< log?.

JobunjeHe penaunje BaxKe 3a CBaKy y/a3Hy M U31a3HY pacnogeny Kpo3 HOPMasiHM KaHas, a nocieata
(mecHa) HejeaHaKoOCT NoCTaje jeAHAKOCT aKo je U3nasHa pacnogena HopmasnHa. NocebHo oTyaa BUAUMO
Aa je 0y, /0 = 1Te je 3a HOPManHy U3NasHy pacnogeny

S(K) < S(V).

MHTYyUTMBHO oueKyjemo Takohe aa he HeogpeheHoCT, Na TUME U HbMX0Ba peanunsaunja y uHdopmaumjy
6u1TK Beha Kafa ce Ha OCHOBHY MHOGOPMaLMjy 4043 LWYM KaHana, a OBU AeTasby ca popmynama Ty cy Aa
YKaXKy Ha CKnag, Teopuje.

[a brcmo ynopeannm ynasHy v usnasHy MHoopmaLmjy noaceTMmo ce 4a je 3a HopmasHe pacnojesne

2 2
201 ¢ 207 dy = k(x,—z;0f + 0})

TP a-y)? (y-2)?
f e

+00
) ) _
fk(x,y,al)k(x,z,az)dy g

—00

3a To NnocToje pasHu A0Ka3n. [lakne, cepujCckn Cnoj HOPMaHUX KaHana je HopMa/JIHW KaHas, Na ako je y
TAKBOM KaHasly ynasHa pacrnogena HopmasHa, Takohe je u u3nasHa HopmanHa. NpeunsHuje, npumeTMMo
n3 033 = 02 + 02, n3nasHa BapwjaHca (avcnepsuja) 36Mp je ynasHe 1 BapujaHce camor KaHana, U3 Yyera
npowsunasu nopegak nHpopmaumja

S(X) < 8(Y),
LWTO je jow jeaHa noTepAa NPETX04HO pPeyeHor.

KoHTpanprMmepom ce MmoxKe NoKasaTu Aa Nociefte HejeJHAKOCTM He BaXKe 33 He-HOpMasiHe yiasHe
pacnogene y HOpMaaHW KaHan. AKo je ynasHa pacnogena yHubopmHa Ha JaTOM MHTepBasy, Taja
M3nasHa pacnogena Huje yHupopmHa, jep 61 To npotmepeunno [41. Teopema 1.].
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V [leo: Komno3snuyje
Mutarba nonyt cneaeha ABa MHCNMpaUKja cy mu ga Temy ,,cuna HeoapeheHoctn” paspahyjem Ha HauMHe
HacTaBKa TEKCTA, KOju ca npeTxogHMm oTKpuhem Takohe fo6ujajy Aax HOBUHE.

MuTtatbe: MoryhHOCTU Cy BULLE O NMPOCTUX OMNLMja — KaXKeTe, MOXKETE /I MW TO MOjaCHUTK?

Ogzrosop: MoryhHOCTU HUCY ,,camo” onLmje, OHe Cy U (KOHCTPYKTUBHA UM AECTPYKTUBHA) CHara ,,cune
HemnsBecHocTn". OTyaa cnoboge Koje Mamo (Kao U1 *neux buha yonwTe) ocHaxyjy Hac ga NpPKOCMMO
CNOHTAHOCTU, MHaYe MPTBMX TeNa Aa ce NpenyLwTajy ,Kao knaguh Hu3 Bogy”“. Choboge cy 3aucta
noTeHLUMjan HapoAa (}KMBOT CBETA) HA/IMK OHOM rpaBuTaLmoHe, uan KynoHose cuie.

Y npwunory (Uncertainty Force) cy gokasu. MpBo, HaBogHe cune HeM3BeCHOCTM onoHalajy Kennepos
APYrv 3aKOH (noTer cyHue-NaaHeTa y je4HaKMM BpemeHMma npebpuiue jegHake nosplumHe). pyro, y
CBOM ,,NMPOCTOPY BepoBaTHOha” OHe y3pOoKyjy KpeTakba No KOHUKama (xunepbone, napabone, envnce,
YR/byUyjyhu Kpy»KHMLE M NpaBe IMHKUje — Kao y dU3MYKOM cBeTy cuna). Tpehe, 4ejcTBO HEM3BECHOCTH
LWnpmn ce 6P3MHOM CBETNIOCTU M ONafa ca KBALPaTOM yAa/beHOCTU.

NHTYUTUBHO, TO UCTO BUAMMO M3 ,,CrioHTaHor” yewher gewaBara BEPOBATHUjUX Ucxoaa. Muwem
HaBOAHOT, jep 0BUMM OTKpnhem oHa (CNoHTaHOCT) NocTaje BpCcTa cuae, a camo oTkpuhe ,4yaHo” n
,0460jHO", Bap Ha NpBU Nornes, Kao 1 cBojeBpemeHo oTKpuhe rpasuTaumje. Ca oBum gobuja ce Ha
3Hauajy u cmucay 6jeKTMBHOCTU CaMMX OMLMja, HeKay3asIHOCTM OBOT CBETA, @ TUME U Ha ,NapaneHUm
peanHocTuma“.

MuTarse: O KaKBoj ,,6P3MHM CBETNIOCTU WNpPEHa AejcTBa ,CU/ie HEM3BECHOCTM  TOBOPUTE Y aNCTPaKTHOM
,IPOCTOPYy BepoBaTHOha”; 3ap cBET/NIOCT M 6p3MHa HUCY NOjMOBU GU3NYKE PeanHOCTH?

Oprosop: MpounTajTe Nax/buBO Te Npuaore. AnNcTpakuuja je peunmo ,BupTyenHa coepa” [38.]. Ma kojer
nosiynpeyHuKa, oHa genu ,,NpocTop BeposaTHoha” Ha Behe yHyTap U marbe BaHW BepoBaTHONe,
MaTeMaTMYKM je nojam, CTaTUYaH, anu je y (NponsBosbHOj AaToj) NpMMeEHM Be3aHa 3a nocmaTtpayda. Kao
objekat 6e3 concTtBeHOr BpemeHa (MonyT CBET/I0CTK), OHa NyTyje 6p3MHOM caZallHbOCTU camor cybjeKkTa,
rnocmatpaya. A Ta je 6p3nHa CBETNOCTW.

Bp3nMHOM CBETNOCTM CaAallHbOCT, Ma KO MOCMaTpaya us GpuUsnUKe peanHocTu, NyTyje U3 NPOLWIOCTU Ka
6yayhHocTn. JocnenHo, nojase Koje onucyjemo Teopmjom BepoBaTtHohe, a MOXXeMO MX NocMaTpaTy,
LWMpe cBoja AejcTBa 6P3MHOM CBET/IOCTY.
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52. Andysuja

Mo3HaTK cTaBoBU 0 36MpPY HOPMANHUX pacnogena caydyajHUX Bapmjabiv NoyvHU cy Ha pasHe HauMHe.
JepHoctasaH ciyyaj (4 = 0 m 0 = 1) HopmanHe, T38. laycose, pacnogene fAeduHULE ryCTMHA

x2

e 2

P00 = =

\V2m

4Ymnju rpad je NpUKasaH Ha CANLM AECHO.

34.1% 34.1%

MocebHo 3a 0By AUCTPUOYLMjY, BpE4AHOCTU Matbe
oA jeaHe gucnepsuje (o), TauHUje peyeHo HheHe 1
cTaHAapAaHe Aesujaumje, og cperbe BpeaHOCTU ' 35 -206 -lo 0 1o 20 30
(u), unne 68,27% yrynHux moryhHoctu. [lok ase

CTaHJapAHe AeBujaumje o4 cpefme BpesHocTu YnHe 95,45% untasor ckyna, a Tpu YnHe 99,73%.

MpemelwTarem (TpaHCNALMjOM) Ay XOPU3OHTa/HE, X-0Ce, UMW pa3BiaYerbem/cKyn/barbem rpada, Koje
NOCTUXKEMO cMeHoM X — (X — 1) /0, NOMEHYTV OAHOCK AMCTep3unje M OUeKnBarba (0 U 1) He Merbajy ce.
Tapa rycTMHa HopmasiHe pacnogese nocraje

_G=w?
e 202

X;U,0) = ———
p(x; u,0) o

pacnoaene Ny, 02) cnyyajHux Bapujabam X sa maTeMaTUUKMM O4EKMBarEeM [ U AeBujaLuujom o. OHa je
CUMETPUYHA OKO BEPTMKaA/IHE Ooce X = U.

Kana umamo age cnyuajHe Bapujabne, X1 1 X,, ceaka cBoje HopmanHe pacnogene, peaom Ny, 62) v
Muy, 0%), ronxos 36up je onet cayyajHa sapujabna Z = X; + X, HoBe 1 Takohe HOpMasiHe pacnogene
Muy + iz, 02 + 02). Hema notpebe aa Aokase npenucyjem osae, anu nomeHyhy aa ce cTaTMCTMKa ca
X1-KBaZpaT pacnofesama 3acHMBajy Ha OBOM CTaBy.

OcHoBHa XM-KBaApaT pacnogena ce gobuja Kao 36up keagpata N He3aBUCHUX [aycOBUX (HOPMANHUX)
C/ly4yajHUX MPOMEH/bUBMX Ca HYNTOM CpeaHOoM BpegHowhy, a reHepanmsaLmje xu-KkBagpaT pacnogene

ce u3Boge Kao u Koz Maycose
X — Hi\
720 =) |——
Oy

k=1

=

cabuparbem KBaZpara ApYrux TMNoBa oarosapajyhux ciyyajHUX NPOMeH/bUBUX.

MpMmeTUMO jow jeaHy 3aHMM/bMBOCT MaycoBe pacnogene, Aa Ce UCTU CTaB 0 noBehakby oueKknBarba U
amcnepsunje moxKe A0KasMBaT nomohy KOHBOyLMja

+00

p:@ = [ paz—vpax

—00

Te HOpMmasHe rycTuHe p; U P, CBOjOM ,KOMNOo3uuUmjom” (361Mpom) Aajy rycTUHY p, KOHBONYUM]je, oneT
HopmanHe pacnogene Ny + py, 02 + 07). 3aHUM/BMBOCT je y 3anncy KOHBONYLIMjE U M3paUyHaBakby,
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KOju u3rnegajy Kao 4a pagMmo ca MHOMKEHEM HOPMaIHWUX pacnogena, CTBapHOM KOMMO3MLUMjOM
bYHKLUM]ja FbUXOBMX ryCTUHA.

Mpoussopa Ase Maycose (HopmanHe) ciyyajHe NPOMEH/bUBE UMa AUCTPUBYLIMjY IMHeapHe KoMbBuHaluje
[,BE XN-KBaAZpaT C/ly4yajHe MPOMEH/bUBE

1 1
X1X, = Z(Xl + X;)? _Z(Xl - X3)%

Ty cy X1, X5, X1 + X5, n X; — X5, HOpmanHe npoMeH/bMBE, ANV HUXOBU KBAaAPATM UMAjy XM-KBagpaT
pacnogeny. Ta ,,CKOpO CIMYHOCT” Aucnepsuje x-KBaApaT pacnogene u gucnepsuje Maycose pacnogene
fonasu o came onwTe aeduHMLmje ancnepsmje [26.], Bapujarce o2(X) = Var(X), koja je cpearba
BPEAHOCT (OYeKMBaHbE) KBAAPATA OACTYNAba Of, CPeLHe BPeAHOCTU | came pacnogene. Y ANCKPETHOM
cnyyajy

Var(X) = Z i Crye — 10)?
k=1

rae je pr = Pr(X = x;) BepoBatHoha aa he k-Ta npomeHs/brBa 6UTH peannsosaHa.

Pasnuka namehy xu-kBaapat pacnogene v sapujaHce noaceha Ha pasnuky namehy KoBapujaHce u
Kopenaumje. logajmo oBome aa ce Ta ,,CKOPO CAUYHOCT MOXKE MPUMETUTU 3a HEKE AMHAMUYKe npoLiece
,Teopuje nnbopmaumje”, nonyT oBae pasmaTpaHux supTyenHux coepa [38.]. Hagosesmsarbem MaycoBmx
pacnogena pacte aucnepsuja pesyntupajyhe pacnogene u ,,komnosmumja“ nocraje ,KaHan npeHoca” ca
LYMOM KOju je jeaHaK npupaLuTajy MHpopmaumje.

TakBa BpCTa KaHasa NpeHoca pas/nKyje ce Ha npumep oA MapKoB/beBMX NaHaLLA YMjU NpUpaLITaj AaHLa
je KoHcTaHTaH, no Behoj cnob6oam HaumMHa nojase Wyma. 3aTo ux je moryhe NnpMmMeHUTU Ha jeaUHNYHY
nospLUMHy pactyhe ,BUpTyenHe coepe”, KOjoj amnanTyae onagajy a ca kbiMa 1 BepoBaTHohe pasmeHe
MHbOpMaLmje ca eBeHTYyasIHUM gpyrumM Habojem, WwTo 6m 6Mo npoLec He-KOHCTaHTHOr aHLA Mapkoega.
Benuke cy moryhHOCTM pa3Boja Teopuje y TOM NpaBLy 1 o0 Tome hy KacHUje aeTasbHuje.
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53. incnepsuja durype

MocmaTpamo BUPTYeNHY chepy y LWnpery, Uan 6MN0 Kojy CIMYHY rpaHMLLy CBE MakbUX LAHCU HEKor
npocTtopa BepoBaTHoha. Pehu ga ce ryctuHa BepoBaTHohe Ha w0j ,,pa3bnaxkyje” dopmanHo je jeaHako
Hausraen cacBMM CyrnpoTHOM, NOCMaTpPakby ,HMUaHa HOBUX MoryhHOCTU® y aTom geny nosplumHe.
HewTo cAnyHO 3ancTa ce M gellaBa ca BakyymMoMm U3 Kojer he nckakaTu gorahaju Kaga ra nocmatpamo
cBe AeTasbHuje, a/iu He MopaTe ce Be3aTu 3a Ty PU3UUKY C/IUKY, 3a cada PaaMMO ancTPaKkTHO.

3Hamo aa ce nospluvHa purype’ nosehasa ca KBaApaToM HheHe AyxuHe. TO MOXKeMO BU3yeM30BaTH ca
oapeheHnM KOHCTaHTHUM Bpojem paBHOMEPHUX AeTasba, PELLMMO TauyaKa, Heke pacTyhe noBpLumMHe Koja
je cpasmepHa KBaapaTy yAa/beHOCTV AATOr Napa Tavaka. Y ckiafy ca Tume, gucnepsuja o pactyher gena
cdepe pacTe ca heHUM MOAYNPEYHUKOM T

Y cnyyajy npomeHe aucnepsuje canmyHe Maycosoj [40. Mpumep 1], vHpopmaumja je
S(o) = ln(JVZne)
a tbeHa NpoMeHa No jeANHULM NPOMEHEe NOYNPeYHUKaA, HEeH U3BOA NO T, U3HOCHU:

as _ V2me do _ 2me

dr o dr r

NHdopmauuja gena chepe onaga nonyT noTeHLMjana.

To je xomoTeTHja, BPCTa NPONopLMOHanHOr NnpecanKkasama. Mctun pesynTtat, o MHpopmMaLmjm Koja onaga
Ha HA4YMH NOTeHUMjana, MoXKemo A0bnjaTh y cayyajeBuma ,CandHux urypa“, Ha npumep Kaga npeHoc
MHbOpMaLMje KaHaIOM MMA KOHCTAHTaH LYM Y O4HOCY Ha Ae/10Be TOKa, Kao Yy MapKoB/beBUM NaHLMMa.
NHdopmaLmja Kojy TakaB KaHan NpeHocK onaaa ca bpojem ,Kapuka naHua“.

YcnossbeHocT cneaehe Teopeme ,,norpewHom” pacnogenom, 36or yera ce nosehasa MHpopmaLmja Kpos
KaHan [14. Mpumepu 1-3], ogHOCHO HacTaje Wym (cMmeTHa) NpeHoca, Nokasyje aa rybuum nHbopmaumje
KaHa/loM NpeHoca fo0/1ase o4, ,HeycknaheHocTn” Kojy cam KaHan [08. AganTaumja KaHanom] NoKyLuaBa
,nonpasuTn”.

Teopema 1. late cy Tpu pacnogene p = (P1, .., Pn), 4 = (q1, o, qu) M T = (14, ..., T,) Ca TPU MaTpULE
A =ay], B =[bi] v C = [cij] penanrarse naje AB = C,7 = GB, § = pA. Tana 3a undopmaupmje
Baxu S(7|p) = S(7'|q), rae jeaHaKoCT Bpeam ako 1 camo ako je byj = ¢;j3acBako j = 1,...,n.

Aokaz: N3 ¢;j = p a”blj N KOBapMjaHTHUX MHOXeHa, 3a [-TY BPCTY MHGOPMaLMje maTpuue ¢ je:

n n n n n
SL(AB) = —ZCU IOgCij = —ZZa”bUlogCU = —Za” bljlogcij >
Jj=1 j=11=1 =1 =1
n n n
= —Z ailz bl] log bl] = Z allSl(B)
=1 ]:1 =1

° durypa je y reomeTpuju 61MN0 Kakas HenpasaH CKyn Tayaka.
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HejegHaKocT gonasu 3 ,norpelwHe pacnogene”[14.], 36or yera HejeAHaKOCT NOCTaje jegHaKOCT aKo U
camo aKo b;j = ¢;j3acsako j = 1,...,n. To he 6utn Hp. Kaga je B v € cactas/bena og, jeaHor uctor
KoeduuMjeHTa, Tj. Kafa cy BpcTe maTtpuue B jeaHake.

[Jase, mHOxehu ca p; nobujamo:

n n n n
> isi(AB) 2 ) > piausi(B) = Y aisi(B)
=1

i=1 =1 i=1

~

1. S(7|p) = S(7|q), wto je Tpebano AokazaTh. W

Y aHanorujama ca nospwnHama, pehm hemo aa pactom NOBpPLUIMHE KaHaN OpUTrMHAAHY MHbOpMaLM)y
HacToju ,,pasbnaxknTn®, OAHOCHO y APYroM CAyYajy Aa Y KaHany Wym HacTaje ,HULLaHheM HOBUX NOpyKa“.
ANCTpaKTHOCT pa3maTparba L03B0/baBa OBaKBe U3neTe, U3 jeaHUX y Apyre obnactn matemaTuke, jep
CBaKa Ta4yHa Teopwuja y CKa4y je ca CBAaKOM ApPYyrom Ta4YHOM TEOPUjOM.

3aHMM/bUB MOZEN TAaKBOT KaHana je BaCMOHA Yy MHTepnpeTaumju moje Teopuje nipopmaumje. okne
cexke MoryhHOCT onarkarba NPOLU/IOCTM, YHUBEP3YM je KaHan npeHoca nHdopmaumje. CmeTre (wym)
HacTajy NpoLecMma ycnyT, TOKOM npoTeknux 13,7 muaunjapam rogmHa. PrsmkanHa nHTepnpeTtaumja
oBOra, Moje (xuno)Tese 04aBHO, je Aa ce CyncTaHua ,,TonM"” y NpocTop, YUMe ce eHTPONKja CyncTaHLue
nosehasa a beHa yYKynHa nHdopmaumja cmamyje Ha ywTpb dursmykor npoctopa.

Moaceham, 3aKoH ogpiKatba 3a MHGOPMaLMjy NpY TOMe BaKM, Kao M MaTepuje y ciyyajy xabara buio
KaKBor GM3MYKOT KaHaia NPeHoca NopyKa, a/In He BayKe 3aKOHU eHTponuje (ApyrM TepMmoanHamMmUKe) 3a
NPOCTOP Kao 3a CyNCTaHLy.

MpeHoc nHGopMaumja KaHaIOM A€ELIaBa Ce M OYMTaBakbeM Pe3yNTaTa eKcnepMmeHaTa TOKOM npoueca
mepersa. CIMYHO HAcTaje TOKOM CBaKOr Pa3roBopa A0K Halla MHPopMaumja uae Ka cCaroBOPHUKY, Uan
06pHyTO. Hagam ce fa oBO BUMLIE HUje cCNOPHO, 063Mpom Ha 1. Teopemy, Aa cmeTre gaTe MHPopmaumje
HacTajy BULWKOBMMA KOju Ce NPUAPYKYjy yCnyT, 3ajeHo ca usobanuyerbuma nocnate 360r yapy»unsara
ca OKOZIMHOM. [lpyrm peurma, ako b1 ce TOK MHpopmaLMje NoTNYHO M30/10Ba0 04, CPeANHE KOjoM Teue,
OHAa WyMa He 61 6uno. MHGopMaumja He MOXKE TEK TaKO Y HULLTA HECTajaTu, UM U3 HUYera HacTajaTw.

Y peanHum cuTyaumjama yBek NocToje CMeTHE, NMa MaKap To 61aa peTka HacyMUYHA MCKaKakba YecTuu,a
13 Bakyyma. OHe He mopajy ,, TpajaTn“ aa 61 morne gaty MHbopmaunjy meraTtn (Tpajare je Beh 1 camo
HMXOBO NPUCYCTBO Yy NpomeHama). Ca gpyre cTpaHe, 3aKOH O4p!Kakba HUje HapyLeH ako ynage U meHe
rnegamo y fl0BO/bHO LMPOj OKOJMHM.
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54. CTauMOHapPHW KaHan
Y HayLy, pauyHapCTBY U MHKEHEPCTBY, LIPHA KyTHja je CUCTeM yNasa, U31asa, UK je KapaKTepucTuKa
npeHoca, 6e3 MKAKBOT 3Hatba O YHYTpaLlbeM pagy. berosa umniemeHTaumja je ,,HenposmpHa“ (LpHa).

LUpHa KyTuja oBae je KaHan Koju He npeHocu Hpopmauujy yonwTe. CTauMoHapaH KaHan 61o 61 oHaj
KOju Ha u3nasy He noBehaBa HUTU CMatbyje yNasHy MHOPMaLLU]y.

MNpema npetxoaHom crasy [53. Teopema 1], Takas je kavan C = AB axo bj;, = c;y, 3a cBaKy k-Ty KONOHY
matpuua B u €, v ceaku j-T1 pepak matpuue B. To je cnegeha cutyaumja

Xy Xy U Xn
. R X X eee xn
B=C=("" "%,

x1 xz cee xn

(9%
=

rae je X = (x4, X, ..., X,) HeKa (MponsBosbHE) pacnogena. 3a Takse matpuue Baxun C2 = C - C =
Taja KaKeMo A3 je MaTpuLa UAENOTEHTHA. 3a 0Be, MHOKEHEM NPOBEPaBaMO:

A

5C = 5(AB) = (5A)B = 4B = %

UcTo pgetasbHuje:

a1 Qi 0 Qan X1 X U Xp
5C=|m1 pa v Po) axq azz: o X1 xzz--- Xn
Ap1 Apz °° Gnn X1 Xz U Xn
X1 Xy U Xn
=@ @ - w™ T T o oy o w) =%
X, x, v Xn

jep maTpuua jegHaKMX peaoBa, KOBapUjaHTHO MHOXKEHa, He MeHa BPeAHOCT BeKTopa. Hanme:

> )= (3 a) =

=1

jep je 36up y apyroj 3arpaam jeaaH. Hema HuwTa og ynasHe nHdbopmaumje p Ha u3nasy, jep je X 6uno
wTa. TakBa KOMNO3MLMja, KaHaA je upHa KyTuja.

PasmaTpajyhu HenpekuaHa npecanKkaBama [42. MpeHoc Bapujabae], y 1. npumepy, BUAeAn cmo aa je
LpHa KyTWja M KaHan NpeacTaB/beH r'YCTUHOM KOju ce MOXKe MCKa3aTu Npon3BoAom ABe 1-4MM ryCTUHE,
g, y) = fi(x) - f,(y). Y wemy cnegehem Hacnosy [43. YcnosHe BeposaTHohe], npenosHany cMo LpHy
KYTWjy Y Cay4ajy HyATor KoeduumjeHTa Kopenauuje, Kafa je yc/10BHa rycTuHa BeposaTtHohe 6una ysek
jeiHaKa 3aBpLUHOj, He3aBMCHO o4, NpeTxoaHe. Te ogpenHULE M 0BE Yy CKNaAy Cy, LLpHa KyThja je KaHan
KOMe 131133 He 3aB1CHK 04, ynasa.

Pacnpassbajyhu o ycnosHum BeposaTHohama [43.], y He4OCTaTKy je AMHCTBEHUX O3HAKa, KOPUCTUAN CMO
n3pas ,y3ajamHa MHpopmaumja“, Hacnpam MHPopMaLMje NojeaAnHauYHe pacnoaesne Koja je ,CBojcTBEHA
nHbopmaLmja“. Tako MPBOM OMMCALLMO NPOLLECE CIMKOBUTO NPUKA3aHe U3pasmMma:
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S@->q)=5q-p)=5@ 9.

Y3ajamHa oBae Takohe je b1cKa ,Kopenauuju“ Teopunje seposaTHohe. To je usHoc ,MHbopMmaLmnje” Koju
yNa3 foCcTaBu n3nasy, nam obpHyTO peyeHo, Kojy U3nas npumu og ynasa. Ca Tom, penauyuje:

S - @) +5(@qlp) = 5@
5(q - p)+S@lg) =)

Ka3yjy Ham BuLIe 0 06UMy CBOjCTBEHE MHPOPMaLMje oA, P KOja je Npolusia 13 yaasa A0 M3/1a3a KaHana.
Csy octany HeoapeheHOCT, OCMM CBOjCTBEHE NOYETHE, KOja CTUKE Kao (, Ha3MBamo LIYMOM.

Npema Tome, Kaga mamo upHy KyTujy, 6uhe S(q|p) = S(q), a oHaa us peueror S(p,q) = 0. NpeHoca
nopyka usmehy ynasa u n3nasa (rbMxose KOMyHMKaumje) yoniute Hema. Taksa je MakcMmasiHa CMeTHa

(unctu wym). FnyBoHemMM KaHan (npouec) npeacraB/ba MaTpuLa Of jeAHaKMX KosloHa (BpcTa). Beh je To
paHuje pacnpas/beHo a 0BAE Yr1aBHOM MOHaB/baM.

Mpe nsHowera cnegehe Teopeme, NOHOBMMOM @ XOMOTeH JlaHal, YMHM NPoun3Bog, (Komnosuuuja)
jeaHe Te ucTe maTpuue, ga je naHauy MapkossbeB ako 6e3 063unpa Ha TO KaKo je npoLec AoLWwao y ceoje
caflalltbe CTakbe OH Aaje duMKcHa byayha ctamba (Kao Kog 6auarba HoBuMha Kaga cnegehu ucxon He
3aBuUcK o4, npeTxoaHux). Tpehe, maTpuua je NOTNYHO CTaLMOHapHa ako ce cacToju Of jeAHaKMUX BPCTa.

CraB 1. XomoreHn MapKoB/beB NaHaL, je NOTAYHO CTaLMOHAPaH ako M CaMO aKo je reHepucaH LLpHOM
KYTMjOM.

/[loka3: AKO je 3a cBaKy pacrnofeny p noYeTHor kopaka M, naHua g = pMM ... M, “MamMo KOHCTaHTHY
pesyntupajyhy q, Taga je S(qlp) = S(q), 7j. S(p,q) = 0, na je kaHan upHa KyTnja n matpuua M ce
cacToju 04, UCTUX KonoHa. OBpHYTO, NaHal, reHepMcaH TaKBOM MaTPULIOM je CacBMM CTaLyOHapaH. W

Kaza He 6B1ucmo 3HanM Kako 61 n3rnenao naHal, 3a pasiMunTe NoYeTHe pacnojesie, oHAa OBa Teopema
He Bpean. MoxKemo 6UTV CUrypHU jeAMHO Aa je CTalLMOHapHU HU3 § reHepucaH Heno3HaTomM MaTpULLOM
KOjOj je OH cBOjcTBEHM BeKTOp. CneunjanHo je jeAMHUYHOj MATPULLM CBOjCTBEHM CBAKM BEKTOP, Na UMamo
ApYry KpajHocT. bena KyTnja reHepuwe MapKoB/beB NaHaL, YNjU CBAKM KOPAK MMa pacnogeny jeaHaKy
(nponsBo/bHO]j) NoYeTHO].

Y BpEMEHCKMM NpOoL,ECcMMa, LpHa KyTuja je NOTNYHO HacyMMYaH TOK gorahaja, Kada npowiocT HY Mano
He oapehyje byayhHocT, 6e3 namhersa 1 6e3 moryhHocT npeasuhama. bena KyTuja je gpyra KpajHocT,
Kpajtbe AeTepMMUHUCAHOr TOKa gorahaja. Ceu octanm npouecu usmehy cy, umajy 6ap mano cayyajHocTu
1 6ap Mano M3BECHOCTM.
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55. KoBapwujaHca

Teopeme Ham mory mHoro pehu, ako ux 3Hamo 4yntatn. OHa u3 Hacnosa ,,53. Aucnepsnje durype” Tako
Ham Mopyyyje A4a CMeTHE Yy NPEeHOCY NopyKe KaHa/IoM He HacTajy MatbKOM HEero BULLKOM MHpopmaumje.
BuLWwKOM HacTaje MamaK, }Kewhu notncHy baaxe. LUym je nponsBog Ao4aT OpUrMHANHOj UHGOPMaLUjH,
OCUM Kog, UupHe n bene Kytuje. MpBa Mma MakcUManny ,a4e3nHbopmaunjy”, a gpyra MUHUManHy.

HapaBHo fa nspakaBare 0 ,,HecTajatby” MHPopMaLLMje MOXKEMO KOPUCTUTU U Aasbe, ann MeTadopuyKHM,
Kao 1 nojam ,,HenctuHe”, nuaum ,npasHuHe” (Bakyyma). Takohe, ncta Teopema ca TOKOM [,0Ka3a Kaxke Ham
03 KBaNUTET NpeHoca KaHa/lIoM 3aBMCUK 0, aganTalmje KaHana Ha OHO LITO ce kbMme npeHocu. MpocTa u
NpuxBaT/bMBa MOPYKa, KOjy MHaye pasymemo 1 6e3 TakBMX Teopema. HbeHa TauHOCT uau ycknaheHocT ca
,ouUnrnegHUM”, MehyTnm, ma cBOjuUX OrpaHMYera.

Ha npumep, YnrbeHmMLa Aa M camM KaHan reHepuLue Heky nHdopmaumjy, osHaueHy ca S(p, q) y cneaehem
Hacnosy [54.], a Kojy He ycneBamo npeactasutu LleHoHoBOM popmynom n KoedpuumjeHaTuma maTpuLe
KaHa/sa, roBOpM 0 HeKoj cnaboctu. MpeTnocTas/bam fa Ce ONUC CTBAPHOCTU Ty NOKasyje Kao HeJ0BO/baH
nceyak nseaheH M3 KOHTEKCTa Heyera Yynme 6UCMo ce gasbe paguje basuan.

TauyHa Teopuja Hehe BUTKU Yy KOHTPAAUKLMjM ca BUIO KOjoM APYromM TaYHOM TEOPMjOM, Ma CaM OBO MECTO
csojespemeHo’? paspelasao nomohy ckanapHor Nnpomsso/a BeKTopa oarosapajyhux onaxaja cybjekra
nobjekta, S = a; by + a,b, + -+ + a, by, Kojy cam HasBao ,MHbopmaumjom nepuenumije”. To je ucnano
[o6po, cmaTpam, jep NoMeHyTa ,y3ajaMHa MHopmaupja“ ynasHe 1 M3nasHe NopyKe KaHana, npe anum

Ha HbY, Ha KOBapujaHcy UAK Kopenaumnjy, Hero Ha LLleHoHoBY dopmy.

KosapujaHca y Teopuju BeposaTHohe 1 CTaTUCTULM NpeAcTaB/ba Mepy jaunHe Bese nsmehy npomeHa
[Be cayyajHe npomeHsbuee, X u Y. Heka cy ouekmsarba (Expected value) oBux cpegrbunx BpegHocTy,
peaom E(X) = p, v E(Y) = p,, oHAE je roMx0Ba KOBapUjaHca

Cov(X,Y) = E[(X — ) (Y — )]

Y OMCKpeTHOM cnyyajy, 3a ckyn og n = 2,3,4, ... Tayaka nogaTtaka NPOMEH/bUBUX X U Y, KOBapujaHca ce
MepU y3MareM pas/inKka namel)y cBake o4 NPOMEH/bUBUX U HeHE CpeaHe BPeAHOCTH, Koje ce 3aTUM
MHOXe y oaroBapajyhmum naposuma u NnponsBoam TUx naposa cabepy a yKynHu 36up nogenn can — 1.
Caxketo

O =) (1 — my) + G =) (v2 —wy) + -+ Con — ) (v — 11y)
n—1 '

Cov(X,Y) =

MNpumep 1. AHanUTUYap KOMNaHKWje MMa NoAaTaKe 3a NeT KBapTasa Koju Nnokasyjy pact 6pyTto gomaher
npou3BoAa y NpoLueHTMMa (X) 1 pacT HoBe NNHMje NPON3BOAA KOMMaHWje y npoueHTUma (Y):

1. x4 =2, y; =10;
2. x, =3, y, = 14;
3. x3=2, y3=13;
4. x, =4, y, =15;
5.

Xg = 5, Vs = 16.

10p, Bykoswuh: ,Mnpopmaumja Mepuenuumje”, EKOHOMCKM MHCTUTYT Barba Jlyka, 2016.
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OuekuBarba (Expectations) cy cpeare BpeaHOCTU:

Xy +x++x, 2+3+24+4+5 16

+y,+ ot 10+ 14+ 13+ 15+ 16
E(Y) zﬂy :}/1 yzn Yn — - — 13,6

na je KoBapujaHca nogaTaka:
(-1,2)(-3,6) + (—0,2)(0,4) + (—1,2)(—=0,6) + (0,8)(1,4) + (1,8)(2,4) _
5-1 B

_ (4,32) +(-0,08) + (0,48) + (0,72) + (4,32) _ 9,76
- 4 T4

Cov(X,Y) =

= 2,44

MowTo je oBAe U3payyHAo NO3UTUBHY KOBApPMjaHCy, aHAIMTHMYap MoKe pehn aa pacT HoBe SInHUje
npou3BoAa KOMMaHuje MmMa No3NTMBaH OAHOC ca KBapTasHUM pactom BAM-a. 1

06a HM3a cy4ajHUX NPOMEHBUBUX X = (X1, X2, v, Xp) MY = (Y1, V2, -, Yn) HaNa3€ CE Y HEKOM N-AUM

(y roproem npumepy anmeHsuje n = 5) ancTpakTHOM npocTtopy. MehyTnm, Kao BEKTOPM OHU pasanuiby

napanenorpam nospwuHe |x X y| = |x||y| sin ¢, rae je ¢ = «(x,y) yrao uamehy sexktopa. Paspahusao
caMm Te reoMeTpujcKe HauMHe cBojeBpemMeHo, Kao y npunory Varijance Vektor (2016), anu u gpyrauumje.

BapujaHca je nocebaH cnyvaj KoBapujaHce Kafa cy ABe NpoMeH/bMBe ucte. M3 npuaora, anm n U3 ropkeer
npumepa BMAM ce ga sehoj KoBapujaHcu oarosapa Beha carnacHOCT NapoBa MHOXEHMX Yy cabupunma, a
TO 3HauM Aa je Beha ako MHOXUMO Behe ca Behnm pasiMkaMa 1 Makbe ca MakbUM, UCTOT Npe3HaKa, na
je oHa HajBeha aKo MHOXMMO UCTEe. Y TOM MaKCMMaAHOM C/ly4ajy MMamo BapujaHcy

Var(X) = E[(X — n)?]

KOjy 0O3HaYaBamo 1 ca o2,

Kaga je KoBapujaHca 3aHeMap/buBa (Hyna), oHAa ce cnyyajHe Bapujabae y3ajamHO NoHallajy Kao aacy y
6e3aKkory. CBaKM HU3 paam camo 3a cebe, HACYyMUYHO y OAHOCY Ha OHaj Apyrv. KoBapujaHca Taa Moxe
npeacTas/baTh HYATY ,y3ajamHy nHbopmaunjy”, S(p, q) = 0. KaHan npeHoca nHpopmaumja, X —» Y, au

06pyHYTO, NPOM3BOAM TONIMKO WYMa A3 o4, Ae3nHdopmaLmja noveTHa MHopmaumja 6aeamn. BapujaHca

HaM roBOpM O NPOMYCHOCTU CBAKOT KaHaa Ca HEKOM HEroBOM COMCTBEHOM MAKCMMaHOM BpeaHowhy

1 pasabuparbe OpUrMHaNa NopPacTom LWyma cnabu. Y apyroj KpajHoOCTH, Kaga AMCOHAHTHOCT Aa/be pacTe,
KOBapujaHca je HeraTMBHA M Mepu CyNPOTHY Y3pO4YHOCT. PacT jefHe NPOMeH/bMBE 3HAYM Nag Apyre.

3a jow 6osby cuMmynaumjy ysajamHe nHpopmaumje nocnyxuhe kopenaumja, ca KoebuunjeHTom

Cov(X,Y)

COI'I'(X, Y) = W

Taj o3HauaBamo u ca p(X,Y). MpeaHocT Kopenauuje je, Kao WTO ce BUAM HeNnocpenHo us popmyne, jep

je HopmupaHa KoBapujaHca. Yeek je —1 < p(X,Y) < 1, a oHAaa je nakwe ynopehusatu Jaty Kopenauujy
ca Hekom gpyrom. Kopak gasbe je Hdopmauuja nepuenumje.

PacTko Bykosuh


https://www.academia.edu/25489395/VARIANCE_VECTOR_Statistics_in_the_coordinate_geometry
https://en.wikipedia.org/wiki/Variance
https://en.wikipedia.org/wiki/Correlation

NHPOPMATUYKA TEOPUIA I

56. Y3ajamMHa MHpopmaLuja

Y npeTxoaHMM HacnoBMMa NPUNPEM/BEHO je objallrbere y3ajamHe nHpopmaLmje nomohy KoBapujaHce.
Ha cavum BManmo n-gum npcrop cayyajHux Tadaka. To cy HU30BM, BEKTOPU 0X=%= (%1, %3, e, Xp) M
0Y =9 = (Y1,V2, .., V) Ca 3ajeAHNUKOM CPearbOM BpegHowhy, ouexkmnsarbem i = E(X) = E(Y)
Kojom je gedunucar Bektop OM = 71 = (i, &4, ..., 1).

O

OBWM BEKTOpPMMA LePUHNCAHU CY BEKTOPU:

%MX =0X —OM = (x; — 1, X — fhy orr, X, — L)
MY =0Y —OM = (y; — i, Y5 — [y coe) Vi — 1)

KOju cy OKOMUTU Ha BeKkTop OM. Ty cam okomuTocT, OX,0Y 1L OM, nokasnBao paHuje BuULIE NyTa, Kaga
TOra Hmje 6KUNo OKoJo, peurmo nog Hacnosom ,3.6 CtepeomeTpuja cTaTUCTUKE” Kibure ,VIHbopmauumja

Mepuenunie”, na osae Hehy. BUTHO je Npeno3HaTK Aa CKaslapHW NPOM3BOL BEKTOPA PA3ANKa, MX - W,
AedburHMLWe KoBapujaHCy, Kopenauujy, 3aTUm y3ajamHy MHbopmaunjy u nHpopmaumjy nepuenumje.

Y cayyajy Aa KoeduumjeHTU BEKTOpa X M Y He npunagajy ucToj pacnogenv seposatHoha, wro je yewhey
npakcw, nojasuhe ce Asa npasoyrna Tpoyrna OM, X n OM,,Y, ca ouekunBarbmma:

x1 +x2+"'+xn
Hx =

n
_Yit Yot oty
n

y

Kojuma cy geduHucaHe tauke My u M,,, 0o4HOCHO BEKTOPM:

OM, =y = (ly, s o, Hy), Wy =m, = (uy, Ly, ...,uy).

OBW BEKTOPM OAY3eTM PeOM Of AATUX X = 0X v y = oY [ajy BEKTOpE pasnunKe:
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1 nocTajy BeKTopu paKktopu KoBapujace. OHM ce MOry Aasbe TPETUPATU ca HEKUM (CBaKMM) 3aje AHUYKUM
MOYETKOM, Ha30BMMO ra NoHOBO Taukom M.

BMNO Aa Cy KOMNAKTHM Kao Ha ropH0j CANLM, AWM OABOjEHM NapoBK, CKaflapHK NPOM3BOAM BEKTOPa:
0X - 0Y = |0—X||W| cos x(X0Y), MX - MY = |0—X||W| cos x(XMY)
x-y=|x||ylcos@, Ax-Ay = |Ax||Ay|cos ¢

OBM eKBMBANEHTHM NAPOBUM 3aNKUCa KOjU CIMYHE UHTepnpeTauuje. MocebHo, AoNe AECHO je y3ajamHa
nHdopmaumja S(x,y) = Ax - Ay, ckanapH1 NPOM3BOA BEKTOPa Pa3/iIMKa KOju HaM FOBOPU O OAHOCY
yfnasHe 1 u3nasHe MHPopmaLmje HeKor KaHana.

Kaga je 6poj S(X,y) nosutusaH, Taga cy ynas u usnas carnacHu, sehu ynasuu 6pojesm gasahe sehe
n3nasHe M 06PHYTO MakbW Makbe, a Kaaa je Taj 6poj HeraTMBaH KaHan paau nHBepsujy, Behnum ynasHum
CNYYajHMM BPeHOCTMMA A04e/bYje Matbe Ha M3a3sy, a Matbuma Behe. LLITa ce y KaHany TayHO Aelasa u
KaKo OH TO paaM y Toj MHTepnpeTaunju je HebuTtHo.

Mpeno3Hamo v NPou3BoA, pasnuka, Ax - Ay, aasbe Kao Hpopmaumjy nepuenumje, Taksy MHGopmaLumjy
MOXKeMo/MopamMo NOCMaTPaTh M Kao HeraTueaH 6poj, a CNMCKaK makbKasocTu LLeHoHoBe aeduHuumje,
aKo je CMaTpaMo HEKOM OMLWTOM, NPoay*KuTu. Ca apyre cTpaHe, HATU y3ajaMHy nHGopmMaumjy He Tpeba
TpeTnpaTu Kao onLwTy, jep je OHa orpaHMYeHa Ha pasauyuTe nojase ,Uctor”, Ha ,ynas“ un,n3nas” eHux
BPEAHOCTH, O4HOCHO CTakba Npe M HakoH npoueca. OHa ce TakBa He ogHoOcK Ha LLleHOHOBY M3BOpPHO,
cpeaby BpeAHOCT gaTe pacnogene sepoBatHoha.

Takohe, npMmeHa Npou3BoAa pasanka y MHGopmMaLmju nepuenumje CIMYHO je orpaHnyeHa. Ctake
Pa3/NKYjeMO Of NPOoLLeca Kao WTo GU3NYKM NMPOCTOP Pas/IMKYjeEMO 04 BPeMeHa, UM Kao LUTO BEKTOP
(umja nHTepnpeTaumja je KBAHTHO CTakbe) PA3/IMKYjeEMO 04, 0nepaTopa (Koju MHTepnpeTMpa KBaHTHM
npouec) Koju ra mera. MehyTum, onepatopw (WTaBuLLIE, CBU Y MaTEMATHLLM) BPCTA CYy BEKTOPA (AyanHu
CYy OHMMa Ha Koje Aenyjy), Na nomeHyTe NocebHOCTU U HUCY CYLUTUHCKE.

MocToje ay6/be, CyLUTUHCKE, OA4HOCHO 3ajeAHUYKE 3aKOHUTOCTU Koje ynpaB/bajy jeaaHKo Kako ,,00UuYHUM
BEKTOpPMMaA“ TaKO M ,,0NepaTopmMmMa BEKTOPMMA®, CTakbMMa Kao M NpoL.ecuma, Of4HOCHO NPOCTOPHMM Kao
BpEMEHCKMM peHomeHnMa. Ha npumep, jeAHAKO KaKo MO NPOLLECY MOXKEMO NPENO3HABaTH CTakba (He
MoHallajy ce CBM UCTO Y UCTUM YCIOBMMA), TaKO U CTakba bupajy npouece (HNp. cuna bupa Haboje).

YocTtanom 3aTo mu je 6uno moryhe Ha Tpu NPOCTOPHE AMMEH3M|e A,0KA3aTH Er3UCTEHLM]Y joL TPK
BPEMEHCKe, UK nokasatu ([1pocTop-Bpeme) aa 6u ce jeaHaunHe Teopuje penaTMBHOCTU jeaHaKo
noHawasne Kaga 6McMo 13 Tor CKyna LeCT NPOCTOPHO-BPEMEHCKMX ANMEH3Nja U34,B0jum BUN0 Koje

4yeTnpw, o4, Kojux 61 Tpmn brUne NPOCTOPHE a YETBPTA BPEMEHCKA MMArMHapHa tuma.
k k%
Hanomurbem aa oBa ,y3ajamHa nHdopmaumja“ Huje Ta4HO OHa O Kojoj cam nuncao 80-MX U Y KKK

»MaTemaTnyka Teopuja MHopamLmje U KOMyHUKaLMje” (HeMam je AUTUTANHO, MOTPAXKUTE U3[atbe
1995. Yapy:kerba matemMaTudapa Penybamnke Cpncke y bubnanoteum), a Koja ce 1 0BAe NOMUHE Kao

SX,Y), S(XY), unu S(d - 5), 3a pa3/iMKy o4 Hose S(a, E) roecy au b BEKTOpM Ca KoopAMHaTaTama
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BepoBaTHohama pacrnogena cay4ajHuUX MPOMEH/bUBUX U3 CKynoBa pegom X u Y. Y autepatypw, ctapa ce
0bnyHo o3Hayvaea ca H(X,Y), 3amano.

TewwKo je y oBom TpeHyTKy pehu Kojoj 6u, S(a, I;) unm S(X,Y), Hasus , y3ajamHa UHPopmaLmja“ bosbe
ctojao. Ty hemo agunemy UMaTtu 1 KacHuje, aav 3a cafia NPUMETUMO A MALLIMHCKO y4Yerbe ynotpebs/basa
Mu1pcoHOBY Kopenauujy 1 Aa woj 6o/me nexun S(a, I;). MehyTum, Ta Kopenaumja je mepa Koja npoHanasu
CaMo JIMHeapHe OHOCE U TO Cy)KaBa Haly NPUMEHY Y MHGOPMATULLM, LOK HE YK/bYYMMO U CTAaTUCTUKE
He/IMHeapHUX oaHoca. Mpeme Tome he un paspaga Koja cnegm [58.] 6UTKM camu NoyeTak oBe npuye.

Y Hacnosy ,,43. YcnosHe BepoBaTHohe” yBeAeH je K1acuyHM nojam y3ajamHe uHpopmaumje S(X,Y), ca
oBZe NpuxsaT/bneuma wymom KaHana S(Y|X) v unpopmaumnjom nsnasa S(Y), v nokasaHo je aa Baxke
dopmyne nonyt

SX,Y)+S[X) =S().

OBa KaKo 3a HenpeKknaHe Tako U gUCKpeTHe MHPopmauuje. AHaNorHo, y intepaTtypu hete Hajuewhe
(Mutual information) Hahu dopmyne:

1(X;Y) = H(X) — H(X|Y)
= H(Y) — H(Y|X)
= H(X) + H(Y) — H(X,Y)
= H(X,Y) — H(X|Y) — H(Y|X)

rae cy H(X) v H(Y) 13B. mapruHanHe eHtponuje (peuymo ynasHe v usnasue), H(X|Y)n H(Y|X) cy
ycnosHe eHTponuje, a H(X,Y) 13B. yapy:keHa eHTponuja (joint entropy).

Ha cnnum BeHoBux anjarpama gecHo, nomohy

CKYMOBa NOKYLIAHO je A04apaTh 0 YemMy Ce paau. HX)
O6nact oba Kpyra je ,yapy*KeHa eHTponuja“, Tj.

H(X,Y). NeBu op kpyrosa (LpBeH U sbybuyacr) je

T3B. ,MHAMBUAYaNHA eHTponuja“ H (X), pekau

61MCMO MapruHanHa, uam ynasHa. LipseHu aeo

6una 6u ,,ycnosHa eHTponuja“ H(X|Y). Kpyr Ha

JAecHoj cTpaHu (nnaBso v sbybuyacto) je H(Y), ca

nnasum H(Y|X). /bybuyacra je Ta ,,mehycobHa
nudopmaumja“ I1(X;Y), y npesoay v y3ajamHa, H(X,Y)
3ajegHWYKa, uam obocTpaHa.

Jleno HaupTaHa CMKa, OCMM LWITO je HeTa4yHa. EHTponunja n nHdopmauuja Aator cUcTema HUCY 3ajeAHO
pactyhe BennunHe, seh HanpoTue. [la He AyXUM 3alITO, BUAMTE MOje nocieste nonynapHe npuaore o
Tome (http://rvukovic.net/blog/2202.html ).
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57. Onet Kennep

Y KOHCTAHTHMM ycnoBMMa KoeduLMjeHT Kopenaumie AaTUX NojaBa NokasmBahe KOHCTaHTHe BPeAHOCTH,
HapaBHO, Y OKBUPY CTaTUCTUYKM 403BO/bEHE rpeLlke. Kako Kopenauujy, y3ajamHy nHbopmaLmjy, na Ha
CBOj HauMH ¥ MHbOPMaUMjy Nepuenuuje, reHepuLLIe UCTU cKanapHu npoussog, S(x, y) = Ax + Ay, kako
CMO TO BUAENWN Y NPETXOAHOM Hacnosy [56.], TO ,,KOHCTAHTHM yCn0BM" 3HaYe UcTe BepoBaTHohe AaTmx
porahaja, HenpomerbeH KaHan npeHoca MHpopmaumje, ctanHe nepuenunje. Caga hemo Ty 3aKOHUTOCT
O/ p*Katba, TAKO MNOCTaB/bEHY, yNOpeauTH ca ,,CUI0M HENM3BECHOCTM .

BepoBaTHOhe ce Mmory U3BOAUTU ANPEKTHO U3 aMMNINUTYAa, @ TEK CEKYHA,APHO BE3UBATU U NPOBEPaBaTH

Ha KJlacMYyHMM BepoBaTHOhama maTemaTtuke. To y CKnagy ca KBagpaTMma MOAY/1a aMIIMTYAa KBaHTHUX
ctama, ||y||? = y*y, BeposaTHOhe Hanaera o63epsabne’! y KBHTHO] MexaHMLM. CarnacHo Tome cy
,CNy4YajHe Bapujabne” noHekas, ,KBagpatTM MHTeH3UTeTa amnantyga”. Objawrera camor Tor bopHosor
3aKOHa [1aBao CaM Yy KhbM3M KBaHTHa MexaHMKa.

Y3umajyhu 3a cnyyajHe Bapmjabne KBagpaTte MHTEH3UTETA aMMIMTYAA, Y ONWITEM CAYYajy KOMMNEKCHUX
6pojeBa, o4eKMBake Ce CBOAM Ha:

2

Yal” 4 || ¥2 Ya

Vn vn vn

na ako npehemo Ha ,ckpaheHe BekTope” (y = y' = y/v/n), 6uhe E(y) = nE(y"). Npe eseHTyanHor
AeTasbHUjer pegeduHUCcatba KnacnyHe BepoBaTHOhe Ha HEKY KOMMJIEKCHY, 3aCTaHUMO Ha OHOMe rae
cmo Beh CcTUrn y npeTxoaHum Hacnosmuma. KoeduunjeHT Kopenauuje je:

2
_|_..._|_|

2
‘|

1 2 2 2
E) =y = 2 (Il + I, 4+ D, ) =|

Cov(X,Y)
X,Y) = Corr(X,Y) = — "7 ___
pX,¥) = Corr(X,Y) Var(X)Var(Y)
3 o= 1) (i — iy) TARAF|a%]|AY
n&k=1Xk = W)\ Vi = By _ pAx 8y |Ax||Aylcosp

0S .

B 1 2 Lo AXIAY]
JﬁZﬁ:l(Xk — Uy)? \/ﬁzﬁﬂ(J’k - lly) n |Ax||ay|

KoeduumjeHT Kopesauuje je KOHCTaHTaH ako M Camo ako je yrao ¢ = L(XMY) usmehy sexktopa Ax n Ay
KOHCTaHTaH [56.]. CMuaH pesynTat ce fo6uja cmeHom Ax — AX' = Ax /\/n, jep je:

n

Var<X)='A—é'= %Z(xk—mz - Z(%% X4

AHaNOrHO pagMmo ca 0CTaNMm cnyyajHum sapujabnama (Y — Y'). U3pauyHasamo 1 kosapujaHcy'?:

Cov(X,Y) = 3—; : 3—% = %Zcxk — )k — ty) = Z (x"\/_ﬁ“ ) (> "\/_ﬁ“Y) _

= Ax'- Ay’ = |Ax'||Ay'| cos @,

11 O63epBabna — PU3NUKM Mep/bMBA BEANYMHA.
2 Teopuja BepoBaTHOhe KOPUCTU KOAMYHMK 1L yMECTO cTaTucTuukor n — 1.
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jep yrao usmehy sektopa (@) He merba ce cammm ckpahuBarbem BeKTopa.

Kpajrum npenasak Ha KOMMJIEKCHY BepoBaTHOhY, OHaKBe BPCTe Koja 61 oaroBapasa KBaHTHOj dU3MLM,
HWje HeoNXoAaH Aa NPUMETMMO rophse pesynTate. Yrao ¢ = X(XMY) octaje KOHCTaHTaH, @ aHa/IONHO
cneam ca cnuvke (NpeTxoaHor Hacnosa). TeKCT HenocpeaHOo HacTaB/ba pacnpaBy O CANLM U3 NPETXOAHOT

Hacn0Ba, Na rNaBHO He NoHaB/baM. CBe NoCTaje jacHMje Kada Cy OYeKMBakba jefHaKa u m, = my =m,
3aTMM je JTAKLWK Npenas Ha onwTuju Cayyaj.

PacTom 6poja 1 KOMNOHEHTM BEKTOPa X = (X1, X3, v, Xp) U Y = (V1, V2, e ) V) HOMXOBA OUEKMBaAHHA
(cpearbe BpeAHOCTM) CTAaTUCTMUKM Ce He Mekbajy. PaBHOMepHO ce ckpahyjy Bektopu Ax’ n AY’, npasum
MM OCTajy HEMpoMeHeHM (Npema NPeTXo4HOM) U yrao Koju 3aKknanajy octaje UcTu. To 3Hauum 4a ce ayx
XY, kao u X'Y', u3 Tauke M BUAM NOA UCTUM YFIOM @ [OK Ce KpaLu Tor yraa ckpahyjy, cBakm nocebHO
cpasmepHo v/, na ce (canuHm Tpoyrnosm) ckpahyje u aykuHa XY TOM UCTOM pasMepom.

Jasbe nocmatpajmo sehe Tpoyrnose, npeo npasoyram OMX. [lok n pacte, xunoteHy3a 0X, Kao 1 KaTeTa
OM, nosehasajy cBaka cpasmepHo /1, To ce Kpaha KaTeTa cmatbyje cpasmepHo koeduupmjeHTy 1/y/n.

| X2 Mo Tome, CMHYC oWITPOT yrna y TemeHy O cMmamyje

ce cpasmepHo 1/n v nospwwuHa Tpoyrna OMX He

’X1 Metba ce. MosplumHe Tpoyrnosa O MX, n O,MX,

jegHaKe cy, a To je ynpaBo OHO WTO je oBAae Beh
01 Lv‘l [OKa3nBaHO reHepucartbem cyvajHux 6pojesa B.
Hacnos ,,28. LleHTpudyra HeM3BecHOCTN U CANKY.
02 (

[a ce Behe cTpaHuue Tpoyrna OMX, na Tako 1 Tpoyrna 0XY, nosehasajy cpasmepHo vVn (a He peunmo
ca n), Bugumo m3 cnegehux jeHakocTu:

OM = [OM| = |m] = |(w i, . )| =12 + 2 + -+ 2 =pV1+ 14—+ 1 =p'n
a oueKMBarbe (CpeArba BPeAHOCT) U 3a jefiHy UCTY pacriogeny He Mekba ce 6e3 063upa Ha 6poj ucxoaa n.

Opyru Behu Tpoyrao 6u1o je OXY. Hberose cTpanuue OX n OY, ca Behnm n cBe cy Ay:Ke, a OCHOBMLA CBe
Kpaha, na je yrao 6, nog, Kojum ce Ta ocHoBuua XY Buan ns temeHa 0, cee marbu. OneT ce MCNOCTaB/bA
3 je noBpwuHa Tpoyrna OXY KoHcTaHTHA oK ce Teme O yaasbasa o4 M, Kao Ha camum neso. To je Kao
y Cny4ajy canKe gecHo Hacnosa ,,24. Mpumepu perpecuje |1“, Tamo goKasneaHo copTBEPOM a OBAE CaMo
reomMeTpujCcKu.

Y 0BOj CKpMNTU OTKPMBAHE M Ha3BaHe ,,CU/1e HEM3BECHOCTU  rypajy cyyajHe Bapunjabne Kao Haboje. Anu
3anpaBo TO Cy TayKe y NPOCTOPY BepoBaTHONA Koje ce NpecanKkaBajy, Kaxkemo ,,nomepajy” no 3akoHnma
eKBMBaNeHTUM noonwTteHom Jpyrom KennepoBom (3a jeaHaKka BpeMeHa noter cuna-Haboj npebpucahe
jefiHaKe NOBPLUMHE), MHAYe BarKehU 33 CBE KOHCTAHTHE LieHTpanHe cune. KynoHose, MAun rpaBuTaLMoHe,
Ha npumep.
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58. 36up KaHana

YnasHa nHdopmaumja y KaHan K je pacnogena seposatHoha p; = Pr(w;) € (0,1), npu yemy je w; € Q
nojeaunHa nopyka nHaekca i € {1,2, ...,n}, aakne w; € {w, w,, ..., w, }. Kako ce cabupa nipopmauuja
S(p) Te pacnogene p = (p1,P2, -, Pr) KaAa je NOALMMO Ha Ta4HO ABe 3ApY>KeHe NopyKe BepoBaTHoha
a=py+-+p,nb=pyq+ -+ py NpBO je NuUTarbe.

Teopema 1. [laTa je pacnogena seposaTtHoha KOMNOHeHTamMa BEKTOPa P = (P1, -, Prs «» Pn) Y NOAENOM

a=p;+-+p,b=pry ++p.Tagpacya = (p1/a, .., pr/a), b = Pyr41/b, ..,pn/b), ¢ = (a,b)
oneT HeKe pacnogene BepoBaTHoha. Mpy Tome BaXKu jeHaKOCT

S(B) = aS(@) + bS(b) + S,
rae cy ¢yHKumje S nHpopmaumje no LLieHoHy.

Jokaz: facy a, b, ¢, kao n p pacnogene seposaTHoha ounrneaHo je. flasme, kopuctehu LLeHoHOBY
pedbvHnunjy nobujamo cnepehe Tpu jegHakocTu:

as(a) = —pylogp; — -+ — pylogpr + aloga
bS(b) = —pr+110gPys1 — - — Pnlogpn + blogh
S(c) = —aloga—blogh
u3 umjer cabuparba cneamn S(p) = —p, logp, — -+ — py log pp, WTO je Tpebano fokasatv. W

MpMMeHMMO OBO Ha KaHan Koju ce cacToju u3 aga gena, K = K; + K,, napanenHe Bese Kao Ha CMLM.

‘ - K -
A i 1
X -l p 0! -
[ |
B K, -

CurHanu ponase cnesa us X. Y Tauku P pasgBajajy ce U 4eo nae Ka Tauyku A a octatak Ka B. [leo A ynasu
y KaHan K; a B y kKaHan K, HaKoOH 4yera ce U31a3HKN cuUrHanu cactajy y Q v HacTass/bajy AecHo Ka Y. Mpema
Tome, KaHan K = [[kij]]n npeacrtas/ba 610K maTpuLa
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NHOOPMATUYKA TEOPUJA II
R=(f 0
0 R,

raecy Ky = [[kii]]r nk, = [[kij]]n_r AnjaroHanHe KBagpaTHe matpuue. lpyrum peunma, k;; = 0 ako je

i<ruj>r,umakojei >ruj <r.YnasHusektopje p = (Py, ..., Pn), M30a3Hn 4 = (qy, -, Grn)-

BeposaTtHohe ynasHor Bektopa p = (Pq, ..., Py, -.-, Pn) KaHana K onet pasasajamo Ha 36upose:
a=pi+-+p0, b=pry1+-+pn

TaKo Aa MMaMo pacnogene:

a;(%,...,%), E:(p’;l,...,%”), ¢ = (ab)

Kao y roptb0j TEOpemu 1, npema Tome, ynasHa uHbopmauuja je S(p) = aS(a) + bS(E) + S(0).

W3nasHa pacnogena w3 KaHana K = [[kij]]n 6uhe § = (g4, ..., qy» -, Gn), TaKkBO ga je § = pK. Kako je

nHdopmaLMja KaHana nHaye

n
S(k) = — Z kij lngij

ij=1
TO roprba TEOPEMA BaXKM W 33 U3N1a3HE MOPYKE, NMa MOKEMO NUCaTy
S(@ =ad's@’)+ b’S(E’) + S(c")
ca ogrosapajyhum nogenama gatojd a’ = g + -+ g, b’ = qry1 + -+ qp, @' = (q1/a’, ..., qr/a"),
b = (Gr41/b's ., qn/DYn " = (a',b"), capa usnasHe pacnogene.
Teopema 2. LLym 36upHor kaHana (K = K; + K;) jeaHak je 36upy wymosa cabupaka (K; u K5).

Joka3: NHbopmauwnja i-Te BpCTe KaHana je S(I?)i =S5 =- 2?:1 kl-j log kij na 3a gaty pacrnogeny p

cpeatba BpegHOCT MHGOopMaLMja BpCTa KaHana, WTO je U Wym KaHana, je:

n r n
o pi Di i~ —
S(qlp) = Zpisi = azg‘si +b Z 3151- = S(a'la) + S(b'|b)
i=1 i=1 [

i=r+1

[Jakne wym K jegHak je 36upy wymosa KaHana Ky n K,. m

NHbopmaumjy 36MpHOr KaHana Takohe MoXemMo cMaTpaTh jeaHakom 36upy nHdopmaumja cabupaka, jep
ynasHa uHdopmaumja y KaHany He HecTaje TeK TaKo, OHa Ce eBEHTYa/IHO camo Ae3nHTerpuwe. MNpuanyHo
je To U MHTYyUTUBHO jacHo. KaHan npon3BoaM CMETHE, CONCTBEHE MHPOPMaLMje Koje Takohe He HacTajy
M3 HUYEera HATU HecTajy y HUWTa. YKynHa nHpopmaLmja orpurmHana U yKynHUW Wym HacTao ycnyT AoAajy
ce. Mehytnm, nHPopmaumja je ,,KoONMUYMHA oNumja“, a He PELLUMO HEKa ,CYLUTUHA", CKyNn 3Hakba, Na ce
MOe OZip>KaBaTu M TaKO LITO YMTAOLy NOCTaje HepPa3yM/buBea.

NHdpopmaumja He Texkun aa byae ,CMMCcao”, UM HeKM Hama MHTeNUreHTaH 06/1MK nogaTtaKka, cem Kaga je
NPUHLMN MUHUMANU3MA, MW HEKa Apyra NPpUHYAa TaMo He AoBede. MCTo Baku M 33 HU3 KaHana.
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HapgoBesnBarbem MCTe NOPYKe Ha HOBM MCTU KaHan HacTaje cepujcka Besa (He mapasiesiHa Kao Ha canum).
Hboj oarosapa MHOXere MaTPULIOM KaHana. Kog npocror aynanparba aate, MMamo:

—~ 2 ~
prozo(K O) _ K2 0
0 K, 0 K2

Aakne onet 610K maTpuuy, cafia ca KBagpaTuma npBoOUTHUX 610KoBa. YONLITE, 33 AYXKKU NaHal, je:

en_ (K o\" (R o
0 K, 0 Kp

LUTO je NaKo A0Kas3aTM MHAYKUuMjom. To je yBEK naHal, ca ABe cepuje, ABa pexmma paga. MHbopmaumja
nocnaTa cepmjom, MHaue, Na 1 Kpo3 HU3 oBaKBMX 610K KaHana, npunarohasa ce 6a3Hom KaHany (K), oHa
ce aganTvpa U TeXKM CBOJCTBEHO] AaTor 06pasua oBMX BE3aHUX KaHana. To je Texha Wwyma. beckpajHum
HaZloBe3MBakeM UCTOr KaHana, KaHan ce 3acuhyje aoaajyhu concteeHy MHGOPMaLMjy YKYMHO]j, CTUXKeE
Ka HEKOM CBOjCTBEHOM MaKCMMyMYy M CBe BULLE CTarHmpa.

58.1. KanauuteT KaHana
MakcumanHa nHbopmaLmja Kojy KaHaa MoXKe NPonyLwTaTh je KanauuTeT KaHana. Kanauutet kaHana, C,

je knacnyHo (LWeHoH, 1948) onuncaH Kao MakcMmanHa bp3nHa Kojom ce MHPpopmaLmje Mory MPeHoCUTH
KpO3 KaHa/, a Te ce oApenHuLLEe MOXKEMO APKATU MAKO je HbeHa NpBoH6UTHA HameHa Buna, a yrnaBHoOMm u
oCTasa, Cy*KeHa Ha bp3nHe npeHoca cumbona (cnoBa) NpeKko KaHana. Y Toj TepMUHONOIUjU ,,eHTponKuja“
C/ly4yajHe NpoMeH/bMBE je NpoceKk obuma ,uHopmaymja“, oagHOCHO ,n3HeHahewa” nnan ,HemssecHocTn
CBOjcTBEHUX MOoryhum mncxogmma sapujabne.

1. OcHOBHa Teopema belyMHOr KaHana rnacu: ,,AKo jeauk uma eHtponujy H (butosa no cumbony) u
KaHan moxe npeHocu C 6uTa y cekyHam, Taaa je moryhe KogmpaTtu CUrHaa Ha HauyMH 4a ce NPeHocu

c
npoce4yHom H6pP3MHOM 0f, i cMmbona y cekyHam, npu yemy € > 0 MOXKEMO y3MMaTh NPOU3BOJbHO

, c
manum. MNpeHoc je Hemoryh npoceyHom 6p3MHom Behom oz ;.”

2. OcHOBHa TeopeMa 3a AUCKPETHM KaHa ca LWYMOM: ,,HeKa AUCKpPeTHM KaHan uma Kanaumtet C, a
AVCKPETHU M3BOP eHTponujy y cekyHamn H. Ako je H < C, Tafa Mma HauMHa KoAMparba Tako Aa ce U3nas
M3BOPA MOXKe MPEHETM NPEKOo KaHana 1 y3 NPOM3BO/bHO Maly GpeKBeHLMjy rpewaka (Mam Npoms3Bo/bHO
Many geocmucneHoct). Ako je H > C, npon3Bo/bHO Masia BepoBaTHoNa rpelke Huje A40CTUKHa. “

[akne, KanauuTeT KaHana je makcumanHa 6p3unHa nHpopmaumja Kojy KaHan moxKe aa npeHece. Mepwu ce
y butoBuma y cekyHau (bps) u rpybo BpegHyje, npoueHa yanuma y 063mp camo ueny KoMYMHY NPeHeTmx
noZaTtaKa, a M30CTaB/ba KBA/IUTET KOMYHMKauUMje.

MponycHu oncer (Bandwidth) ce moxe cmaTpaT NoACKynom TepMmMHA KanauuTeTa KaHana. Kaga mepu
nponycHu oncer, Gopmyna ypayyHaBa MakCMMaHy KOMMYNHY MHPOPMaLMja Koja ce MOXKe NpeunsHo
npeHeTn y jeanHuum BpemeHa. MehyTnm, Ha NpMMep, KanauuTeT KaHaa MoXKe BUTK BeoMa BUCOK, afu
HW3aK KBa/IMTET CUrHaNa yuYnHuhe HUCKMM NponycHU oncer.

LLleHOH-XapT/MjeBa TEOPEMA KaKe [a je KanauuTeT KaHana C TEOPUjCKM HajCTpOoXKa ropHba rpaHunLLa 3a
6p3mHy nHGOpPMaUMja NoAaTaKa Koja ce Mory NPeHEeTU ca NPOU3BO/bHO MaIOM MPELLKOM U MPOCEYHOM
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CHarom NPUM/bEHOT CUTHaNa S KPO3 aHaNOrHM KOMYHUKALIMOHM KaHal NoAa0KaH aguTusHom 6esom
raycosom wymy (AWGN) cHare N

S
~Bloga (1+5)
C 0g, +N

roe:

e ( je KamauuTeT KaHana y buTMma no cekyHau;

e B je nponycHu oncer KaHana (bandwidth) y xeumma;

e S jenpoceyHa cHara NPMMJ/bEHOT CUTHa/1a MPEKO NPOMNYCHOr ONcera, MepeHa y BaTuma;
e N je npoceyHa cHara CMeTHM Yy NPOMYCHOM ONcery, MepeHa y BaTuma;

e S/N je o4HOC CUTHAN-LLYM, UM HOCUIAL-LLIYM HA NMPUjEMHUKY.

Ha npumep?’3, 3a TMNMYHY TenedoHCKy NMHKjy (Mogem) ca ogHOCOM curHan-wym o 30 dB v nponycHUm
oncerom 3ByKa oz, 3 kHz, makcumanHa 6p3uHa nogataka je C = 3000 log, 1001 = 29,901 kbps.

3a catenuTckm TB KaHan ca ogHOCOM curHan-wym og, 20 dB nponycHum oncerom Bugea og 10 kHz,
Aobujamo makcumanHy 6p3uHy npeHoca nogataka C = 10 000 000 log, 101 = 66,582 kbps.

* %k %

Maso apyrayuunju NpUCTyn je pasymeTy KanaumuteT KaHana Kao MakCMMyMa y3ajamHe nHbopmauuje

C=maxI(X;Y)
p(x)

rAe ce MaKCUMYM TPaXku y ceum moryhum ynasHum guctpubyunjama p(x).

Ha npumep, nucaha malumHa ca cmeTHama M BepoBaTHOhom ckpeTarba 0,5 1 30 ynasHux cumbona
(morkemo vhu ca ceBakum gpyrum cnoBom m npohu ca 15 6uta). MspayyHaBamo:

C =maxI(X;Y) =max[H(Y) — H(Y|X)] = maxH(Y) — 1 = log, 30 — 1 = log, 15.
p(x) p(x) p(x)

YonuwrTe, 32 BepOBaTHOhy P, HaNa3snmmo:

10GY) =HE) —HY|X) = H(Y) —ZP(X)H(YIX =x) =

= H() = ) pGIH(p) = H(Y) — Hp) < 1- H()

fakne, C =1 — H(p).

. . - 11
[Opyrv npumep, KaHan ca Wymom 1 He-npeknanajyhum usnasmma. € = 1 bit ca pacnogenom p = (E’E)'
11

Takohe, kaHan 6e3 Wyma 1 rpewaka gsocmucaeHoctu. C = 1 bit ca pacnogenom p = (E’E .

13 L L Peterson and B S Davie, Computer Networks:a systems approach (Morgan Kaufmann), 1996. ISBN: 1-55860-

368-9 (Paperback ISBN: 1-55860-404-9 ) pp 94-95.
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%k %k

Ca cTaHoBULITa MOje ,Teopuje MHbopmaLuje” (He3BaHUYHE) KNaCUYHM NPUCTYN KanauuTeTy KaHana je
cyBULLE OrPaHNYeH Ha obs1acT (cnoBa U cumbona) rae ce yrnaBHOM A0 AaHAC M KOPUCTU. Ta K1acuyHa
Teopuja HeA0BO/LHO je NpUMEH/bMBA Y 061aCTU KOCMOJIOTUje, TpaBUTaLLNje, eleKTPOMarHeTM3ma 1 i,
HUTW je HAa HUBOY Y ALOMEHMMA KBAHTHE PU3NKE, KAo LITO HUjEe HUTU Y LLMPOj XeEMUjU, BUOOTUjU, HayUM
ncuMxe wam 3ajegHunua. Hn He TBpAM ce Aa jecte, 3HaM, anun Kako TO Aa NpumeHa MHGOPMaTHKe CTUKe ca
BELUTUM UHXXeHeprMma U Nporpamepmma M Tamo rae Ta Teopumja He gobauyije.

Ha npumep, HagmalwmBarba KNacMYHOT TpeTUpakba KanaunuteTa KaHana (Beating the channel capacity)
npumeheHa cy 6ap Age geueHunje y KBaHTHOj dm3mumM, anu oaroeapajyhe ,Teopunje nHbopmaumje” pa te
nojase objacHn Hema. Hema je, jep ce n3 noctojehe oHa He Aa n3BecTu.

CKOK Koju Ham je noTpebaH je nocmaTpare MHGopmaumje Kao wuper eHOMEHA, KOju ce He MoKe
M3BECTU U3 HbeHe focajallhbe ckyyeHocTu. MHbopmaumja Kojy HyAMM je OCHOBHO TKMBO NPUPOAE OKO
Hac (MpocTopa, BpemeHa, MmaTepuje), a 06jeKTMBHa HEM3BECHOCT je HeHa CyLUTUHA. Hyau ce npusHarbe
KBaHTHOj MexaHWLM Aa y pacnogenv seposatHoha, Mose TO 6UTU U p = (Py, ..., Pr), HoEHE KOMMNOHEHTE
Tpeba aasbe pasnarath, nonyt py = |lw||%, npu uemy sennunne y mory 6uth 1 KomnneKkcHn 6pojesu (u
He camo oHM), a Hopme ||-|| He camo eykanacke.

Y TOM KOHTEKCTY, KanauuTeT KaHana MOXKeMOo BUAETH Kpo3 Npecankasare y = AX Tako aa je
¢ = max||Ax||
X
rae je ynasHv BeKTOop X AaTtor kaHana A nponssosbaH, na je kanaumteT C Hajseha moryha BpegHocT
nsnasHe Hopme |||, oaHocHo moryhHoCTH M3nasHor HK3a.

Camy jegHaunny I(X;Y) = H(Y) — H(Y|X), weHe aenose, Tpeba pegedunmcatn. 06um ,npegnora”
T™MX peaeduHuumja (Mojux, HeobjaB/beHNX) NPEBEUK je, NPEeTPNaH cam HENPOBEPEHUM ,onumjama”,
nonyT aesmHdopmaumja. Heke naeje seh cam U3HeO y TEKCTY, a €BO jol jegHe.

Mpy60, y3ajamHa MHPopMaLMja je CKaflapHM NPOU3BOA BEKTOPA, KOjU je nHade Beh yrpaheH y BapujaHcu,
KoBapwujaHcu, unm kopenaumjn, I — Y.; a;b;, rae cy paktopu pasnunke x; — [y OLAHOCHO y; — Uy- AKo je
ycnosHa 13B. eHTponuja H(Y|X) koHBonyumja, umahemo (oTnpuavke) oso:

n n n
I(X, Y) + H(YIX) s Z aibi + Z an_ibi = Z(ai + an_l-)bl- =
i=1 i=1 i=1

n

n
X; + Xy
= Z(xi + X — 2u) (v — 1y) = 2 (% — ux) Ay;
i=1

i=1
n n
~ ZZ o, Ay; = ZJ’xZAyi = 4a’x(y1 + 4y, - n,uy) ~ 2no'y0’,,.
i=1 i=1

Husosu cy pacTyhu, na je npmBM 36MpP MaKCUMYM a APYTM MUHUMYM Moryhux nepmyTaumja.
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59. lNepnoanyHN CUTHANN
MNMocmaTtpajmo matpuuy poTtaumje 3a 60°, Tj. % pagujaHa:
T om / 1 V3
coS— —smng | > > |
sin— cos§ \E 1 /
2 2

b
Il
w|lw

HbeH KBagparT je poTaumja 3a gBocTpyKkM yrao (120°), kyb6 3a TpocTpykn (180°) n pegom gasbe cse Beher
yrna g0 WwecTor cTeneHa Kaga ce Hanpasu nyHu Kpyr (360°). CteneHyjyhu gasbe potaumje ngy Kao aa ux
npe Huje 610, U3 NoyeTKa, jep A® = A. To je npumep nepuognyHe nojase.

Cnunuo ce moxe aecutn y Mapkos/besom™ naHuy nam npouecy®. OTyaa Ham je no3HaTa Teopema aa he
[1Ba KOMyTaTVMBHa (TO Hama 3HauM U HEe3aBWUCHA) CUTHaNa, ako Cy NePMOANYHM, OHAA BUTU NEePUOANYHM
ca uctom nepmoaom. Kasa npsu curHan y n-Tom Kopaky npehe y apyru, a Apyrn y m-Tom Kopaky npehe
y NPBM, OHAA Cy 6POjeBM KOHTPYEHTHM N0 MOAYNY NEPUOAA CUTHaNa.

Hehy npenucusatn obpo nosHaTe AoKa3e oBe TEOPEME, jep MU Ce UMHUM ounrnesHom. Hanme, maTpumua
KaHa/la NonyT HaBeAeHe poTauuje, CBe MepMognMyHO Merba Ha wTa rog aa Aenyje. Cee genose npoueca
KOje reHepuLLe OHa CBAKMX LIECT KopaKa NOHAaB/ba, an HEKM Y TO BpeMme Mory 6BUTH NoHaB/baHM U BULLE
nyTa, Ha NpUMep ABa Uaun Tpu. Y ABa LMKAyca MaTpuue, NPOoLEeC Koju ce y CBaKOM MOHOBMO ABa NyTa, je
NMOHOBJ/bEH YETUPU NYTa, @ OHAj BPKM KOjU Ce y CBaKOM LIMKIYCYy MOHOBW TpW NyTa, NoHoBuhe ce wecT
nyTa. Ja 6u ce TakBa noknanawa gorahana, 6UTHO je ga cy oBae 2 u 3 genutesbn 6poja 6.

MehyTum, curHan He mopa npehu y HeKn 4pyru curHan (UcTor naHua) Aa 6u naHay 6uo nepmoaunyaH.
Cnenehu npumep MmoXKe NpeacTaBUTM pasHe Takee MoryhHoCTy.

Mpumep 1. Hu3 Tpu 6poja (a, b, c¢) - (b, a, c + d) TpaHchopmMLLEe Ce TaKo [a y CBAKOM KOpaKy npea
[Ba 3aMeHe mecTa, a Tpehu ce yseha 3a KoHcTaHTaH 6poj d. Ako cy 6pojesu a, b, ¢ cneaehun gekagHm
KOjUMa ce BoAM caMo 3aatba undpa, a d = 4, reHepuLly NaHau, TpaHchopmaLmja:

()-()-()-)-6)- ()

HakoH 10 KopaKa noHaB/ba ce no4YeTHU pacnopea. Mpu Tome ropksa (Npea) ABa 6poja npenase jegaH y
ApYyrn, a Aoku (Tpehu) HMKaga He y3Mma BpegHOCT HEKOor o4, Ta ABa. 1]

Y HaBeaeHOM Npumepy, Kaga cy 6pojeBu Lenn, CBakM LenobpojHU AoaaTak reHepmucahe HeKKM naHal,
KOju ce noHaBsba. Taga je Aorbn 6poj yBeK HeKa og aeceT umdapa 0, 1, ...,9 M HaKOH HajBule aeceT

KOpaKa OHa ce Mopa NOHOBUTU. AKO Cy TaZa rophbe ABe undpe 3aMeHuNe MecTa, HakoH cnegehux 10
KOpaKa oHe he nx oneT 3aMeHUTU U MMaheMo NoYeTHU pacnopes. Anv ako cy 6pojesn a, b, c uenu, a

14 MapKkoB/beB naHalL, MM NPoLEc je CTOXaCTUUKM MoZen Koju onucyje Hu3 moryhux gorahaja y kojem seposatHoha

cBaKor gorahaja 3aBMcK camo o, cTakba NOCTUIHYTOT Yy NpeTxoaHoM Aorahajy.
15 Mapkos/bes npouec je Bep3suja MapKoB/bEBOr NaHLA Ca KOHTUHYUPAHUM BPEMEHOM.
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AofaTaKk upauuoHanaH, d¢7Z, oHaa Hema nepunoandHoctn. OBO ce MoKe nocmaTtpaTty jolw onwTuje. Ca
BepoBaTHohama je CAMYHO, CaMO je Matbe M3BECHO.

Heka je y satom Mapkos/besom naHuy k;;(n) seposatHoha fa curHan e; npehe y Heku (HOBU MK UCTK)
CUrHaN ej HaKOH Ta4HO N Kopaka. Heka je q;;(n) BepoBaTHOha Aa e; Npehe y UCTU CUrHaN HaKOH TUX N

Qi = i qi:(n)
n=1

je BepoBaTHOha aa curHan e; y 6uno kojem Kopaky n = 1,2,3, ... noctaHe onet curHan ¢;. Kaxkemo ga je
CUrHan e; NnoBpaTaH Kaga je Q; = 1.

Kopaka. 36up

Kaga ce HaKoH 1 Kopaka Aecu NoHaB/bakbe e; — e;, TaKBo 61 ce MOro AelaBaTi oneT cBakux cnegehux
7 KOpaKa M 6eCKOHaYHO MHOTO NyTa, jep OHO 3Hauu Behy M3BECHOCT LMK/YCa Te KOHauHe AyKuHe. OHAa

TO 3HauwM a pep X, -1 k;j(n) aveeprupa (36mp je HeorpaHuueH). Ca apyre cTpaHe, aKo ce TO He flelliaBa,
Taj pea He auBeprvpa, oHaa je Q; = 1, jep je Hus q;;(1), q;;(2), q;:(3), ... pacnoaena seposaTtHoha. Tako

MOYEeMO MNOKYLWATN MHTYUTUBHO pasymeTu cnegehu cras.

Teopema 1. 3a curHan e; y xomoreHoM MapKoB/beEBOM flaHLy Bpeau jeaHakocT @; = 1 ako M camo ako
AvBeprupa pes Y-, kij(n).

Hoka3z: O3Haummo ca q;;(m) seposaTHohy fa cMrHan e; HaKOH Ta4HO M KopaKa No NpBu NyT nocTaHe
curan e; (i # j). Npema popmynama notnyHe seposatHohe nmamo:

k@) = ) ayym)ly; (n = m),
m=1

raeje k;;(0) = 1wun =1,2,3,..01yaa je:

k() = ) ) 4y Gm)kyy(n —m) =
1 n=1m=1

= q;;(Dk;;(0) +

+q;;(Dkj; (1) + q;;(2)k;;(0) +

r

+qi;(Dkjj(r — 1) + q;; (ke (r — 2) + -+ + q;(1)k;;(0)

T

3

n=1

T

ai(m) ) kyyn—m)

[doaamo nm yHyTpawHem 36Mpy 0BOr pe3yaTaTa HEKO/IMKO HeHeraTuBHUX 6pojesa, buhe

Zr: kij(n) < ZT: qi;(m) [Zr: kjj(m) +1
n=1 m=1 n=1
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Oay3memo M UCTOM pes3yaTaTy HEKOMKO cabupaka buhe

r r’! r—r'
Dk z ) aym)| ) ke + 1)
n=1 m=1 n=1
roe jer’ < r.Kaga nogennmo nocnearse Ase HejeAHaKoCTU UCTUM 36MPOM, CTaBUMO Aa 7' — ©0, 3aTUM

r’ > 00, nobujamo

T
Yn=1kij(n)
+(m) = lim .
anl ql]( ) 00 1 + Z;‘l=1 k]](n)

Otypaje

c 1
1-— Z q;;(m) = lim ,
= roe 1+ X ki(n)
Tj. Bpeam jeaHakoct 1 — Q; = 0 ako v camo ako pes Xon—q k;;(n) aveeprupa. m

Kapa ce y HEKOM (n-Tom) KopaKy XxomoreHor MapKoB/beBOT /IaHLLa NojaBu curHan (e;) Koju je noBpaTaH
(Q; = 1), oHAa ce moxKe oyeKMBaTH Aa he ce CBakKMX KOHA4YHO MHOTO KOpaKa NnojaB/bMBaTM UCTU CUTHaA.
TakaB curHan he ce y 6eckoHayHOM Bpojy Kopaka, ca BepoBaTHoOhom 1 jaBUTM 6ECKOHAYHO MHOTO NyTa.
OBoO je HenocpeaHa NocaeamLL.a XOMOTeHOCTU JIaHL,@ Ha OCHOBY KOje MOXKeMO [L0Ka3aTu Aa je noBpaTaH
CUrHaN yjegHo M NepuoanyaH.

Baku 1 06paTHO, aKo Ce Yy HEKOM KOpaKy xomoreHor MapKoB/beBOT /laHLLA NojaBu curHan (e;) Koju Huje
nospataH (Q; < 1), oHAa moxKemo MHTYyUTUBHO NpeasuhaTh aa he ce Taj cMrHan y oCTaTKy J1aHLUa jaBUTK
HajBMLLE KOHAYHO MHOrO MyTa. [JpyrMm peumma, Taj ce curHan (e;) ca BepoBaTHOhOM 1 HAKOH KOHAYHO
MHOrO KOpaKa BuLLe He Nnojassbyje. YnpaBo To hemo casa AoKasaTu.

Teopema 2. AKO 3a CUTHan e; Y XxomoreHom MapKoB/beBOM NaHLY Bpean HejegHakocT Q; < 1, oHAa
nojas/bMBatbe TOF CUrHaAa HajBMLLE KOHAYHO MHOTO NyTa y TOM NaHLy MMa BepoBaTHohy 1.

Jokas: Heka je v, 6poj nojaB/buBarba CUrHANA e; Y NaHLYy HAaKOH N KopaKa. Mpema npeTnoctaBum je
Pr(v; <o) =0Q; < 1.
360r XxomoreHocCTH je
Pr(v;|v1) = Q;
a otypa:
Pr(v; < @) = Pr(y; < ) Pr(v,|vy) = Qf
uyonwrTe
Pr(v, < o) = Q[

zan=1,23, .., naje
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[ee] n
ZPr(vn<00):ZQi"<00.
n=1 n=1

Heka je A, aorahaj fia ce y n-Tom KOpaKy flaHua NojaBuno curHan e;, na je Uy, A, forahaj peannsauymje
6ap jeaHor og A, Ami1, Amaz .-, N aKO TO Baxku 3a cBako m 6uhe Non—; (Un=., A,) forahaj ga ce
peanusyje 6eckoHayHo mHoro porahaja us Hu3a A4, 4, Az, .... OTyaa je:

Pr[ﬂ U A, || = lim Pr U A, | < lim Z Pr(4,) < lim Z Pr(v, < ) = 0.
m=1 \n=m " n=m m n=m m n=m

[Jobunn cmo pa ce seposatHohom O curHan e; 6ECKOHaYHO MHOTO NyTa jaB/ba y MapKoB/bEBOM /laHLY,
Tj. la NojaBacurHana e; KOHa4YHO MHOrO NyTa Yy IAHLY MMa BepoBaTHohy 1. m

OBO cy no3HaTe Teopeme ca Kojuma cam ce npe 3-4 aeueHnje oxpabpmeao Aa HaCTaBUM Ca ,, TEOPUjOM
nHbopmauuje” (Hosom). Mrcao cam Taga oTNpUANKe oBakKo. Kako je moryhe aa Teopmja nHdpopmaumje
b6yae bopmanHo jeaHaKa HEKOj TeOpUjU caydajHux cuctema? Camo Halle cxBaTame nojma ,aorahaj”
nnu ,CcTatbe cuctema” objalbaBa TakBY aHanormjy. AKO ce fecno Heku gorahaj Mm To casHajemo npeko
yyna, nomohy MepHUX anapaTa, CaonwiTera UTA, AAK/e Ha 0Baj AW OHAj HAYMH ann yBeK nomohy
nofaTaka, M uHbopmaumja o Tom gorahajy. He noctoju apyru HauMH A3 JOKMBUMO CTakbe buno
KaKBOT CMCTEMA CEM Kao MHPOPMALIMjy O TOM CUCTEMY, NPETNOCTaBKa je.

To oHAa 3HAYM A3 je CBaKM MOAEN KOjU NPaBMMO pagm CxBaTaka CTBapHOCTU moryh Tek oHAa aKo je
moryh oarosapajyhu nHpopmatnukm mogen, 6e3 ob63npa Aa M cmo oBor nocnegrer ceecHu. Ca gpyre
CTpaHe, aKo je CTBAPHOCT 33 HAC CaMO OHO LUTO (Ha B0 KOjU HAUMH) HEKO Of, HAC MOXe LOXKUBETH
npeko yyna, Taga je 1 tHdopmaumja cteapHa. Npema Tome je nHbopmauuja gorahaj, uamn my je 6ap
€KBUBAJIEHTHA Y MaTEMATUYKOM CMUCATY.

Bp30 ce 3aTUM CTUKeE 40 ,,NIPUHLMNE MUHMMaNU3Ma MHopmaLmje”, o CNoHTaHOj TeXXHW Npupoae 33
MaHOM KOMYHUKALMjOM, Makb0j MHPOPMAaLMjW, EKBMBAJIEHTA HAYeIHOj NPUPOAHOj TEX M Aa peanunsyje
BepoBaTHMje ucxoge Yewhe. BepoBaTHUju gorahaj marbe je MHbopmaTueaH. Kopak oz Tora je npuHumn
Hajmatber AejcTBa, MHaye y TeEOPUjCcKoj dusnum oaasHo npumeheH u KopuwTteH. 36yHuBa me je buna
jeAnHo eHTponuja no LLIeHOHY, A,OK ce HUCAM OABAXKMO NOCTYMPATU Aa Beha eHTponuja cyncraHue
3HAYM Matby HoeHy (Makap edpeKTUBHY) MHPOPMALMjy U CTBAPM Cy SIerne Kako Tpeba.

[dakne, vHbopmaLmja je TKMBO KOCMOCA a HeHa CyLITUHA je HeusBecHocT. Beha nHdopmaumja nae ca
MaroM BepoBaTHONOM 1 06pHYTO, TaKo Aa je HeM3BECHOCT Takohe y3poK M nocieaunua ybpsama. Cuna
MeHba BepoBaTHONY, Na Yala ocTaje Ha cTony ny cnegehum TpeHyumMma, jep je TakBO HEeHO CTakbe
HajBepoOBaTHMje — CBE 0K Ha Yally He Aenyje HeKa CMNa U LWaHCce NPOMEHMU.

Ha npumep, eNeKTpoHU y y3ajamHOM MUpoBatkby Npueaade ce (Current), a Kaga ce NOKpeHy nay jeaH Ka
Apyrome, Kpehy ce y cynpoTHUM cmepoBuMa 1 — oabujajy ce. Cuna merba BeposaTHohe! CTora, Meratbe
ybp3arba merahe BepoBaTHohe, oBe o6jacHuhe cune, a oHe TeXKkby Ka Makboj MHbopmaumju. OTyaa cee
ocumnaumje, anm n cBeT yonwTe — Tpebano je NoCNoKUTH.
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60. Peunnpoumtet

CarnacHoCT NpUMHUUNY HajMaker AejcTBa je MacCMBHOCT, OACYCTBO CYNpPOTCTaB/batba, NPenyLTake Kao
knaguh HM3 Boay. CynpoTHOCT My je aKTUBHOCT, cuna, peumnpountet. Oboje obyxsaTa ,MHbOpMaLMija
nepuenunje”, Hagam ce, Kojoj 6u Tpebana 6uTK 6aMCKa OBAALWHA ,y3ajaMHa MHPopMaLmja“

S(a, E) = a1b1 + azbz + -+ anbn

3a noyeTak 3a KoepULUMjeHTe OBMX BEKTOPA Y3MMaMO CaMo HeHeraTuBHe peanHe 6pojeBe, HOpMupaHe
Ha jegMHMLUY M, LITAaBULLE, OHE KOjU NpeacTaB/bajy pacnogene seposatHoha. Harnacuhy Koju ce, 3awto m
KaKo, 04, ONWTUX Ha/sla3a eBeHTya/IHO He O4HOCU Ha NojeAnHe ocTane BpcTe 6pojesa.

NMpumep 1. Kaga ce NpsuM HM3 pacTas/ba Ha 36Up ABa HU3a, d = U + U, UHpopMaLmja nepuenumje ce
pacTaB/ba Ha 36up age ogrosapajyhe nHoopmaunje nepuenunje. Hanme:

S(@,b) = S(d@ + ,b) = (uy + v1)by + (uy + v2)by + -+ (Uy + V)b, =
= (uy by + uyby + - + u,by) + (v1by + voby + -+ + v by,)
= S(4,b) + S(9,b).

To je 0c0OBUHA aANTUBHOCTU. XOMOTEHOCT, S(ﬂ&, b) = AS(a, b), je Takohe nako foKasaTH, Na KaXxemo Aa
MHpopMaLMja nepuenumje nma oCobUHY MHeapHocTu. [

AaMTUBHOCT MHPOPMaLMje NepuenLmje je pasaor 4a je TayaH M CTaB M3 NPETXO4HOr HacoBa o 36upy
KaHana [58. Teopema 2.], y cnyyajy 4a je cmaTpamo y3ajamHOM MHbOpMaLMjom. Yarpea NpUMETHO je,
akKo S(EL, E) Mepu y3ajamMHy MHPopMaLMjy KaHana, oHAA je oHa Beha KaZia jauun CMrHan NpeHocu y jauum
oarosapajyhu, a cnabuju y cnabuju. Kaga ce goraha ob6pHyTO, Aa jaum curHan nae y cnabuju a cnabuju
yNa3HU Ha ogroBapajyhu jaum n3nasHu, cHara je ysajamHe nHbopmaumje KaHana Hajmarba. To NoKasyje
cnegehun npumep.

MNpumep 2. 3a oba pactyha (onagajyha) Hu3a 6poj S(ﬁ, E) nmahe MaKcMmasiHy BpeaHOCT y O4HOCY Ha

cBe nepmyTaumje 4aTUX H1308a @ = (a4, Ay, ..., dp) U b= (b1, by, ..., by).

Haume, kaga je n = 2, u3 oumrnegHor (a, — a,)(b, — b;) = 0 cneau a;b, + a,b, = a;b, + ayb;. 3
HeHeraTMBHOr pe3yNTaTa MHOXetba [iBe NO3UTUBHE (MK 0be HeraTuBHe) pasnuke, cneam Tepherse. A
0TyZa, KaZla UMamo Ay*Ke HU30BE U NPBU je MOHOTOH (pacTyhu unu onagajyhu), npu yemy gpyru Huje,
3amMeHa MecTa napy no napy Apyror Koju He ciefie MOHOTOHOCT, cBaku nyT he nosehasaTn S fo Hajsehe

BpeAHocTM Kaga he gpyrv noctuhu ypeheHoct npsor. 1

Ha HauuH oBOr NpMMmepa OTKPWMBA Ce M Apyra KpajHocT, ga he 6poj S(&, E) 6MTM MMHMMaNaH Kaga cy
0aTW HU30BW CYNPOTHE MOHOTOHOCTH, jeaaH pactyhu a apyru onagajyhu. OBa gpyra KpajHOCT, HajMmakbe
CHare KaHana, peuumo y cny4ajy jeaHake ypeheHocTv HUM30Ba (aa cy oba pactyha, nam oba onagajyha)
oArosapa ,,KoOHBOAYLNjN“

S(Ela) = albn + azbn_l + -+ anbl.
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BekTtope (pacnogene) HamepHO pacTaB/baM 3HaKOM Koju noaceha Ha ycioBHe BepoBaTHohe, jep Beha
oapeheHocT a cmarbyje wakrce b, 04HOCHO 6pOj S(b|&). OBakKaB 36up HeKa je cpetba BpeaHOCT, YNHU
je npounsBog Nnpoce4yHnx moryhHOCTM yTMLaja OBa ABa HM3a:

s(a,b) +s(bla) =
= (a1by + ayby + -+ ayby) + (a1by + ayby_q + -+ apby)
=a,(by + by) +ay(by + by_1) + -+ a,(by, + by)
~ (ay +az + -+ an)2pp = 2npgy

rae je Up BPCTa cpearbe BpeaHOCTU HU3a b, apuUTMeTHUKe cpenHe oaroBapajyjhnx heroBux Hajmarbux
v Hajsehnx 6pojeBa, a U, je apUTMeTUYKa CpemHa HU3a d, AOK je n 6poj YnaHoBa CBAKOT 04 ABa HM3a.

Cpestba BpegHOCT 0BOr 36Mpa, MaKCMMyMa U MMHUMYMA ,,nepuenuumje”, nam buxose ,y3ajaMHOCTM”,
pacte ca 6pojem KOMMNOHEHTM N HU30BA. TO ce NPOTUBM HAYENTHOM ,MUHUMANN3MYy MHPopMaLmje”, nnm
LITO je UCTO ,,MaKCMManu3my BepoBaTHohe”, na ce BepoBaTHO He goraha gusepreHuumja pesynTaTta. Ja
61 ce To U3berno, 2nu, U, — o, buhe Tewko noctmsatn cee Behn 6poj npeHocHMx curHana (n), nam 6ap
BehMx NpoOceYHUX MHTeH3UTeTa nepuenuuja (U, U Uy ), Uan oboje. MpBO orpaHMYaBatLe je, Ha Npumep, y
6pojy Yyna MHaMBMAYeE Koja ,onaxa oko cebe”, a Apyro nNpoceyHe ,,cHare” keHMX nepuenumja.

Buaenn cmo aa je ysajamHa nHpopmaumja KaHana, oBako gepuHmMcaHa, jow jeaHa Bpcta MHbopmaLuje
nepuenumje cybjexkta 1 objexTa (a v B). Ca sehom ,,nponycHowhy” TakBor ,,KaHana“, cybjekat uma 6osby
KOMYHMKaLMjy ca 06jeKTOM, CBOjUM OKpyKerem. Moxxemo pehu ga je cybjekat Taga ButanHuju, ynyheH
Ha Buwe moryhHoctu (onumje 6e3 moryhHocTu gejctBa 6u 6une nnysopHe), ) KUBaXHUjU U CBECTPAHU]U.
OTyAa pafo3HanoCT U Pa3HOBPCHOCT, jep MHPopMaLMja je ca jeaHe cTpaHe mepa KonduHe moryhHocTy,
onuuja, a ca gpyre ekBMBaneHT je ¢pusmnykor gejctea. OHa Beha 3Haunhe Behy moh npKolwera NnpuHLMny
MWHUMaNN3Ma Teopujcke GusnKe, Takohe, Te YTONNKO Matby MPTBY TBAp dU3mKe.

MehyTuMm, BUTANHO CTakbe je HaneTo, CUJI0BUTO, OHO TEXKM 43 Ce CMUPU U A3 Ce CMakbk, Aa ce NpenycTy
WHEPUMjU, NerCTBOBabY, A3 byae HaNMK CMPTU Npeaajyhun BUWaK MHGOPMALLMje OKONMHU, KOJIMKO My
TO 3aKOH 0A,p*Kakba MHPOPMaLMje A03BO/bABA, KAO U OKOIMHA Koja b1 1 cama To UCTo. ANTepHaTUBHA je
moryhHocT npegaja ngmsmayanHux cnobosa (YmT. nHGopmaumje) BULWOj opraHM3aLmju, Kafa Ce TaKBOj
MOXKe jaB/baTu emepreHumia, cee Beha BUTa/IHOCT KONEKTUBA.

CBaKa MHAMBUAYA MMA HEKM ,,Nojac ya06HOCTM®, pacnoH BnacTuTe ,y3ajamHe nHpopmaumje” Koju nae
0fL, CONCTBEHE MUHMMAJTHE A0 MaKCMMasiHe BPeAHOCTU, OrpaHUYeHe Npe CBera 3aKoHMMA oAprKatba. Ta
ce Be/IMYMHa MOXKe ,HanpesaTn”, WTo je BUA/bUBO PeLmmo Kog Kusnux buha y cykobuma. BoheHa Tume
je moja knacudukaumja ,cHare urpe” (Win Lose) y Tpu kaTeropmje urapa Ha nobeny. BuranHuja urpa uma
Behy y3ajamHy MHbOpMaumjy ONOHEHATa, WTA rog, A3 Cy OHMU.

fomunare nHGopmaumje y MHAMBUAYAMA MOKE Ce AeLllaBaTh YNPKOC HayeTHOT MUHMMAIM3Ma, Kao
LITO Ce C/IMYHO AeLlaBa y 0JlyjaMa 3a Ynje YecTULe Kao Aa He BaXKM NPUHLMN Hajmamer aejctea pusmnKe.
To ce goraha nako Hema TpajeKTopuje YecTuue Koja He cnegm u3 Ojnep-JlarpaHKoOBUX jeAHa4YMHa, Ymja
eceHuMmja je ynpaBo NPUHUMN Hajmakser gejctea. C/IMYHO je 1 ca rejsmpuma Unm ByJIKAHMMA 3a Ymnje
epynumje Kao Aa He BaXXW NPUBIAYHA CUNa rpaBuTaumje.
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BuwwaK BUTANHOCTU je NpKoLwwehe, Behe og oHora Koje 61 YMHMNA Makbe BUTAZIHA MHAMBMAYA, @ CBAKAKO
Behe oa mpTBe TBapu dM3MKe. Y TOM CMUCAY je BULLAK XKMBAXHOCTU BULLAK CUe, NOPes BMLLIKa onumja u
WMHTepaKuMja. A KaKo CUY Y OAHOCY Ha HELLTO MOXeMOo NpPerno3HaBaTh No NPoMeHN 6p3MHe Y OAHOCY Ha
TO, Ka*kemMo ga cuna (Teanma, yectmuama, Tanacuma) aaje ybpsame. 3aTo ybp3arba OTKpMBajy NPUCYCTBO
CWna, a To oneT 3HauM fa Tparom ybp3arba HanasnMMo Mmerbakse (nepuenumje) seposatHohe, Te HUXOBO
NOBPATHO AEe/N0Bakbe Y U3MEHWN CaMe CUJe KOja UX Y3POKyje.

Tako MoXKemo onucatu ocuusioBarbe. OHO HacTaje cmeHama NpPUBAYHNX M 0A00jHUX CUNa Koje jeaHa
apyry pegeduHnwy. MomeHyo cam Aa ce eIeKTPOHU Y KpeTakby UCTUM NPaBLLEM M CMEPOM, Kao U Y
y3ajamHOM MUPOBakby, BepoBaTHMje npueaade (Current), aa 61 ce NOKPeHyTU jeaaH Ka gpyrome (1am
jeflaH of Apyrora) Kpetanu y cynpoTHUM CMepPOBMMaA M Taga ogbujanu. cToumeHa HaeneKTpucarba u
Ha Taj HauMH (noped yobryajeHor) MoXKeMo BUAETU Kao o4,60jHe cune, jep he KpeTarba y CYNnpOTHUM
CMepOoBMMA U3LOMUHUPATM MUPOBAHHA.

EKBMBa/NIEHTHO OBOME je TyMauyere NpeHoca BUpTyasiHe yectuue (chepe) dpoToHa ca jeaHOr eNeKkTpoHa
Ha Apyru, Kaga aohe fo pasmeHe cnvHoBa +1/2 enekTpuHa ca cnuHom poToHa 11, a cBe y ckiaay ca
3aKOHMMA oaprKatba. CIMYHO 61 ce MOrno AelwaBaTi U ca PasMeHOM BUPTYeIHUX FPaBUTOHa (jow yBek
eKcneprMmeHTanHo HenoTepheHux) Koju 36or NnpeBesIMKor cnnHa +2 He MHTeparyjy HenocpeaHo ca 0BUM
HajmarUm YecTmuama (bepmroHrma M 6030HKMMA), HEro CaMo Ca HMXOBMM CrojeBMMa. TaKo ce AellaBa
03 TeXMLWTe YecTnua nae 3a Makom nHpopmaumjom, Tj. Behom BepoBaTHohom, 360r ,rpaButaumnje”, a
Kaga ce ca ybp3arbem npertepa, Kaga yectuua nsahe mns csor ,nojaca yaobHoctn”, okpehe ce cmep cune,
jep npeTxoaHa MUKPO-CUIa reHepuLle HOBY.

Tpetupajyhu uHdpopmaumjy nepuenumje Kao GU3NYKO AejCTBO, HANA3UMO HEHY NPOMEHY MO NYTY, UK
BpeMeHOM, cpa3amepHy cunun. TakBa je Taga v ogrosapajyha nHtepnpeTtaumja ysajamHe nHpopmaumje.
KpaTKo peyeHo, AejCTBO je Npom3BOA MMMYy/ca U NyTa, O4HOCHO eHepruje U BpemeHa, a Hajmakbe TakBo
pesa je BennunHe MnaHkose koHctaHTe (h = 6,626 X 10734 m2kg/s). Yaumajyhu AS = ApAx, vam wto
jeucto AS = AEAt, na je aHanorHo 1 ca 36MpoBuMa TakBux, buhe:

a5 AEAt FAt a5 ApA FA

_—=— = ) —_— = —AXx = X,

Ax Ax At At
jep cMna Ha NyTy YMHM pas Koju je ekBMBaNeHTaH NnpomeHn eHepruje (AE = FAXx), a npomeHa cune
BpeMeHOM Meha nmnync (Ap = FAt).

Y3Bpahatbe MHGOPMauuje nepuenumje cMNOM Ha caMmy cebe, KOjoM ce OHa Mera, NePUOAUYHO UK HE,
BPCTa je peaKkumje Ha aKkuMjy, peumnpoumnTeTa KOju He M30CTajy YaK U Kaga Hau3raen Hema onoHeHara. A
Taj ONOHEHT YBEK MOCTOju, jep je uHdopmaumja nepuenuunje buHapHa mepa, e Hema 3a objekar 3a Kojer
Hema cybjeKTa onakarba.
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61. 'paHn4Ha pacnogena

[laTa je KOHCTaHTHa MaTpuLa KaHana K 1 nocmaTpamo naHau, TpaHcdhopmaumja pacnogena K™. Ako ce
[aTW CUTHaA e NOjaBMO Yy N-TOM KOpPaKy HeKa je BepoBaTHoha aa he ce nojaButn ny n + 1-om Kopaky a,
a aKo Ce HUje NojaBMO Yy N-TOM KOpaKy Heka BepoBaTHoha aa he ce nojasutn y n + 1-om Kopaky byze b.
Mpwu Tome je p,, BepoBaTHOha Aa ce e NojaBno y n-tom Kopaky. ®opmyna notnyHe BeposatHohe aaje:

Pn+1 = apn +b(1 —py) = (@ — b)p, + b.
CtaBuMmO ¢ = a — b, Nna n3payyHaBamo PeKypP3nUBHO:
Pn+1=CPnt+b =clcpp1 +b) +b =
=c?pp_1+ (c+1)b

=c3pp+(c2+c+1b

=c"p+ (™ P+ "2+ 4+ c+ Db

o 1—-c"
=c"p; + 1—cb
— b n b
—<p1—1_c)c +1—c'

b
lim Pn = :, |C| <1.

n—oo

[Jakne, koHcTaHTa p = b/(1 — ¢) Kojoj Texu P, He 3aBucK of p1. Taj 6poj (p) je rpaHnYHa unu duHanHa
BepoBaTHoha 3a curHan e. Kapgaje0 <a < 1,6uheb <1 —a+ b,naje 0 < p < 1 v rpaHnyHu 6poj je
3ancTa BepoBaTHoha. CynpoTtHa BepoBaHohajeq=1—-p=(1—a)/(1 —a + b).

MNpumep 1. OnwTa 6MHapHa maTpuLa KaHana UMa KoepuumjeHTe

= (k k
R = ( 11 12)
ka1 ka2

3a NpBW CUrHanN CNyyYajHoOr BeKTopa (KoBapujaHTHoOr) je k11 = a u ky; = b. fakne, fa 61 NpBY CUrHan
MMao HaBeeHy rpaHMYHY BEPOBaTHONY, NPBa KONOHA HE CMe MMATU KoedULMjeHT jegHak Hyau. Us:

e (§ 179 =(@+be(1-ap+ - =

=< ab +b(1—a) (1—a)b+(1—b)(1—a)>

l—a+b 1—a+b'l—a+b l—a+b

_( b 1—a )_( )
" \1—a+b'1l—a+b) P.q

cnegu Aa rpaHuyHe BepoBaTHohe popmumpajy CONcTBEHM BEKTOP AaTe maTpuue. [
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_ b _1-a
“1-a+b 1T 1-a+b

p

Takohe concteeHn BekTop v cneaehoj matpuum

R (a a) -
vl p)=V
WTo je nako nposeputu. MehyTum, Koja rog og, ose age je K, npumetumo ga K™, 3an = 2,3,4, ..., He

Mopa 61T Hu jeaHa o Te ase. Unak je TK™ = (VK)K" 1 = 9K 1 =K 2 ... =Kk =¥, naje v
COMCTBEHM BeKTOp cBake K.

61.1. JTakwu npumepmu

3aHMM/bUBO je Aa CTENEeHOBakbeM MaTpULLE MPOM3BO/bHUX NO3UTUBHUX KoeduLMjeHaTa HacTajy maTpumLe
ca He Behom pa3siMkom KoeduumjeHaTa yHyTap KosoHa (BpcTa). To je eprogmnuka Teopema Mapkosa'® no
HeMy 3a3BaHUX NaHaua. MU3Hehy u onwTh A0Kas Ha Kpajy, a Npe Tora noriefajmo HeKo/IMKO nocebHux
jeAHOCTaBHMjMX cuTyaumja. Paspaauhy nx Ha maTpuuama gpyror peaa.

AKo cy KosioHe maTpuue Beh jeaHakmx koeduumnjeHaTa, octahe jegHaKMX U HAKOH KBagpapama:
(a b)z _ (az +ab ab+ bz)
a b a’?+ab ab+b?/)
AKO MHOXMMO MaTpULLE jeaHaKNX KoeduumjeHaTa y pe3ynTaTy cy jeaHakn KoedUumnjeHTu:

G DC D-Gelbe aatsa)

Y3MMMO cafa onwTUju CNyyaj, MaTpuue Apyror pesa nosuTUBHUX HejeAHaKMX Y KOJIOHaMa:

(a d)zz(a2+bd ad+cd)
b ¢ ab+bc bd+c*/

naakoje 0 < c¢—d < a—b <1, He ryb¥MoO Ha ONWTOCTV KaZa NOCMAaTPamMo Pas/anKy NpBe KONOHe:
(a2 +bd)—(ab+bc) =ala—b)—(c—d) <
<ala—b)—bla—b)=(a—b)?<a-—h.
Takohe ce cmarbyje U pa3nnKa Apyre KONOHe:
(bd+c?)—(ad+cd) = (c—d)c—(a—b)d <
<(a—-b)c—(a—b)d=(a—-b)(c—d) <c—d.

[akne, pa3nuka KoedpuumnjeHaTa yHYTap KOJIOHA CMakbyjy ce. AKO je OHa Maka Y NPBOj KONOHU, UCTO
pagavmo ca Apyrom na npsom. KoeduunjeHTH No KoSIOHaMa TeXKe Ka jeAHaKMM, fga ce cuTyaunja ceege
Ha NPeTXoAHM Cy4aj. HacTaBMMO M ca OBaKBUM MHOMKeH WM, BUAEREeMO A3 Y FPaHUYHOM Cayyajy
[06njamo maTpuLe ApYror peaa jefHaKUX KONoHa, Kaja je

6 Anapej Anapejesny Mapkos (1856 — 1922), pycku maTematuyap.
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a b\ _
@ D@ ))=G@ b
Pe3ynTat je BEKTOP KOjU HE MamMTU NOPEK/IO, OAHOCHO MATPULLA je LpHa KyTuja.

Eproguuka Teopwuja (rpy. Epyov ergon ,pag”, 0666 hodos ,,nyt“) rpaHa je matemaTtuke Koja npoy4yasa
CTAaTUCTMYKA CBOjCTBA AETEPMUHUCTUYKUX AUHAMUYKMX CUCTEMA; TO j& MPOoyYaBare eprogmyHocTu. Y
,Teopuju nHpopmaumje” Koja HMje eTepPMUHUCTUYKA, EPrOANYHOCT OBMX KaHana nMa aybsobe 3Hauere.
AKo noctoje makap mane BepoBaTHohe ga 6u cBaku curHan morao otuhu Kojekyaa, Kaga 6u cBe TakBe
6une kao seposaTHoOhe KaHana k;; > 0, oHAa Hema npeayror namherba Yak M Kaga Mma Beoma ayre

nuctopuije.

Ha npumep, KOCMOC KOju NaMTUMO, YMjy NPOLLAOCT GOPEH3UYKUM UM HajOO/bUM HAyYHUM MEeTOAama
MOXEMO ,,0TKPMBATU" N TAKO ,,PEKOHCTPYNCATN, yoniiTe He mopa BMTK OHO WTO je cTBapHO buno. LLTo
cTapuje To HeTauyHuje. Tako ga 6u ce 1 npuya o ,,Bennkom npacky” (Big Bang) morna ocnopasatu.

He mopamo nhu Tako ganeKko ga npMmMeTMMo KoHBepreHumje ,06jawmera” gorahaja Koje He 3aBuce of,
OHOra LITO Ce 3aMCTa AeLaBaio, KOJIMKO O NpeHocMoLa ,,UcTUHe . TOK A0 NorpeLHe C/IMKe NPoL/ioCcTy
MoxKe fohu o4 HamepHe Uan onako npuxesaheHe naxu, Kao 1 og 3abayaa. Y 4aTMM OKONHOCTMMA Ty Cy
M HEeCXBAT/bMBE UCTMHE, @ YOCTA/IOM, MaTeEMATMKa HAC yuM Aa NOCToje U UCTUHE Koje cy HeaoKasuse (y
OKBMPpY faTe Teopuje, AaTUX 3HaHba).

Ha canyaH HaunH MoXKAa ce TaKo MOXKe Pa3ymMeBaTh U NOHEKU ,CUHXPOHULMTET", NojaM Koju je CMUCIMO
ncuxonor Kapn MNyctas JyHr 3a ,,6e3y3poyHy noBe3aHoCT”, Aorahaja noBe3aHux 3HaYerbMma 6e3 y3poka, a
KOje /bYW 4eCcTo CMaTpajy KOMHUUAEHLMjaMa U CMATPaAjy UX CAYYAjHUM.

61.2. Eproanyka Teopema
Teopema 1. (Eproanyka) AKo je 3a Heko m = 1,2,3, ... cBaku efnlemeHaT matpuue K™ peaa s cTporo
no3uTMBaH, Tada jesacsakoj = 1,2, ...,s

n—-oo
rae 6pojesu g, Koju ce HasmBajy rpaHuyHe (puHanHe) BeposaTHohe, He 3aBuce og i = 1,2, ..., s.

Hokas: Mokasahemo Aa je min k;j(n) moHoToHo Heonagajyha dyHKumja o4 1, Aa je max k;;j(n)
l L
MOHOTOHO HepacTyha ¢yHKumja oa n v aga max k;;(n) — min k;(n) — 0. Tume he osa Teopema 61T
L L

[A0Ka3aHa Ha HauYMH KaKo je To ypaamno cam MapKos.

MNonasehu og jeaHauymHa YenmeH-Konimoroposa Mmamo
S S
kij(n + 1) = Z kil kl](n) = mlin kU(n) Z kil = mlin kl](n)
=1 =1

Aakne, mink;j(n + 1) = min k;;(n). CanyHo ce okasyje Aa je max k;j(n + 1) < maxk;;(n). U3
i 4 L L

Yio1kij(m) = X3o1 kyj(m) = 1, cneam
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N N
D ki) = > k() = 2 + 25 = 0,
j:l ]=1
FA€ CMO Pa3/IMKy NIeBO PacTaBMAM Ha 36Mp No3nTuBHMUX (Z7)  36Mp HeraTueHWx (Z;) pasnuka.
Mpema ycnosy Teopeme csu cy KoeduumnjeHTm k;j(m) nosutnsHm, naje 0 < m:i\xZ{E =d < 1. Jasme je:
L
max kyj(m) — max ky;(m) = max|k;;(m) — ky;(m)] < maxZj| = q.
i i,j i,
3an =123, ..je:
max k;j(m +n) — mlin kijj(m +n) =
l

= rr%allx[kij(m +n) —k;j(m+ n)]

N
= max Y [ig(m) — kg (m)]kigy () <
" oa=1
< max [Z;{ max kqj(n) + Zj; min ka}-(n)]

= max {Z;; [mgx kaj(n) —minkg; (n)]}

=d- [max kqj(n) — min kaj(n)].
[04 a
Opaspe cneamn,3ar = 1,2,3, ... je max k;j(rm) — mlin kijjon)<d" - 0.m
L

Eproamnyka Teopema nokasyje Kaga BepoBaTHohe npesasa y BeIMKOM H6pojy KOpaKa He 3aBuce og,
noyeTHOr cTakba. [a dMHanHe BepoBaTHohe YMHe pacnogeny Koja je ConcTeeHa 3a AaTy (KOHCTaHTHY)
MaTpuULy KaHana BUaAnmo 13 ciegehux jegHaumHa:

GLtqttgs=1

S
q] =zqikij, ]= 1,...,.5'
i=1

MpBy oA jeaHauMHa Aobujamo 36or

S S S
j=1 j=1 j=1

a gpyry us jeaHaunHa YenmeH-Kosmoroposa 3a m = 1, a 3aTm Npenackom Ha IMMeC Kaga n — o,

MNpumep 2. Nomeparse ca ogbujajyhom b6apujepom je nepnoamnyHa nojasa Kojy Npeactas/bajy maTpuue:

R 010 L a 0 b
K=<a 0 b), K2=K(n)=(0 1 o>.
01 0 a 0 b
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JlaKo je pokasatn ga je

K, n=13p5,..

R" = R(n ={A
() KZ, n=24,6,..

Hutu 3a jegHo n = 1,2,3, ... HUCY UCNyHEHW YCI0BM NpeTxoaHe (eproguyke) Teopeme. Bektop (0,1,0) ce
cmetbyje ca BekTopom (a, 0, b) y naHuy MapkoBsa reHepucaHum matpuuom K.

OB/e YCI0BM eprofuuKe TeOpemMe HUCY UCTIYHeHU, jep CBaku cTeneH AaTe mapuue (K™) umahe Hyna
KoedpuunjeHTe. Y matpmum potaumje [59.] HM jeaaH KoeduuUnjeHT cTeneHOBakbeM He NOCTaje HyAa, anu
YBEK je bap jesaH HeraTvMBaH, Na OMNeT YC/I0BM ePronyKe TEOPEeME HUCY UCTTYHEHMU.

Npumep 3. [aTa je maTpuua (s = 3) ciyyajHor nomepatrba ca NpocTom bapujepom je:

(b a0 b ab a®
K=|b 0 a| K*=K@)=(b2 2ab a?
0 b a b? ab a

3a ab # 0 cy ucnyreHu eproauuku ycnosu. FpaHndHa pacnogena ¢ = (qi, g2, q3) je CONCTBEHU BEKTOP
maTtpuue K, Takas aa je ¢ = K, y3ycnos q; + q, + q3 = 1. Pewasajyhu oe jeaHaunHe gobujamo:

a2

b? a
qz =EQ1' qs =b—2‘h-

q1=a2+ab+b2'

CneumjanHo, ako cy BepoBaTHohe npenasa q; = q, = 1/2,Tagacyqy =q, =q3; = 1/3. 1

3amMmncaMmo Aa naacMaH ekune A moxke 6MTH Npeo, apyro uam Tpehe mecrto (noaatak e, e, Uan e3) Ha
HEKOM CMOPTCKOM TaKMUUekby U Aa Ce M3BeLUTaj 0 NJacMaHy ekune A npeHocH cepujcku. Heka cnopTcku
nssewTaun naxy (Tj. k;; = 0, i = 1,2,3), anu He npetepyjy (k13 = k31 = 0) v HUCY npucTpacHu (y cBum
ocTanum cnyyajesuma k;; = const.). Y Tom caydajy MMamo roprby MaTpuLy KaHana 3a a = b.

Mpema eprogmykoj Teopemun he KOHa4YHM U3BELUTA] O NAACMAHY, HAKOH MHOFO NPeHOCa y cepuju, bUTK
jepHaKo BepoBaTaH 3a 3a CBaKy o4 nosuumja (q; = g, = g3 = 1/3), He3aBUCHO o4 NpaBor ycnexa ekune
A. HakoH cBux TUX TpaHchopMaLmja KoMinmHa MHpopmaLmja ocTaje UCTa, ann HbeHU caapKaju buhe
npenakoBaHW y CMUCA0 KOju HeMA Be3e ca MOYETHUM.

* %%

YKpaTKo, T3B. eprogmyka Teopuja BaxkHa je 3a ,,Teopujy MHpopmaumje“ Kojom ce 6aBum. Eprogmnyka
Teopema roBopu 0 NOHaLlAaky KOMMja 04, KoMnuja CIMKa HAKOH AyrMx y3acTONHUX Konuparba, Kaga, 36or
MaKap 1 HajMatbuX LWAHCK 3a peaniM3aumjy Apyrux onumja, pesyataT CTaJlHMX NpecanKaBakba nonpmma
KapaKTePUCTMKe KaHana YMeCTo a3 MY Ha OPUTUHANHY MOPYKY.

Ha npumep, ycmeHa npefarba HapaTopa UCTOPWUjcKMX gorahaja nocrajahe npe ogpas Kapaktepa Uam
¥esba HM3a NpeHoCMoLa Hero CTBapHe HeKaallbe UCTUMHe. EBonyumja XuBoTa Texkmnhe agantaunjm
OKOMULLY CBe BULIE, He mapehu 3a NoYeTHM AM3ajH U 3aaaTe Hamepe (KpeaTopa, BaH3emasbaua, AHK
Hay4YHUKA). Of eprognyKke Teopeme He moxe nobehu HM eBonyuMja cBemMMpa. AKO je Ta4Ha NOCTaBKa
,Teopuje nHbopmaumje” ga nocrtoju ,,06jeKTMBHA HeM3BeCHOCT", Tada je 1 T3B. ,,Bennkun npacak” (Big
Bang), Kojum je HaBogHO Npe oKo 13,8 MuAnjapam roanHa HacTana BacMOHa, ynuTaH.
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61.3. YnpaB/batbe KaHa/IOM

OHo WTO je maHa y npuaarohasakby NOPYKe NPEHOCHUKY NOCTaje NPeAHOCT aKo XKeNUMO YrpaB/baTu
KaHanom. [loBO/bHO je pasymeTu Aa KaHan Tpeba TosiepucaTv onLmje 1 fa NOpyKa TeXM Aa NoCcTaHe
Herosa COMCTBEHA. Y 0BOM C/yyajy CTBapu Mory 6UTK MHOFO JlaKLe Hero y onwTem (eigenvector).

NMpumep 4. 3Hajyhu Kaksa Tpeba 6UTK 3aBpLIHa pacnogena, peunmo q = (g1, G2, q3), dopmmpamo
KOHCTAHTHM KaHaa reHepucaH MaTpuLLOm

N 91 92 g3
K=l 492 g3
91 92 (g3

na he 3a ceaky pacnogeny seposatHoha p = (pq, P2, P3) pe3ynTar 6utu:
_ 41 492 g3
pK=®1 P2 P3)|1 Q2 93|=
41 492 g3
=((P1+p2+p3)n (P1+Dp2+p3)q2 (P1+D2+D3)43)
=1 92 q3)

[akne, AaTa 3aBpluHa pacnogena g.

Cpehom, 3a gaTty uns/baHy KoHaudHy pacrnogeny (BeKTop) NocToje pasnnMumnTi npouecu (matpuue) Kojuma
je oHa conctBeHa. COncTBEHMX BeKTopa ¥ M MaTpuua M, Takeux aa je VM = v, MHowTBa cy.

Mpumep 5. Kaga cy x n y BeposaTHohe Heke pacnogene (x,y > 0unx+y =1),a0 < |a+p| < 1,
OHAa ce maTpuum K KBaapuparem yjeAHauaBsajy KONOHe:

I?2=<x+a y—cz)z= x+ax—By+af+a® y—ax+py—af —a?
x—B y+pP x+ax—By—af—B> y—ax+pBy+xy+p%)

jep je pasnuka koeduumjeHata y npsoj konoun 0 < (a + B)? < |a + B| < 1, a ucto je ny apyroj. Obey
peTuMMa UMajy KoeduLmjeHTe Koju cy Heke pacnogene. AKO HacTaB/bamo cTeneHosate, K™ — M kaga
n — 00, Na NPema eprogunyKoj Teopemn Jo61jamo jegHake KONOHe U rpaHUyYHe maTpuue M.

MpumeTnTe Aa obe cnegehe maTpuLe, MHOXKEHA U PE3YNTaT MHOXKEHa, UMajy jeaHaKe KoeduumjeHTe y
CBaKoj 04, MO ABe KoJIoHe

(x y)<x+a y—a)_ x> +ax—By+xy y*+By—ax+yx
x y\x—=B y+B) \xP+ax—By+xy y*+py—ax+yx)

aNu fa HUY jegHa o4 HUX He mopa 6MTK rpaHmnyHa maTpuua M.

MehyTnm, anrebpa, Kao 1 eprofnyKa Teopuja yue Hac ga He MopPaMo BUTK TaKo PASUKAIHM KAao Yy OBUM
npumepuma aa seh npsmum Kopauuma byaemo Kog umsba. lNocmaTtpajmo npobaem WwWupe, Kao HMU3 MecTa
M,, M,, M, ... TaKo fa CBaKO MMa cnefbeHMKa M CBaKo OCMM MPBOT MMa NPETXOAHUKA. Y cBakom oa M,

moryhe je npumunTn nopyky X, us M,,_; n npocneantm je y M,, 1. Hu3 Takeux nopyka X, X5, X3, ... YnHM

jeaaH MapKoB/beB naHal,
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MpeHOCHUK NopyKa n3 mecta M,,_; y mecto M,, je KaHan K,, Takohe. Bpeau onwTtwn ctas [53. Teopema 1]
a Kaga je kaHan K, uctn 3a ceako n = 1,2,3, ... Taga Kaxkemo fa je MapkoB/beB naHal, xomoreH. Kaga je
BepoBaTHoha nNpujema jegHe Nopyke X UCTa HAa CBaKOM MecTy, Tj.

Pr(X, = x) = const.

3acBakon = 1,2,3, ..., Taga Kaxkemo ga je MapKoB/beB flaHay, CTauMoHapaH. [a 6u naHau, 6o xomoreH
OH He Mopa 6MTK CTauMoHapaH, asin Ce Ha Hera ogHoce NocaeaHe YeTUpPU TeopeMe.

TunuuHKM NnpuMmepun NnomeHyTux mecta My, M,, M3, ..., Ha KOjuMa MOXKeMo yrnpass/baTh BepoBaTHohama
nojas/bMBarba oapeheHnx nopyka cy H13 PTB peneja, HU3 HOBUHCKMX areHLMja Koje Npenucyjy TekcT, na
W aeuay urpu ,rnysux tenedoHa” uta. HeTMnnyHM npumepm cy Halle CBaKoAHEBHE O4J/1yKe M NOCTYMNUM.
Bupajyhu gejctea npunarohaBamo ce cBom Tekyhem OKpy:Kerby, ann u 0b6pHyTo NpuaarohaBamo OKONHY
cebun. CurHan ce aganTupa KaHany, yTBpAUAM CMO paHuje, aan Aa ce U KaHaa afanTupa curHany, tpeba
npumeTuTU. Brupajyhu wra hemo pagutn, Mu y TONMKO MaaMM HUjaHCAMa MeHaMO BEJIMKM CBET OKOJIO,
[a onako npesnhamo cBoj WKMpPKU yTULA].

61.4. beamaHoOBa jeAHa4YMHa

Y CBMM TMM y3ajaMHMM yTULA@jMMa, CUTHANA U KaHana, Barke ogrosapajyhu 3akoHu ,,akumje 1 peakunje”.
LTo je Beha KonnumHa (unT. maca) 3axsaheHux onuuja (aejctasa), To je Beha peakuyuja (MHepPTHOCT, UK
oTnop), To je Behu noBpaTHU edpekaT (Marber Ha Behe). MHOroCTpyKOoCT je npuHumMnunjenHa ocobrHa ose
Teopwuje, a OHa ce ornena vy pasIMunToCTU peakumja. Y TOM CMUCAY je U U30CTajarbe MHTepaKumje, 36or
yera cMaTpamo Hehe CBaKo ca CBaKMM KOMYyHULMPaATW.

Y HeKMM je cuTyaumjama TexHUYKM moryhe nocTaBuTK KaHase Tako Aa BeposaTHohe npeHoca k;; (i-Te
nopyke y j-Ty) 3aBuce og Hekor napametpa &, Tj. k;; = k;;(E), kojum ce onet moxke ynpas/bati. Y Tom
CNyyajy OHaj Koju ynpassba napametpom & morao 61 Ha n-tom mecty (M,,) nosehaTtu BepoBaTHohy
nojase yHanpes 3a4aTte nopyKe ynpKoc NoYeTHOr Nogatka. To je CI0KEHUjM HMBO ynpas/batba aHLeMm
0/, NPOCTOr N360pa KOHCTAHTHUX MaTPML,A KaHana.

OnwTn Nnpobem TaKBOT ynpas/batba cacToju ce y cnegehem. Hahu BpegHocT napameTpa
E=¢(;,m) i=12,. m=01,...n—1

Kao QyHKLMje KopaKa (MecTa) m 1 nopyKe Xx; Ha TOM TaKo 4a ca Hajsehom BepoBaTHOhOM Ha 1-Tom
KOpaKy MMaMo Mopyke

= {m,, Ty, ... }.
dyHKumja & = E(x;, M) 30Be ce GyHKLMja 04Ny MBaKba, @ OHa BpeaHocT dyHKumje E° = E(x;, m) 3a Kojy

PO = méelXP(xi €En), i=1,..,5

je dyHKUMja MaKcMmanHor oaay4mnBatba.

O3Hauumo ca P, (x;) BepoBaTHoOhy fia ce cUrHan x; NojaBuo y M-TOM Kopaky. MpeTrnocTaBKa je Aa oBe
BepoBaTHoNe 3aBuce og, dyHKUMje oayumBama &. Ha ocHoBy dopmyna noTnyHe BepoBaTHohe MMamo
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Pu) = )i ()Pmsa ().
j
Opaspae ce nobuja 138. benmaHoBsa (Bellman) jeaHaunHa

Po(x;) = mgxz kij(E)Pm+1(x)), i=12,.., m=01,..,n—1,
j

Kaga 3am + 1 kopak Hahemo éo(xj,m +1Dwm P,?Hl(xj) BenmaHoBa jeiHaYMHa NOKa3yje KaKo ce 33
npeTxoaHn, m-Tu Kopak ogpehyje &0 (x;, m).

AKo je onepatep napameTpa & jeANHCTBEH TaZa jol yBEK MOXeMo MMaTh MapKossbeB naHal,. Mehytum,
Kafa cBako oA mecTta M,, KaHana ynpas/ba napameTpuma cnegeher, oHAa BULLE HE MOPaMO UMaTH
JlaHaL, ca MeMOpUWjom NpBOT peaa. Takas naHaL, H1je MapKoB/bEB, a HeroBM reHepaTopu (KaHaau) mory
MMATU MEMOPMU}Y.

3HaMO Aa Ce CBaKa MaTpMLIA MOXKE PacTaBUTU Ha Heke dakTope, K = AB, Ha npousBoae maTpuua o
KOjMX CBaKa MorKe bUTM BPCTa KaHasa, a TO Ha BMLe HauuHa. LUTaBuwe, jeanHMyHe maTpuue ce Takohe
TAKO PacTaB/bajy, 04, MPON3BOAA MHBEP3HMX MATPULLA, MPEKO MAEMNOTEHTHMX, Na A0 UUKAUYHUX NONyT
poTauuje, peunmo 3a yrao 60° unju he cBaku wectn cteneH (n X 6 X 60° = n X 360°) 6UTH jeanHNYHa
maTpuua. [la TakBM NponsBoan Mory 6UTHU pacTaB/bUBK Y He3aBUCHe GpaKTOpe roBope Ham PasHM 3HaHU
npUmMepK OKO Hac, a 3a Kpaj Hasewhy v cneaehu Koju je HeTUNMYaH.

Mpumep 6. Tesio poTUpa OKO LeHTpa rpaButaumje memajyhm Bektop 6psnHe. MHTEH3UTET Op3nHeE pegom
ce cMmembyje ca Behom (nepuxen) u martbom (adpen) AoK Teso npat envncy, Aa 6u nNyHa peBosyumja Tena
6una npaheHa jegHom nyHo poTauujom (360°) cmepa 6p3mHe. O Toj ycknaheHoCT roBope Ham Teopeme
noKa3uBaHe paHuje (Mpuaosu, LleHTpanHo KpeTare | u 1l), Aa LeHTpanHe KOHCTaHTHe cue onagajy ca
KBaApaTMMa yZa/beHoCTH 1 ga nokpehy Haboje no KoHWKama (enunnce, napabose, xnunepbone), ako nm
ce pejcTea WwWupe 6P3MHOM CBETIOCTU.

Jpyrum peunma, ucte ycknaheHoCcT Hema y Npejakum rpaBUTALMOHUM NOSbMMA Y LLEHTPMMA FrasiakcKja,
nnn peummo Mepkrypa 36or 6ansmnHe CyHua — unju nepuxen (Beanka oca enunnce) Takohe KpyKu TOKOM
MepKypoBux obMi1a3aKa. AjHLWTajHOBa ONLITa TEOPUja PEATUBHOCTM KOHAYHO je objacHuNa aHomanujy
3aKpuMB/bEeHEM NPOCTOPA BPEMEHA, A UCTA je U3BeAMBa U3 NPUHLMNE HajMmarer aejctea (MuHnmanvsam
MHdbopmauumje, AjHWwTajHOBE onwTe jeaHauunHe), na je oHaal’ objawrbuea u ,MHGOPMaTUHKKN®.

Haume, 3a pasnunky og, 4pyrux cuna, rpaBUTaLMoHa Npoaupe Kpos ciojese BpeMeHa. To je Beoma cnab
yTMuUaj ,,npoctopa Koju namtn“ (300 MmnuanoHa nyTa, Na U Ha KBaaparT, nyTa cnabujun), anun Koju gonasu Ao
n3parkaja y cpeamHu BeomMa jakor nosba. [loBO/bHO Aa HapyLum onajakbe ca KBaZpaToMm yaa/beHOCTH Te
cune n, AocneiHo ToMe, KpeTakbe No KoHMKama Haboja Ha Koje genyje (B. Takohe AGC 114905).

Y MpuHUMN Hajmarber AejcTea, NPUHLMN HajMakbe MHPOopMaLmje 1 Hajsehe BepoBaTHOhe — eKBUBANEHTM Cy Y

(mojoj, jow yBek He3BaHOUHO]) ,, Teopmjn nHGopmaLmje”.
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VI Aeo: lNpouecu

Kapaa roBoprmo o ,,CTOXaCTUUYKOM MpoLLecy” To 3HaUYM Aa MMaMO HEKM CUCTEM U 3anaXKakba y oapeheHnm
BPEMEHMMA, a Aa je ucxon, O4HOCHO NOCMaTpPaHa BPeAHOCT Yy CBAKOM TPEHYTKY C/lyvajHa NPOMEH/bUBaA.
CTOXaCTUYKKM NPOLLEC je KOJIEeKLMjA NN CKYM CAYYajHUX MPOMEH/bUBUX UHAEKCMPAHNX MPOMEH/BUBOM ¢,
KOja 06MYHO NpeacTaB/ba BpemMe.

MHOrMMa CTOXaCTUYKMM NPOLLECMMA NPOCeYHa CBOjCTBA HE3aBMCHA Cy 04 Tora rae cy GopmMupaHn oy
BpemMeHcKe oce. Ha npumep, cpestba BPeAHOCT MoXKe BUTU He3aBuCHA of t. JoL jefHO BaXKHO CBOjCTBO
HEKMX CTOXaCTUYKMX NPOoLeca je ,eproAnyHocT”, LWTOo 3Ha4YM Aa ce NpoceLyn BpeaHOCTU HeKor oapeheHor
BpemeHa nonyT E[f(t)], mory 3ameHUTH Npocekom TOKOM BpemMeHa Ha 610 Kojoj dyHKumjn f (U, t) n3
CTOXaCTUYKOT aHcamba (ca GUKCHUM (). JpyrMum peunma, CTOXaCTUYKM NPOLLEC MMa eProAUYKU PEKUM
aKo je npoceK oncepBabuaHOr aHcamb1a jegHaK BPEMEHCKOM MPOCeKy. Y TaKBOM PEXKUMY, CBAKM CKynN
HacyMMYHMX y30paKa 13 npoLeca Mmopa NpeacTaB/baTv NPOCEYHA CTaTUCTMYKA CBOjCTBA Lie/Ior peskmMma.

Mehy HajBaxKHMje cnagajy ,MakcumMmanHu®, Koju Hoce Hajsehy nHpopmaLmjy. Y cnydajy orpaHMYeHOoCTH
Ha KOHa4aH pacnoH UCXoAa TAaKBa je jeaHONUKA pacnoaena BepoBaTHONa, y cayyajy AaTor o4YeKmBakba To
je eKcrnoHeHUmjanHa pacnogena, a y cay4ajy AaTe Aucnepsuje To je HopmaaHa pacnogena. 3aHMM/bUBO
je pa cy HajuHbOPMATUBHU|M KaHAN MPEHOCA Y HEKOM CMUC/Y YBEK NONYT ,,LpHe KyTnje”, a Aa npupoaa
HACTOj1 NPaBUTU OTK/OH OZ TaKBMX — 360r NPUHLMNNjeNHOT MUHUMann3ma nHbopmaumje. Pesynrar je
nag obuma onuumja, ypeheHocT, jacHoha, namherse.

Tako MoXKeMo pasymeTn ,vyaHe” pesyntaTe aHanm3e GpeKkBeHLMje CNoBa Y TEKCTOBMMA, Pa3HUX a3byKa,
je3unka, oa marbe A0 BULLIE CMUCAEHUX cagpKaja. KopaK og Tora je cxBaTarbe 3aKOHa Be/IMKMX bpojeBsa,
na 4yak u iupuxneosor NnpuHUMNa, HaYMHOM (Moje) Teopuje NHPopmaumje.
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62. MapKoB/beBuM npoLecu

YonwTe roBopehu, npouec je npomeHa Koja ce aoraha nog ytuuajem BpemeHa. MapKoB/beB npouec je
CNy4YajHU TOK 3aBUCaH 04 BpemeHa ca ocobmMHom Aa je byayhHocT He3aBUCHA 04, NPOLWWAOCTH, C 063MpoMm
Ha cagawmocT. CMaTpa ce CTOXaCTUYKOM aHaNnornjom andepeHumnjanHmm jeaHaumHama U peKypPeHTHUM
oAHOCUMA.

Kaga je BpemeHcKa npomeH/bmBa MapKoB/beBUX nNpoueca AnckpeTHa, t € N, HasnBamo UxX UCKPETHUM
BpeMeHCKMM MapKoB/beBUM NaHUMMa. HbuxoBe npeTexKHe anaTke cy OCHOBe BepoBaTHohe M InHeapHa
anrebpa, a noHewTo HoBora Hahu heTe y Mojoj Kku3n ,Punsnyka MHbopmaLmnja”, HAPOUUTO Y oaesbLUMMa
0 C/ly4ajHUM Kopaumma. Anu, Kaga je NpocTop AUCKPeTaH U Bpeme HenpekuaHo, t € [0, o), ymecto Tor

HasmBa, 60/be MM CTOjM Ha3uB naHuM MaKpoBa HenpekngHor BpemeHa. CeojctBo MapKoBa, 4a ce CTama
He NamTe, UMMNIMUMPa Aa NPOoLLeC MMa eKCNoHeHUMjanHy pacnogeny (Memoryless Property). MyacoHos
NnpoLLec je TMNMYaH npumep faHua MapKoBa ca KOHTUHYMPAHUM BPEMEHOM.

Heka je m ckyn enemeHTapHux gorahaja, a t HenpeknaHn napametap. CToxacTMykmM npouec gedunHue
ce Kao pyHKLUMja ABa apryMeHTa

E(t) = p(x,t), xem.

3a cBaKy BpeAHOCT napameTpa t je (x,t) je dyHKUM]ja o4 X M cyYajHa MPOMEH/bUBA. 3a CBAaKM PUKCaH
porahaj x, dbyHKumja @ (x, t) 3aBMcK camo o4, t 1 Ha3MBa ce peasnm3aumja ctoxacTuykor npoueca &(t). To
je dopmynaumja cToxacTUUKMX NpoLLeca ABA pyCKa maTeMaTuyapa, A. X. Konmoroposa 1 A. XMHUYMHA, OKO
1930. roguHe y HaanM3ama XOMOreHUxX NpomeHa Koje ce oA Taga Ha3meajy MapKoB/beBU NpoLecH.

HenocpeaHy Be3y npoueca 1 npeHoca nogataka A4obunjamo kaga kopake MapKoB/beBor NaHua 3a4amo
CTarbMMa y HU3y BPEMEHCKMX TpeHyTaKa. Taga je HWU3 cnyyajHUX NPoMeH/busKx X1, X,, ..., PEAOM O3HaKe
X(t1), X (ty), ..., HM3 cTarba jeaHe nopyke, X = X, Ha M3N1a3MMa U3 cepuje KaHana, Koja ce AeliaBsajy y
TpeHyuuma ty, t,, ... . Apyrum peunma, noyetHa nopyka X (t,) = X, HakoH n-tor KaHana je X (t,,) = X,,.
TaKkBa MHTepnpeTauuja je NoxesbHa Kaga pagamnmMo ca Besmkum 6pojesnma n € N u kaga ce Hamehe aa
ckyn {t,} nocmaTpamo Kao NPUBAMKHO HeNpeKnaaH.

[Jpyro orpaHunyere Teopuja npoLeca NocTas/ba KOA NOYETHUX ycioBa. Kaga npeTnoctaBMmMo Aa je ckyn
eneMeHTapHux fgorahaja m KoHa4YaH (Komaaa s), Tafa MUMamMo KOHauyHy MaTpuLy KaHana R(At) pepa s
KOja reHepuLwe xomoreH MapKoB/beB flaHal,. [a/be NpeTnocTaB/bamMo A3 je OBa MaTpuLa NPUBANKHO
jeaAnHWYHa, y cmucay aa je

lim K(At) =1,
Jm Ko
Tj. kl-j(O) = Sij 3acBako i,j = 1,...,s. Kaga ctasumo t = 0 3a noyeTHO Bpeme, OHAA je OBaj NMMMmec

onpasAaHo Ha3BaTK NOYeTHM ycoB. Mokasyje ce Aa je OH A0BO/baH Aa CBM KoeduupmjeHT k;; Kao
dyHKLMje napameTpa, BpemeHa t, 6yay HenpekngHu no Tom napamerpy.

Kapa je Bpeme noTpebHO curHany 3a jeaaH Kopak At, fak/ie 3a Npo/asak Kpo3 caMo jeaaH KaHan, Taaa
3a N KOpaKa NaHua curHany Tpeba t = n - At spemeHa. MponsBoa n NPETX04HMX CTOXaCTUYKMX MaTPULA
OMeT je HeKa CToxacTMyKa maTpumua:

R(t) = R(n- Ap) = [R(ap)]".
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NHPOPMATUYKA TEOPUIA I

MocebHo je:
K(t + At) = K(t) - K(At) = K(At) - K(¢).

O3Haummo ca D(At) = K(At) — I. OBo je oneT maTpuua pea S, aau Huje CToXacTuuKa. J1ako ce yBepuTy
Aa je 36up KoeduLMjeHaTa NPOU3BO/LHOT PETKA OBE MATPULLE Hya. MHTYUTUBHO MaTpuLly D Moxemo
CXBAaTUTM Kao MaTpuLy NpeHoca Ae3nHpopmaLmja. Haume, oHa MMa camo oHe KoeduLiMjeHTe KaHana
HenpomereHe Koju [-Ty MOPYKy NpeHoce y Apyrayunjy j-Ty.

Opy3nMmarbem roprbe jegHakocTn fobumjamo:
K(t + At) — K(t) = K(t) - D(At) = D(At) - K(¢).

Kako cy oBe maTpuLe KOHa4YHOr peaa s, 360r rope HaBeAeHOr NOYETHOT YC10Ba, Pa3/iIMKa Ha 1eBOj
CTPaHW jeAHAKOCTM TeXM HyAn Kaga At — 0. Jpyrum peumma, cBu KoedULMjeHTU Cy HENPEKUAHMU No
napametpy t.

3a Tako BesiMKe bpojese n, Kaga napameTap t noctaje NPUBANKHO HENPEeKNZaH, maTpuLa D nocraje
Hyna MaTpuLa 1 ctora 6eckopucHa. 3aTo yBOAMMO M MaTpULLy FyCTUHA Ae3nHpopmaumja
~ D(At)

A= Algqo At

NaKo je npoBepuTH Aa cy KoePULMjeHTU oBe maTpuLe (xij) KOHCTaHTe TaKBe ga je

S
j=1

3acBako i = 1, ...,5. O6paTHO, aKo je 36Mp CBAKOT peTka maTpuLe A Hyna, Taga je 1 36Up CBaKOT peTka
matpuue D Hyna, Te je matpuua K (At) = D(At) + I cToxactuuka.

Monasehu og ropwunx jegHakocTn U gedbmHULMje matpuue A nobujamo:

daRk@®) .. o~ o~ o
It =K@t)-A=A-K(@).

To cy maTpuuHe gudepeHumjanHe jeaHaumHe KoamMoroposa 3a NpPoLLec ca KOHaYHO MHOrO cTarba. OBge
cy To 1 gudepeHumnjanHe jeAHaunHe ayre cepuje KaHana, KOHayHor peaa s.

Npumep 1. Kaga je maTpunua HeKor KaHana (y nponsBosbHO 61ncKoj Taukn t = 0) TaYHO jeaAnHUYHA, Taaa
je D Hyna maTpuua, a Takea je u matpuua ryctuHa A. lakne, 4;; = 03acsako i,j = 1,...,s, na ce roptba

dkij(t)
t

jeaHaKocT cBoaM Ha = 0, unn k;j(t) = const. Yaumajyhu y 063up noyeTHe ycioe, TO 3HauM Aa je

K(t) = I, canpoussosshum t > 0. 1

Maio CIoXeHMjW ciyyaj o4, 0BOr NpUMepa je 6uHapHa (KBaapaTHa, APYror peaa) MaTpuLa rycTuHa A.
[la 611 oHa 6una Ao6po AedPuHMCaHA JOBO/LHO je fa Az = —Aqq U Ay = —Agp. OTyaa det A = 0.

MoKaxKmMmo ga matpmua A jeaHosHayHo gedpuHue npouec KaHana K. MpeTxoaHa jeaHaunHa je
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NHPOPMATUYKA TEOPUIA I

i( ki1 ki, ) _ ( k14 ki, )( Mg _k11>
dt 1-— k11 1- k12 1-— kll 1-— k12 _}\‘22 }\‘22
WO ce moKe Kpahe HanucaTK

kii — (A1 + A22)ki; + (detA)k;; = 0.

JeTtepMUHaHTa y nocieaH0j 3arpaam je Hyna, na UMamo XxomoreHe gudepeHumjanHe jeaHaunHe apyror
pena ca KOHCTaHTHUMM KoeduLMjeHTMMA Ynje je onwTe pellere

kij(t) = Ci(jl)e_at + Ci(jz),

rae je ctaB/beHo Aqq + Ayy = —a.

@®, ~Q) . .
YeTupu napa KOHCTAHTK Cij n Cij oApehyjemo NpBO U3 NOYETHUX YC10BA M 3axTeBa Aa Aobujemo
cToxacTuuKy maTtpuuy. Ako je a < 0, gobujamo ogmax K (t) = I. Akoje a > 0, Tj. A1 + Ay, < 0, Guhe
k;;(0) = Ci(jl) + Ci(jz) = §;;. OTyna onwrTe pellerse

kij(t) = Sij - C(Jl)(l - e—at)’

4

rAe MMamo YeTnpm HenosHate KoHcTaHTe Cyj (i,j = 1,2) n no3HaTy KOHCTaHTy @ = —Aqq — Ay > 0.
Kako je:

kis +kiz =1—(Cip +C)(1—e ) =1

Toje C;; + Ciz = 03a06ai = 1,2. Mocneatse jeaHAKOCTU CMakbyjy 6poj HEMO3HATUX KOHCTAHTM Ha ABe
Cl n Cz:

{kll(t) =1-C(1—-e™) kiz(t) = C;(1—e™9)
ko1 (£) = C,(1—e™ ) kpp(t) =1-C(1—e™)
N3Boau oBux KoedbumunjeHaTa no t, y Taukn t = 0, Aajy KoeduunjeHTe matpuue A. Tako ynopehusatem

KOHayHo fobujamo:

7"11 7"22

=2 ¢
YT hn + A

2 o ——
M1+ Ao
a TMMe v OnLTe, @ BUAMMO U jeANHCTBEHO pellierbe 3a K (t) maTpuLie Apyror peaa.
Y cneuujanHom cayydajy, Kaga je Ay = Ay = —A UMamo BMHaPHY CUMETPUYHY MaTpULLYy KaHana

1+ e—27»t 1— e—Z?x.t

Pt — 2 2
K@) = 1—e 2M 1 fe2M |
2 2

rae je A > 0. OnucaHu 1 KnacMyHM MapKoB/bEBM NPOLECH PA3NKYjY CE CAMO Y MHTEPNPETaumjm.

Momohy xunepbonHor [04.] KocuHyca 1 cMHyca:
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h e*+e ¥ b e —e™*
chx=——, shx=——,
2 2

0BY MaTpuLy KaHaia nuiuemo

5.8 —atfchAt shit
K@) =e (shu chu)

na je MOXXemo pasyMeTu U Kao xunepbonHy poTaumjy.

aY Ha cnuum neso je xunepbona (Hyperbolic Functions)
2 2 _
x“—y“=1

R y [lekapToBOM NpaBoyriom cuctemy koopauHata (OXY), ca
Shif-==—=—sma==

noterom OR u3 ncxoguwTa go tauke R(ch t, sht), npu uemy
je oBaj napameTtap t = 25 ABOCTYKa WwpadmMpaHa NOBPLUMHA,
YHYTap KpuBoauHujckor Tpoyrna RQO (m3mehy xunepbone,
ancuuce 1 norera).

Kaza napameTap HeorpaHu4yeHo pacTe (t — o), Taga noter
nocTaje acMMnToTa oBe xunepbone, jeAHauUMHe NpaBe y = X,
a WwpadupaHa NOBPLUMHA JOCTUKE CBOj MaKcumym (S — 1/2).
Tapa gata maTpuLLa KaHaNa KOHBEPrmMpa LPHOj KyTuju
r?—-y*=1 [?(t)—>(1/2 1/2) At > ©

' 1/2 1/2)’ )
YcnosHe BeposaTHohe KaHana noctajy Takse (k;; = 1/2) aa
je rtHpopmaLmja makcumanHa. NMpumeTumo ga je To y cknaay
ca 3anaxkartem oBgae [53. Teopema 1. u gasbe] Aa cmeTHama
KaHan He rybu uHpopmaumjy, Beh Hac camo aesnHpopmuLLe f0AaBaHKEM CONCTBEHOT LWYMa.

MoyeTHa MHPOPMaLMja ce HU30M KaHana rywu, Ae3HTerpumLIe AN PeLMMOoM Npenaknea, 4obmeajyhu
nocTeneHo HOBe ZeTa/be, TaKo Aa 3a Kpajher YnTaoua N3BOPHa MoCTaje CBe TeXKa 3a AeKoampaTy u 6usa
KOHa4yHo ,u3rybs/beHa”. Kaga KaHan noctaHe MakcumanHo ontepeheH MHGopmaLLMjom, Kada My YCI0BHE
BepoBaTHohe cBe NocTaHy jeiHaKo BepoBaTHe (oBae cy To k;; = 1/2 3a cse i,j = 1,2) Hema fasbe.
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63. [lomeT curHana

Kapna ce y HeKoM KopaKy xomoreHor MapKoB/beBOr N1aHLLa NojaBM CUTHaA KOju je noBpaTaH (MOHOB/bEH,
Ta4yHO jedHaK), OHZaA ce MoxKe o4YeKMBaTh ga he ce CBaKMX KOHAYHO MHOTO KOpaKa MojaB/bMBaTu UCTU
CUTHa/. Baxku 1 06pHYTO, aKO ce Yy HEKOM KopaKy XomoreHor MapKoB/beBOT slaH L NOjaBu CUTHAN Koju
HUMje noBpaTaH, oHAa o4YeKyjemo aa he ce Taj CMrHaa y OCTaTKy NaHLa jaBUTU HajBULLIE KOHAYHO MHOTO
nyta [59. NepuoanyHm curHanml.

Kapa je 6ap jeaaH curHan nospaTaH, MOBPATHU Cy CBM M NpeHoc MHPOopMaLMja KaHaIoM K= ﬂkij]] je
nepuoamyaH, a 6ap Heka og ycnosHux BeposatHoha k;; Huje cTporo nosutueaH 6poj. O6pHyTO, Kaga
6ap jegaH of cMrHana HWje noBpaTaH, KaHan HUje NepuogmMyaH U CBU HeroBu KoeduumjeHTH cy CTPoro
nosuTueHu 6pojesm (k;; > 0,3a cse i,j = 1, ..., s), a ynasHa uidpopmauuja (pacnogena) kKoHseprupa
CBOjCTBEHO] KaHana, 0K KaHan nocTaje wpHa KyTuja [61.2. Eprogmyka Teopemal.

Mpumep 1. MaTpuua poTtauuje 3a yrao 8 = 27 /n reHepuwwe nepnuoanyaH KaHan

2m . 2m
. c057 - Sm?
R= 21 21

sin—  cos—
n n

nepuvogan = 1,2,3, ... Kopaka. Haume, HaKoH 1 Kopaka gobujamo:

2 o 2m\"
pn = st TN _ (cos 2m  —sin 27‘[) _ (1 0)
2m 21 sin2m  cos2m 0 1

sin— cos—
n n
a 7o je nAeHTMYKa TpaHchopmauuja. [

PoTaumjasayrao 8 = 2 /n, roe n € N, npumep je ,,npuKpuBarba” Hbopmaumje ga 6u ce nojasunay
M3BOPHOM OBIMKY CBAKMX 1 KOPaKa, ako je npeHoc MHGopMaumje nepmogmyaH. Y Tom cayyajy, KoHauyHor
rybuTtka nHdopmaumje Hema, a y CBaKoj HeKOj (n-Toj) TpaHCHOPMaLLMjM CTOXACTUYKM KaHaN cafpiku no
jeaHy jeanHuuy 1 cBe ocTane Hyne. TakBa maTpuua KaHana umahe MHBEP3HY, 33 Pa3/IMKy o4 MaTpuLa
Koje MMajy AeTePMUHAHTY PasIMuUTY 04, Hy/le, an Ce Ha OCHOBY NPUM/bEHWUX HE MOTY ca curypHowhy
AewmndpoBaTtn nocnatm curHanm [08.].

MehyTnm, Teopuja MHopMaLmje Ha KOjoj OBAE PaAMMO He NoAapasyMeBa NOCTOjakbe aNCONYTHMX HYAa
BepoBaTHOha, CyMtba Y TaKBe, Na A0CNEAHO OYEKYjeMO Aa Cy ,,NepuoanyHe” nojase y TOM CMUCY CamMo
NpMBAUXKHO NoBpaTHe. TaKo CBET/IOCT KOja HaM CTUXKE M3 AaNeKUX ranakcuja, A01a3n U3 NPOLLIOCTM Haj
Aasbe Heknx 13 mununjapam rogmHa. M3 mano 6amxke npoLiocTm BUAMMO je ca ,,LpBEHUM NOMaKom” jep
noTUYe ca MecTa Koja bexke o Hac To bpxKe WTo Cy Aasba, OAHOCHO WTO cy cTapuja. Jow 6aunKa cBeTnoCT
OKO Hac oabwja ce, npenama Wan cTana ca OKONHUM 06jeKTMMa, TaKo A3 HeHe ocumnalmje oneT He Tpajy
HeorpaHMYeHO.

EKcnepumeHTanHM A0Ka3 Be4HOCTU GM3nYKe nojase Hemoryh je 1, npema Tome, NpeTnocTaBka Aa Hema
ancoNyTHUX HyNa YCNOBHUX BepoBaTHONa eBeHTyaIHUX MaTpuLLa KaHana NpuxeaTt/bmea je. OHa je y oBOj
TEeopuju NoAaprKaHa u NPeTNocTaBKkom Aa je MHPpopMaumja TKMBO NPOCTOPa, BpEMEHa M maTepuje, a 4a je
Fb€Ha CYLITMHA HEM3BECHOCT.
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Tako rnepajyhu, yectmua-tanac (CBETN0CT) Koja AonyTyje A0 Hac KPO3 OrpoOMHa NPOCTPaHCTBa KOCMOCa
HeKa je uHpopmaumja. Camo eHo nyToBakbe Takohe je MHOpmaLMja, Na ce oTBapa NUTakbe U O ycnyT
HacTanoj MHbopMaLmnju TpajekTopuje, 0 40AaTHO] U ,,HaTa/IOXKeHO]” Herae Apyrae, ako Beh yectmua He
noctaje cse seha 1 seha Ha cBOM nyTy Hero HanpoTus rybn eHepurmjy®. Aam To uma gasbe 3aHMM/bUBE
UMNAnKauuje.

JonnepoB edeKaT yaa/baBarba AaNeKUX raslakcuja MoXKe ce NocMaTpaTh U Kpo3 eproguyky Teopemy, 4a
NPeHOCOM KPOo3 HW13 KaHafa MHdOopMaLnja nocTaje cee BuLle ,,cBojcTBeHa' (eigen, Tj. KapaKTepUCTMUHa)
KaHany, Ha yIJJTp6 OopUrnHasnHe. Mwu 3aTO HUKAKBUM eKcnepmmeHTMma HATU HOBUM Hay4YHUM 3HaHbUMa
MoKaa Hehemo mohu 3acurypHo yTBpaMTH aa je ,,Bennku npacak' (Big Bang) 3ancra nocrojao, naum wra
je TayHo 6uno npe Tmx 13,8 munnjapan roguHa. Mag dpekBeHUMje CBETAOCTU ,,M3BOPaA KOju ce yaasbasa'
MO} Aa je NPOoCTo jow jeagHa o4 nocneaunua eproanyke teopeme [61.2.].

MyTyjyhun KPo3 HM3 KaHana, opurMHanHa nHpopmaumja oborahyje ce wymom. To nocTaje CMeTHA HEHOM
YuUTakby Ha HAYMH Kao LUTO M/IACT CEHA MOMKE CaKPUTU UTY, AN Kao WwTo 6u
[0JaBakbeM [10 CBMX CeAaM LpTMLA AUTUTANHUX BpojeBa Ha OBOM caTy CBM
nocrtanu 6poj 8 n Tako ,,06oratnan” npuKas ga 61U oH NOCTao HepasymM/bUB.

Ca marbKkom MHdopMaumje HUICMO MHGOPMMUCAHMU, A Ca BULLKOM CMO Ae3MHPOPMMUCAHU — HEKO je AaBHO
npuMmeTHo.

Cama ,eprogmuka Teopema“” unak ce MoXKe TPETUPATU M Kao nocnesuua ,,puHUmMna Hajmarer gejcrea’
nHdopmaumje, ogHocHo Yewhe , peannsaumje BEpPOBaTHUjUX UCXOLA" @ Marbe MHOOPMATUBHUX TAKBUX.
Hanme, oHa Kpo3 KaHa/e TeXn MatbUM NpoMeHama, BULWaK MHpopmMmaumje HacTao NPeHOCoM yjegHo je
BULLAK AejCTBa (f4ejcTBO, NPOM3BOA HAcTasle eHepruje 1 Npu TOMe NOTPOLLEHOr BPeMEHA, EKBUMBAJIEHT je
nHOpPMaUmj1), Koje ce 3aTUM MOXKE AaTW OKOJIMHK NyTem No3HaTUX GU3UUKUX MHTepaKLumja. To peuymmo
3HauyM A4a Hama No3HaTo 3arpeBakbe NPeHOCHWKa nHdopmaumja (paamo, TB, TenedoH, Komnjytep) Hehe
6UTK Nocneaunua camo TpoLlera eHeprje NoTpebHor 3a NoKpeTake ypehaja, Beh je Ty v 3arpeBatbe o,
NpPOTOKa MHpopmauuja. Fae To fejcTBO 041a3M, aKo GOTOH NyTyje BaKyyMOM — HOBO je NuUTakbe.

JdopaaTHo, 063Mpom aa ce bepMUOHM MOTy pacnagati y 6030He 1 06pHYTO, YecTuLe-TanacuK CyncraHue
obocTpaHo y ogrosapajyhe npocTopa, ako cy NpBM NpenacLm y NPoceKky Masio BepOoBaTHUjM 04, ApYruX,
TO je pasnor nayc aa byze cse Buwe npocTopa y cee pehoj cyncTaHum BacnoHe. Ha Taj HauuH Wwupere
CBEMMPA MOXKe, Y3 CBE NPETX04HO peyeHo, bUTK 1 o6jeKTMBHa nojasa.

Takohe, aKo ,,NpPOCTOP NaMTU“ Ha OnNuMcaHe HauyMHe, oHAa 360r 3aKOHa o4pP¥Kakba U CTaBOBa Aa CUCTEM Ca
cBe Behom eHTponujom nma cee maky MHbopmaumjy (EHTponuja), 4a ce Apyru 3aKOH TEPMOANHAMMKE U
YONLITe CNOHTAHOr pacTa eHTPonuje, 04HOCK CaMo Ha CYNcTaHLy, a He U Ha npocTop. CBa MHPopmaLMja
je cauyBaHa y 36Mpy M HaKOH ,,TOM/beHa” CyncTaHLe y NPOCTOp, OHA OCTaje KOHCTaHTHA Y CBOjOj YKYNHO]
KO/IMYMHM CadallhboCcTh 1 cehakba, a 33 EHTPOMMjY He BaXKM 3aKOH OAprKakba.

Moja Teopuja MHPopMaumje 036UbHO Y31MMa U TPaBUTALMOHO AEN0BaHE NPOLIIOCTM Ha CafallHbOCT, ca
CMarbeHMM ZomeTom oko 300 MuaMoHa NyTa Na Ha KBaapar (36or BpeMeHcKe KoopauHaTe ict), y cTom
cuctemy GU3MYKMX Mepa (MeTap, KUaorpam, cekyHaa). Tako pasymemo nosaadyerbe NpocTopa 3a Macom
Y jaKOM rpaBMTaLMOHOM MOJbY, PELMMO NOMepakba Hanpea nepuxena Mepkypa y poTtauujn oko CyHua,

18 CeeTnoct rybu ppekseHumjy, cmaTpa ce 360r [lonneposor epeKta M3BOpa Koju ce yaasbasajy.
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NHPOPMATUYKA TEOPUIA I

na v NpucycTea TaMHe MaTepuje y ralakcMjama Koje Hucy mayseTHo petke (AGC 114905). Tume noHOBO
CTUXKEMO Ha NuTakbe AOMETa yTULaja, aam cafia U NPOLUIOCTA HA CafallHbOCT, Na U Ha ,,A0MeT KaHana“.

63.1. [pelwke KONMpaHa

MpoueHa je Aa ce rpeLlKa y Konupary jeaHor b1UTa Aecn oTNpuUIMKe je4HOM Ha cBakux 74 TB nogataka.
TepabajT (TB) je jeanHMLA AUMMTaNHMX NOAATaKa KOja M3HOCK OKO TpMAMOH bajTosa. TauHuje, 1 TB je 2%,
mnn 1099 511 627 776 6ajToBa, a jegaH 6ajT je 8 buTta. To je rpellKka Koja ce gelaBa U Mare og ABanyT

MeceyHo y npocevyHom paay KyhHor komnjytepa.

3ato cepBepwm Kopucte ECC (Error Correction Code) memopuje. CucTem ca TaKBOM MEMOPUjOM TUNIUYHO
npenosHaje jeHOBUTHY rPeLUKy, TaKo WTo ymecTo 8-6MTHOr 6ajTa Kopuctu 9-6uUTHU, rae gesety undpy,
0 nnn 1, ayTomaTckm fogaje Tako Aa je 6poj jeanHuMLa ynasHor 6ajta peunmo napaH. AKo ce Taj naputeT
HapyLW, NOCTOjM rPeLlKa KonMparba. 3aTMM ce KOPUCTe Aa/bU Ha4YMHU OTKPUBakba AeTasba U UCMPaBKe
rpeLuKe, Nax ce TpaXKM HOBO yYMTaBakbe CyMbMBOT NoAaTKa. LLlaHce rpelike ce TMM NOCTYNHO cMakbyjy,

YBEK MO LieHy TpoLleHa MeMOpPUje 1 BPEMEHA, a/IN He UCYe3aBajy Y MOTNYHOCTY.

MpeHoc nHpopmaLumje KPo3 ayre cepuje KaHana MoXKe ce NOCMaTPaTh M TaKo, Kao y3acTOMHO Konupake
Konuja. CtaTucTnKa he ce Ha Kpajy 3a40B0/bUTH BepoBaTHOhama nojase cuUrHana, HapouMTOo ako UX UMa
Ha cBakom Zeny ayre cepuje. TakBa BepoBaTHoha (p) je dyHKUMja HEKOr napameTpa (t), Koju oneT moxe
[l0BO/bHO Ta4yHO NPeACTaB/baTh U AYMHY NPOBOAHMKA. H13 BeposaTHoha ynasHe pacnogene, p = p(t),
ycpeaHaBa ce eKCNoHeHLMjanHnm 6p3uHom y uHtepsany (0, t) kaga t pacte og 0 4o oo, NocTajy Takse
Koje KaHas BULEe He Merba (CBOjCTBEHE), CarlacHO HayeTHOM MUHMMAM3MY NPpoMeHe MHpopMaumje, a
KaHa/ nocTaje LpHa KyTuja (3a nonasHy MHpopmaumjy).

MNpumep 2. OnwTe pewemre jegHaumHa Kosimoroposa 3a GUHapHY CUMETPUYHY MATPULLY KaHana je

/1 + e—ZM‘ 1— e—Zkt\
R =, °2 2

\1 _ e—ZM‘ 14+ e—Zkt/’
2 2

rae je A > 0, Kao WITO CMO BMAEM Ha Kpajy NpeTxogHor Hacnosa [62.]. MNpu Tome

> = 11 1
K(t)—>Koo——(1 .

> ), At — oo.

- - 11
LITO 3HAYM Aa OpUTMHANHA pacrnogena po = (Xo, Vo), NOCTENEHO NPenasn y pacnofeny Po = (E’E)' npu

Tome ce npea (Beha) BepoBaTHOha cmatbyje eKcnoHeHUMjalHOM 6p3MHOM, a Apyra (Marba) ucTtom pacre.
Y TOM rPaHUYHOM Cy4ajy, CBaKM BEKTOP NOCTaje Poo, jEP j€:

st (s -(252 2)-6 -

2 2

6e3 063Mpa KaKas je ynasHu sexktop. [

Y onwtem ciy4yajy, NpeTnocTaBka je Aa i-Ta NopyKa nociata MpexXom, y TpeHyTKy t = 0, npunaga HeKom
C/ly4ajHOM CKyny ca pacnogenom p = (py, ..., Ps), TAE je p; BepoBaTHoha Aa ce Ha ynasy nojasu 6aw i-Ta
nopyka. HakoH BpemeHa t > 0, BepoBaTtHoha ga hemo NpMMKTK j-Ty NOPYKY je
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NHPOPMATUYKA TEOPUIA I

S
q;(t) = kai,-(t), j=1,.,s
i=1

Eproanyka Teopema 3a MapKkossbeBe flaHue aaje puHanHe seposaTHohe
q; = lim q;(t)

3aj = 1,...,s n duHanHy pacnogeny q* = (g1, ..., qi) Koja Moxe 61T BUTHO pa3MuKTa Of NoYeTHe
pacnogene p. YMecTo Aa NoHOBO peluaBamo andepeHumjanHy jeaHaunHy Konmoroposa, caga Matpuue
peza s, nornegajMmo Mano gpyraduvjyu npumep, Koju Nokasyje 4a je Ncrta 3aBUCHOCT 04, CMETH WX U31a3He
pacrnogene Kao 1 BPCTe KaHana.

Npumep 3. 3a kanan K (t) kaga je g(t) = pK(t), y onwTem cnyyajy 3a j-Ty KONoHy, oneT nomohy
avdepeHumjanHux jeaHaumHa Konmoroposa Hanasumo:

dg;() ~o dki(t
qc]it()zz J() Zpl kuhij = ZQl(t)Mp

=1

dq; -
WO _don

y3 nouetHu ycnos q(0) = p. [lakne ucTy 3aBUCHOCT 0/, NapameTpa cMeTHM A MMa u3nasHa pacnogena
Kao v BpcTta kaHana K (t). be3 063upa Kako gedbuHMUcanmn omeT, CaCBUM je CUFYPHO Aa Ce OH 3HaYajHo
nosehasa kaga csako A;; — 0 (i # j). 1

360r 0BO/IMKeE BaXKHOCTM KaHa/la y NPEeHOCY NOPKYKa, KOPUCHO je A,a Ce CBakM 4eo BOAMYa CacToju o,
KaHasa npeHoca Hpopmaumje wro je moryhe npubanxkHuje popme jeanHuyHe maTpuue, a 4a KO4 Koju
ce npeHocu byae KoHayHe a3byke. OBaj apyru ycnoB notpebaH je npouecma MapKoBa, HenocpegHUM
WHTepnpeTauunjama naHaua MapKoBa, a 3aHMM/bUBO je Aa Ce MOMKe jeiHaKo NPUMEHMBATU U Ha PyYHO
Konuparbe UTMTaNHUX NoAaTaKa ca jeaHe Memopuje Ha apyry.

63.2. [penopyka
Ycnos Aa CMeTHa Yy NPOBOAHUKY HE 3aBUCK OO CUTHANa Kojer NPOBOAHUK HOCU MOXKe Cce 3anncaTtn

}V__{—(s—l), i=j
b A, i #j

Mo gedunHnuuju je

k;i (At
A = lim y (A0
At—-0 At

Te je A = 0. KoHcTaHTa A npeacTas/ba rycTUHy BepoBaTHOhe Aa he nponsBosbaH i-TM cUrHa, AoK npohe
KpO3 BP/IO Ma/u Ae0 NPOBOAHMKA, 3ahu Kao Apyrayuju j-Tm curHan. Y caBpemeHoj TEXHULUM NpeHoca je
A > 0 Bpno manu 6poj.

Cabupuym ca aecHe cTpaHe jegHauymMHa KonimoropoBa cafa Cy CBM MHOMKEHU ncTum bpojem A cem jegHor.

PacTko Bykosuh
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dk;j(t)
dt

+ shq;(t) = A

y3 noyetHun ycnos q(0) = p. To je iMHeapHa agndepeHumjanHa jeaHaunMHa NPBOr pefa ca KOHCTaHTHUM
KoedpuunjeHTUMa. HbeHo onwTe pewwetmse je

1
q;(t) = §+ Cje_S“, j=1,..,s

rae cy C; = p; — 1/s koHcTaHTe ospeheHe noyeTHUM ycnosuma. Kaga t — o, Taga q;(t) — q;f =1/s.
MNpema Tome, popmanHe BepoBaTHoOhe UMajy pacnogeny ca MakCMMaaHOM MHPopMaLmjom. Y peasHum
YC/I0BMMa OBE Cy MPOMEHE Aa/IeKO NMOBOJbHUJE.

360r HejegHakocTv e* > 1 + x, 6uhe —e M < —(1 — sAt), Tj.
Ipj — 4;®©)| < Mt|1 - spj]
3acBako j =1,...,5.Kakoje 0 < p; < 1, pobujamo pae
0< |pj — CIj(t)l < |s—1|rt.

KoedpuumjeHT (A;;) y3 t npeacTas/ba rycTvHy BepoBaTHohe rpeLuke npu NPeHocy CUrHana Ha OCHOBHOM
Aeny npoBoAHMKa. MpeTnocTaB/bamo 4a je Taj 6poj Bpao maau. Bp3anHe npeHoca curHana mory 6utm
TOJ/IMKO BeAnKe (6McKe 6P3MHM CBETNIOCTH) fa je YKYMNHO Bpeme t Bpao Manio. Bpeme obunacka curHana
OKO 3eMJ/bUHE KyT/e, Ha MPUMEP, je Matbe Of jefiHe CeKyHAe.

Mpema oBuMM penauunjama umamo cnegehy npenopyky 3a nosehare 4OMeTa, UM WTO je UCTO, 33 6osbM
NpeHoc NnogartaKa:

a) bupaTn npeHocHUK Behe 6p3unHe;
b) CmarbUTU TEXHUUYKe cmeTHbe A;
c) CmarbuTV AYKUHY KOAa S.

Mocneptsu ycnos (c) jecTe, anv He TONIMKO BUTaH KOAMKO Ha NPBUM Nornea usrnega. Y ciyyajy Benvke
AYKMHe Koaa, S, Camo Manu bpoj o4 cBMX CUrHaNa ce NnpeHocu ca BepoBaTHohom Behom og Hyne. [a
HWje TaKo 610 6U NpPaKTUYHO Hemoryhe NpeHeTU NOPYKY ca HENPEKUAHOM PAcMoLe/ oM.

63.3. HeorpaHunyeHa a3byka

Kapga 6poj cnoBa KogHe a3byke s — oo, npobaematmum moxemo npuhu ca gpyradumnje ctpaHe. O3HaunMMo
ca F(x, t) BepoBaTHohy fia je curHan 7 npellao Nyt x 3a Bpeme t. MpeTnoctaBumo Aa je ca mecta x = 0
y TpeHyTKy t = 0 nocnaT curHan 1. Taga cy NOYETHU YCI0BU

1, x=0
F(x,0)={0 x#0

Ma Kako 6una Bennka 6p3unHa I/ meamja Koju npeHocK NOPYKy, cBaKako je V' < 4oco. OTyaa Apyru, 40U
opA, ycnosa.

MpeTnoctaBMMoO fasbe Aa je p BepoBaTHoha fa he curHan m npehu nyT h 3a Bpeme 7. OHjaje 1 — p
BepoBaTHoha Aa ce m Hehe NojaBUTK Ha M31a3y, Na je Nnpema popmynama NoTnyHe BepoBaTHohe:

PacTko Bykosuh
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{F(x,t+1:) =pF(x—h,t)+ (1 —p)F(x,t)
F(x+ h,t) =pF(x,t — 1) + (1 —p)F(x,1t)

Oay3mmarbem Aobujamo:

{F(x,t+r)—F(x,t) =p[F(x — h,t) — F(x,t)]
F(x+ ht) — F(x,t) =p[F(x,t — 1) — F(x,t)]

Ha ocHoBy Tejnopose ¢popmyne je:

OF(x,t) h?0%F(x,t)
h +— +

F(x—ht)—F(x,t) = — o BT o(h?),
F(x,t — 1) — F(x,t) = — OF(x,t) o(1),
ot
F(x,t+71)—F(x,t) =47 aF((;' 2 o(1),
2 12
Flxt o) — Flx,t) = pOr ) (WOFD ooy

0x 2 0x?

CmeHOM y NpeTxo4HUM jegHaKocTMma fAobunjamo:

272
|T—+o(r)— [—haF+h—a—F o(hz)]
4 dx 2 0x? ’
|, OF h262F+ (h?) = [ oF | ]

hax T 2o o) =p|~tg +o@)].

3a Benmke 6p3unHe V je T Tonnko Makbe og h aa octaum o(t) n o(h?) kapa t — 0, noctajy jeaHako
3aHemMapsbmeu. [logatHo ca h = VT, rae je V 6p3unHa curHana, HanasmMmo:

(OF(x,t) VaF(x, t) pVho?F(x,t)

{ ot P ax T2 ox
OF(x,t)  pOF(x,t) VhA*F(x,t)
\ ax Vot 2 0x?

[obunn cmo napumjanHe gupepeHumjanHe jegHaumHe nonyT MaaHK-PoOKHEPOBMX 33 XaOTUYHO KpeTarbe
YyecTuua raca, uam jegHaunHama KonmoropoBsa 3a caydajHe npouece HenpekuaHe pacnogene.

Y npBoj jeaHaunHu je BeposatHoha ga he curHan () npehu nyt h, a y apyroj Aa he HakoH BpemeHa T To
0CTaTW UCTU curHan 1. 36or yrpaheHor ycnosa, 6p3vHe curdana V = h/t, moxkemo npeTnocTasutu aa cy
Te BepoBaTHohe jegHakKe, Yak u ako je p = p(x) n V = V(x). 3a pasnuky og NnaHKoBe jefHauuHe rae je
npubankHo p = 1/2, oBae nma cmucna npeTnocTaska Aa je npubamkHo p = 1.

Kapa je p = 1 cabuparem gobujamo

OF (x, t) aF(x, t) B
ot ax

PacTko Bykosuh
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Pewerbe oBe anudepeHumjanHe jeaHaumHe je ceaka gudepeHumnjabunHa dyHkumja F(x, t) = f(Vt — x),
roeje f(0) =1, f(—x) = 0 (x > 0), 36or noyeTHMx yciosa. NMpema Tome, MakcMMasiHa BepoBaTHoha
F(x,t) = 1je gocTUrHyTa y CBaKOj Tauku y Kojoj je x = Vt. [JomeT curHana je HeorpaHuueH.

Kapajep =1 — g, roeje € > 0 Beoma manu 6poj, buhe npm6anHo% = 1 + € na ogy3Mmarem

0°%F(x,t OF (x, t
(x )+f (x )=0

0x? h ox ’
aoTtyaa
OF (x,t £
# +—F(x,t) = const.
0x h

JacHo je 3aWTo aecHa cTpaHa noc/iefme jeaHaKoCcTn He 3aBucK o4, x. MehyTum, npema npeTnocrasum
(x = Vt) oHa Huje HUTK dyHKumja oa, t. MoueTHn yenos F(x,0) = 0 pasbe Tpaxku Aa oBa KOHCTaHTa byae
Hyna. 3aTo je onwTe pelwere 3aatbe jeaHaunHe F(x,t) = C - exp(—ex/h), wTto 360r Nno4YeTHoOr ycioBa
F(0,0) = 1 naje koHctaHuTy C = 1. Tako, BeposaTHoha Aa
he curHan w goctnhu Tauky X M3HOCK

_&
F(x,t) =e h.
y=g" 3atum, nomohy HejegHakocTn e* = 1 + x aobujamo

ex
e<|1-F|<—.

h
[akne, AOMeT cUrHana ce CMakbyje Kaga ce ,CMeTHa" &
nosehasa 0K cMarbMBatbe X (MU T) He yTUYe TONMKO Ha

AomeT jep ce Taga cMakbyjen € (p = 1 — ¢€).

2

63.4. AHanoruje

Foptba dyHKumja F = F(x,t) paje seposatHohe aa he curHan m npenasuTu nyTese x 3a BpemeHa t.
BeposaTtHoha p je keH nocebaH cnyyaj, Aa he curHan  npehu nyT h 3a Bpeme t, gakne p = F(h, 1), a
€ =1 — p je BepoBaTHoha fa ce  Hehe nojaBuTK Ha u3nasy. OnwTuje, 1 — F(x, t) je BepoBaTHoha aa
CUTHaA HWje Npewao NyT X 3a Bpeme t.

MehyTum, ako je F = exp(—ex/h) seposatHoha, oHaa je ex/h = —In F Heka nHdopmaumja. 063mpom
[a cy € U h KOHCTaHTe, TO 0Ba MHpOPMaLLMja 3aBUCU CaMO Of, X, OAHOCHO of BepoBaTHohe F = F(x, t)
4a curHan  npehe nyT x 3a Bpeme t. AKo £x/h BUAMMO Kao XapTaujesy MHGopmaumjy (noraputam
jeaHaKo BepoBaTHUX UCX0Aa), OHAA Ham je F MHOLITBO HEKMX (anCTpaKkTHUX) yjeaHaueHnX ncxoaa.
3atnm ce Hamehe nuTarbe noonwTera Ha KOMMAEKCHe Bpojese.

OTyza aHanorunja oyHkumje F(x, t) ca TanacHom dyHrumjom W (x, t), uHaue pewerbem LpeanHrepose
jefiHaYMHe 3a YecTULy-Tafac KBAHTHE MexaHWKe, Ma ocHoBe. MocebHo, 3a cnoboaHy Yectuuy buhe

\I/(x; t) — Aei(kx—Et)/h

rae je A KOHCTaHTa HOpMUMpatba BepoBaTHONeE, 3a UMarMHapHY jeAVHULY BaXu jeaHakocT i2 = —1,
TanacHu 6poj k = V2mE /h, enepruja yectuue E = mc?, a h je NnaHKoBa pefyKkoBaHa KOHCTaHTa.
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Peweme LLpesnHrepose jefiHauYMHe 33 OCHOBHO CTakbe MorniesajTe y Mmojoj Kkbusu ,KBaHTHa MexaHuKka“
(Mpumep 1.4.5.). Nobwja ce

ek(x_xo) i e —k(x—xo)

2

v(x) =Vk

Y Ta4YKM Xo. CIMYHa cy 1 peluera ,,noTeHumjanHor npara“ (1.4.6 NoTeHumjanHe npenpeke) Kaga Yectmua
nponasu nHTepsasMma ancumce, npsu x < 0, apyrv x € [0, a] v Tpehu x > a, pa3NMUUTUX KOHCTAHTHUX
noTeHLMjaNa Kao npenpekKa

y(x) = Ae™* + Be~tk*,

raoe KoHcTanTe A u B, Kao v ogrosapajyhu TanacHu 6poj k, 3aBuce camo oZ gate Tpy NosuLmje Yectuue
Ha ancumcum.

3Hamo [a eKCNoHeHLMjaHOj pacnoaeny BepoBaTHoha Texke AUCKpeTHM npoLecn nonyT bepHynumjesux,
peuumo bauara HoBuYMha — rae ucxon cnegeher He 3aBMCK o4, NPETXOAHOT. Y TakBe cnagajy v npoLecu
MapKoBa, CTOXaCTUYKM MOAENM KOju onucyjy Aorahaje ca BepoBaTHOhamMa CBaKoOr Of, WX He3aBuUcMMa
0/, NPEeTXOAHMX CTarba. MCTM Moaen He3aBUCHOCTM A,0BO/bHO BaXM M 3a Tasace-4yecTuLLe Koje Hanasnmo
y peweruma LpeaumHrepose jeaHaumHe. Kyaa roa aa Takee yectuue nay, opma u seposaTHohe ocTajy
UM jeaHaKe. CBe cy TO CUTyaLMje eKCNOHEHUMjAHWUX pacnoaena aHaaorHmx no ,,Henamhemny”.
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64. be3s namhera

Bbauarbe Hosunha TMNMYaH je Nnpumep pacnogese seposaTHohe 6e3 memopuje. Y cBakom Tom baLarby cy
WwaHce aa nagHe ,nucmo” (seposatHohe 0 < p < 1) unm ,rnasa” (BeposatHohe ¢ = 1 — p) KOHCTaHTHE,
6e3 063upa wra je npe 6uno (y cnyyajy pep Hosunhap = q = 1/2).

CnvyaH npumep cy He3aBUCHM KBaposu malumHa. Kaga nspayyHasamo BepoBaTHOhy KBapa (HesaBuMCHOT,
HoBor) ypehaja 4ecTo Huje BaxKHO KOJIMKO ce XxapaBep KBapuo paHuje. BeposaTHoha aa he oTKasatu nap
MWHYTa OfL Cafa He 3aBUCK O YMHEHULLE Aa CE HUje KBApMO ABa mecela. Takohe he Haunasak Kynauay
npogasHuLy 6UTK ,,6€3MeMOpPUjCKM”, Kafa Ca3HaHbEe O YIACKY NOCAeAHEr O HbUX HE MOMAXKe, a KYNum
CYy HEMOBE3aHM, Ca UHAMBUAYASHUM NMOHALIAHEM.

3a gucTpmnbyumjy BepoBaTHohe y CTaTUCTULM CE KaXKe a MMa CBOjcTBO 6e3 memopuje Kaaa BepoBaTHoha
byayher gorahaja He 3aBMcuK oZ nojase npoLwwamx. Auctpubyumja BeposaTHoha 6e3 namhera yrnaBHOm
je ekcnoHeHUMjanHa, 3aTUM reoMeTpuicKa ca NnpupogHMm 6pojesmma, mehy Koje cnaga v Bejbynosa.

Ha cnvum gecHo cy Tpu rpada, ekcrnoHeHuujanHe
o \\'
byHKUMje \

—ax -

y=e
canapametpumaa = 1/2,a=1va = 2, peaom s
ropHU LPBEH, Cpeatby 3e/1eH 1 AokK naas. Kako 06
je ussoa osux dyHKuMja, ¥ = —ay, To ce Harmb =

(omHOC NpomeHe opAnHaTe NPOMeHOM ancuuce)
MeHba CpasMepHo opAuHaTH, Tj. BeposatHoha ce
MeHba Cpa3mepHo BeposaTHOhK.

-0.2

Jow jeaHy 3aHMM/bMBY OCOBUHY EKCMOHEHUMNjaHMUX pacnofena BUAEeAN CMO Yy HacnoBy ,,OrpaHuyerba”
[41. Teopema 1. ji.]: Heka je pata ryctuHa BepoBaTHohe f(xX) ca HenpekngHom peanHom Bapujabaom x.
Ako je f(x) = 03a x < 0 M aKO NOCTOjU KOHAYHO OYEKMBAHE L TaAa NOCTOjU U MHbOPMaLMja 33 KOjy BaXKK
S <log(eu), npu yemy jeHAKOCT BpeaM aKo U Camo aKo f MMa eKCMOHeHUMjanHy pacnogeny.

dopmanHo KaxkeMo ga c/iydajHa npomeH/bmBa X npatu pacnogeny seposaTHohe ca cBojcTBOM Aa je 6e3
mMemopuje, aKo je 3a 6uno koje munus {0, 1, 2, ...} Baxku

Pr(X >m +n|X =m) = Pr(X > n).

Apyrum peunma, ako cmo umanm m = 10 nokywaja 6e3 ycnexa, BeposaTHoha ga hemo mopaTu YekaTu
£0 30. nokywaja unu seher ga 6UcMo L0XKMBENN YCMEX je UCTa Kao BepoBaTHOha Aa NOYHEMO 0Z, Hy /e U
nmamo 20 Heycneanx NoKyLaja Uan B1LLIE A0 NOBOJbHOT UCX0Aa.

CurHan 1 Koju Hamnasu Ha gatom mecty (ancumce x = 0) y patom TpeHyTKy (t = 0), ca BepoBaTHOhom
F(x,t), 6uno pa je cNoBo HEKOT Ayraykor TEKCTA (KHUre), Kao U pey M3roBopeHa TOKOM NOAYKEr paano
nporpama, unam aytomobun ogpeheHe 6oje Koju he npohu packpCHULLOM, YI1aBHOM Bpeau NocmaTpaTu
Kao pacnogene 6e3 namherba. Tako je U ca TanacMma-4yecTuL,amMa KBAaHTHE MexaHMKe, BepoBaTHohama
FMXOBOT Hanaxera y(x, t) Ha AaToM MecTy (x) y AaTOM TpeHYTKY (t), Koje Cy TONMKO enemeHTapHe Aa
He MOry HOCUTU U CBOje NPOLWIOCTU. 3aTO je 33 OYEeKMBATU Aa OHe, CMrHanu n yectuue [63.4. AHanoruje],
MMajy CAnyHe pacnogene.
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YyaHa je ynoTpeba komnnekcHmx 6pojeBa 3a Takse BepoBaTHohe y KBaHTHOj MeXaHULM, Ca CTAHOBULLTA
baHawre pusmnke. Mehytum, ca nosuymja moje Teopuje nHbopmauuje oHm ce fobpo yknanajy y npudy
(Bypass). He bux ce noHas/bao, cem Aa NOACETUM Aa CYy KOMMIEKCHA NOAPYYja Takohe HeKnU ucxoau, Ta
peanHa Tek y KombuHaumjama (36MpoBMma) ca cebu chmyHnma.

64.1. HesasucHoCT

Hasewhy npeunsHuje ycnose y Kojuma ce jaB/bajy eKCNOHEHUMjaNHe pacnogene, jep ce oHe BPJio 4ecTo
cpehy y npumeHama v Bpeam Te cuTyalmje passiMKoBaTu Apyrnx kbuma Hausrnes canyHmx. Hajuewhe cy
TW YCNOBM Yy Teopuju BepoBaTHohe No3HaTK Kao [lyacoHoB npoLec.

3amMMUCAMMO Aa Y jeiHOj TaUKM NPOBOAHMKA NOAATaKa, Y TOKY HEeKOr nepuoga BpemeHa (t) perncrpyjemo
oapeheny rpyny curHana (1y, my, ..., Tg). OHO WTO M3pavyHaBamo je BepoBaTHoha nojase 0BMX CUrHana y
AaTom nepuoay.

Teopema 1. (EkcnoHeHuwmjanHu npouec) Kaga nojasa 6ap jeaHor curHana us ckyna {my, my, ..., s} y
BpeMeHCKOM nepuoay ayxuHe t = 0 uma seposatHohy F (t), rae je F(t) HenpekuaHa v pactyha
dyHKLMja BpeMeHa, aKo je Ta BepoBaTHOha He3aBKCHA OZ NoYeTKa neproga t U He3aBUCHA 04,
NPeTXo4HUX curHana, Taga je F(t) = 1 — e ™, rae je napametap A = 0.

Joka3: Heka je p BepoBaTHoha ga ce curHan Hehe nojaBuTK y nepuoay jeanHuuHe ayxuHe (t = 1), a
Cam nepuog nofesMmo y n jeAHaknx (GUCjyHKTHWX) uHTepBana. Heka je po(1/n) BeposatHoha aa ce
curHan Hehe nojaBuTK y TakBoj jeaHoj nogenu (t = 1/n). 36or ycnoBa HE3aBUCHOCTY je:

p=[pA/M]", um p(/n)=p*m
Otyaa je BepoBaTHOha Aa ce curHan Hehe nojasutn 3a Bpeme t = k/n,3a k = 1,2, ..., jeaHaka:
po(k/n) =p*/™ wu F(k/n) =1—pk/m,

Kako je F(t) pactyha dyHKumja BpemeHa, 3a (k — 1)/n < t < k/n 6uhe:

k—1 k
F (—) <F(O<F (—)
n n
dyHKumja F (t) je n HenpeknaHa, na moxkemo npehu Ha niumec:
lim F(t) =1—pt.
n—oo

A

3a cBakwm 6poj p € (0,1) nocToju 6poj A € (0, ) Takas fa je p = e™", uMme je Teopema A0OKa3aHa. B

Mocnearom TeOPEMOM A0Ka3aHO je Aa HesaBuMcaH caydajHu npouec (6e3 namhena) mopa 6uTK H6aw
eKCNoHeHLUMjaaHe pacnogene, aim U3 AoKasa ce MOXKe ce BUAETU Aa ,,CKOPOo yBaK” BaXKM U 06pHYTO, jep

— — n .
Baxu e M = (e 7‘) =p" =p1 Py ..." Pp YAK U KAJQA CY P;-OBU PA3UYUMTK, A/IN AKO CY Te jeHAKOCTU
(cTaTUCTUUKK) TauHe 3a CBAKO 7 Ta je pPa3IMuMTOCT Makbe BEpoBaTHa M BaXku M obpaT Teopeme.

BeposaTtHoha F(t) = 1 — e~ uma rycTuHy, no AedbUHULM}U jeAHAKY:

dF
— — ) oMt
p(t) - dt 7\'6 )
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a TO HaMm je No3HaTa rycTMHa eKCnoHeHLUMjaHe pacnogene HenpekuaHor napameTpa t. MosHaTa Ham je
W cpefba BpeaHOCT (o4eKkmBatrbe) nojase (bap jegHor) paator curHana g = 1/A. MNpe Tora cmo BuAeNU 1
[,0Ka3 jol 3HaYajHujer cTaBa, 4a yHanpes, AaTta cpetba BpeAHOCT (O4eKknBarbe) pacrnogene ca 3aXTeBOM
ha vHpopmaumja byge MMHUManNHa, gajy 6aw ekcnoHeHunjanHy pacnogeny [MHbopmaTtmyka Teopuia |,
41. Teopema 1. ii, 108. cTpaHa)l. OBo ABOje, Aa je eKCNoHeHUMjaNHa pacnogena 6e3 namhera M Hajmarbe
UHbOopMaLMje, y CKNagy Cy Ca HaYe/IoM LTeAHe KOMYyHUKauuje (MHTepakuuje).

lNMoHOBMMO, aKo cucTeM OTKasyje oko n = 1,2, ... nyta Tokom T yacosa paaa, npeTtnocrtasuhemo ga oH
OTKasyje No jeAHOM NpoceyHo cBakmx T = T /n YacoBa v 4a je MHTeH3WUTeT oTKasa A = 1/7 oTkasa/car.
Tapa je:

t t

Pr(0,t) = fp(t) dt = f re M dt = —(e‘“)g =1—-eM=F(@)
0 0

BepoBaTHoha Aa he Tokom BpemeHa t cuctem oTkasaTu. Kaga t — oo, Taga F(t) — 1.

Mpumep 1. AKo cuctem oTkaxke 4 nyta Tokom 1000 yacoBa paga, NPeTNOCTaB/baMo 43 OH OTKasyje Mo

. . 1

jeaHom npoceyHo ceakmnx 1000/4 = 250 yacosa M A3 je MHTEH3UTET OTKasa A = 750 = 0,004 oTkasa/car.
Tako je:

F(t) =1—e™™ =1—¢ 0004300 = 1 _¢~2 = (,86466.
BeposaTHoha ga he cuctem otkasatu bap jeaHom Tokom t = 500 yacosa paga. 1

3amMM1CIMMO 4@ UMaMo jeaHy TenedOHCKY IMHUjY U jeaaH TenepoHCKM anapart. MopyKe CTUKY He3aBUCHO
1 NO3MBW MMajy HE3aBMCHA TPajakba, TAKo Aa M NOYeTaK M Tpajatbe Pa3sroBOpa MMajy eKCroHeHUMjanHy
pacnogeny, ca napametTpuma a v § pegom. MHTepecaHTHa cy Ham 6ap ABa CTakba TaKBOT cUCTeMa:

e 1, —TenedoH cnoboaaH,
e 1, —TenedoH 3ayserT.

Buaenu cmo og, panuje aa je ky, (At) = 1 — e~ At

nepuog At — 0, a aa je 06paTHO ko1 (At) = 1 — e P2t Name Tpeba nspauyHaTn BeposaTHohy kij(t)y

BepOBaTHOha npesiacka U3 Ctakba 1q Yy 7Ty 3a HEKHN

NpPon3BO/bHOM TPEHYTKY t. MpeTnocTaB/bamo Aa ce HOBM NO3uB rybu ako je TenedoH 3ayseT, a 4a cy m;
W T, jeamHa cTarba. KoepuumnjeHte matpuue A Tpaxknmo no geduHuumju:

Cuctem audepeHumjanHnx jeaHaunHa Konmoroposa gahe Ham onwTe pelwerbe 6uHapHe matpuue K
Koje cmo Beh m3pauyHanu [63.1. [peluKe Konupamal.

3a 60/bM NpeHoc NoaaTaka npenopy4vyjemo [63.2]: npeHOCHUK Behe bp3nHe, MatbUX TEXHUYKUX CMETHM
(1), kpahe kKogHe a3byke (s cnosa). OBO Tpoje je NpenopyKa, jep ynpaeo je To MHTepnpeTaumja (cnabo 3a
caga npumeheHa) pellera MHa4Ye No3HaTMX jeaHaunHa Konmoroposa [63.2. MpenopyKal. Mehytum je
noaaTo Aa oBaj Tpehu Huje npesulle 6UTaH, a KaKo U 3aLUTO HUje , ToIMKo butaH”, Buaehemo.
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YkpaTko, Tpeha npenopyka je Mare 3HauajHa, jep Ayxe a3byke Heka C/10Ba 3aHeMap/blBO PETKO
KopucTe. 3aTo, peunMo, aHannsmpajyhu curHane us ceemmnpa, kao 1 rosop genduna, npema obamky
rpada ppekBeHLMje cMrHana MoXKemMo NPeno3HaTh MHTEUTEHTHY KOMYHMKaLMjy, Yak 1 He 3Hajyhu o
yemy JOTUYHK ,Npuyajy”.

64.2. CaaprkajHoCT

[a ce yBepnmo aa ayxe a3byke HeKa €/10Ba 3aHEMAP/bUBO PETKO KOPUCTE, Kafa TEKCT CafpKu NOPYKyY
ca CMUC/IOM, MOXKEMO NPOBEPABATH ,040KATUBHO", @/ U ca jeaHOCTaBHUM Nporpamynhmma aHanusa
¢dpeKkBeHUMja cnoBa a3byka no TekcTtoBuma. To cy 3agaunhm Koje MoxKemo camu ncnpobasaTy, a €80
npumepa jegHor og pesyartara.

Mpumep 2. 13 moje Krbure ,puye o nHbopmaumin®, yaeo cam nornasse ,,1.1. Cnoboaa“ n npebpojao
Be/IKa M Mana c/ioBa cpncke asbyke (komnjytepom). Og yKynHo 2803 3HaKOBa TOr TEKCTa, 2268 buna cy
HeKa oZ 30 Be/IMKKUX, UM UCTO TOJIMKO Masinx C/ioBa Cpncke asbyke ca cnegehom ppekBeHLMnjom:

1. A+a=0+272=272 > 272/2268 =11% 16. H+H=3+123=126 2> 6%
2.6+6=0+50=50~-> 2% 17. b+ w=0+23=23> 1%
3.B+8=0+74=74> 3% 18. 0O+0=3+290=293 2> 13%
4, T+r=0+37=372>2% 19. N+n=1+55=56 2 2%
5. 0+a=3+100=103 > 103/2268=5% 20. P+p=0+83=83> 4%
6. b+h=0+3=3>0% 21. C+c=3+115=118 2 5%
7. E+e=0+192=192 2> 8% 22.T+T=2+100=102 2 4%
8. M+x=0+14=14> 1% 23. h+h=0+17=17=> 1%
9.3+3=4+51=552>2% 2. Y+y=0+71=71-2> 3%
10. U+n=1+198=199 2 9% 25. ®+¢dp=0+5=5>0%

11. J+j=2+63=6523% 26. X+x=1+6=7=> 0%

12. K+k=1+59=60 =2 3% 27. L+u=0+9=9-> 0%

13. 1+n=0+82=82 2> 4% 28. Y+4y=0+20=20~> 1%
14. J/b+m=0+10=10 = 0% 29. U+y=0+0=0~> 0%
15. M+m=2+95=97 2 4% 30. W+w=0+25=25-> 1%

Y Hu3y og 100 cnoBa cAKMYHOT TEKCTA, peuumo, cnoso A unm 40" nojasuhe ce 6a13y 5 nyTa Ha AyKUHU
oA 100 cnoBa TEKCTA, AU TaYHUje MHTEH3UTET NOjaB/bMBaHba OBOT (BE/IMKOT UM Masior) c/ioBa a3byke,
no jea4HOM C/IOBY TeKCTa, buo je npubanmkHo A = 0,0454 nyTa. To 3HaUM 4@ OYEKYjEMO Aa Ce OHO jaB/ba
HaKoH ,cBakux” i = 1/A = 22 cnosa TeKcTa. YonuwrTe je:

u
F(#) = f pH)ydt=1-— e M =1—e1x 0,63212
0

BepoBaTHoha Aa ce CNOBO NOjaBU Y OYEKMBAHO] AYKMHM HU3a CBOT NojaB/buBakba. [

[Hasy pacnpasy oBe ,,BepoBaTHohe OoYeKkMBakba“, MHaye caMo HaroBelTeHe y AaTOM NPUMeEpY, BUANUTE Yy
npunory ,,PenpeseHTatMBHK y30pak” (Ha eHrneckom). Yarpea npumeTMmo aa 6u jeaHoAnKa pacnogena
BepoBaTHoha c/10Ba y TEKCTY yKa3nBana Ha HUXOBY HAaCyMMYHOCT. MopyKa TakBor TeKkcTa 6una 6u nonyt

M3Na3He U3 LpHe KyTuje, KaHana ToIMKo onTepeheHor WymMom 4a yiasHe NopyKe Ha M3nasy ,Hema”.
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Jow jeaHom, To 61 Buna noTBpAa Aa rybutak nHpopmaumje (gesmHdopmaLMjom) HacTaje BUKOM (a He
MahKOM) — 360r 04aTUX CMETHM CamMor KaHana npeHoca [53. Teopema 1]. 3aTo cy HacyMUYHe Nopyke
,,0e3 cagpraja“, 0o4HOCHO ,,HEMHTEeNUTeHTHE " N MMajy yHUbOopMHe pacrnoaesie, jep je TakBa MakcMmasiHe
nHdopmauuje [41. Teopema 1.i]. YjeaHo, Kaaa ce nojasu ,,caapajHoOCT”, 0AHOCHO ,,CMUCIEHOCT, Kao U
opraHusaumja cucTema yonwTe BUAMMO, Ha 0Baj HauMH Takohe, Aa ce cmarbyje ,,KonMumMHa onunja“, nnm
nHdopmaumja.

MehyTrm, 3HaMo Zla TeMe O Kojuma Npmuyamo mory butu nosesaHe, Aa NPETXOAHU Ae/0BM TEKCTa MOTY
nHnumpatn cnegehe, kaga 6u ce emncnja cnosHe MHbOpPMaLMje NOHaLaNa Kao Aa ,,Mma Memopujy”, Te
[1a 33 TaKBE HE MOXEMO ,,O0TNPUIUKE” YTBPAUTU UMAjy M EKCNOHEHUWjaNHY pacnoaeny.

Paav KomnneTpakba ropHer npuMMepa eBo M COPTUPAHMX NOjaB/bMBatba CNOBA TOT TEKCTa:

1. O 293 7. 0 103 13. ¥y 71 19. I 37 25. /b 10
2. A 272 8. T 102 14. ) 65 20. W 25 26. U4 9
3. 1 199 9. M 97 15. K 60 21. b 23 27. X 7
4. E 192 10. P 83 16. M 56 22. 4 20 28. & 5
5. H 126 11. 1 82 17. 3 55 23. h 17 29. b 3
6. C 118 12. B 74 18. b6 50 24, K 14 30. U O

MNopenute HaBepeHW 6poj ca Hpojem cBMX C/1I0Ba TeKCTa (2268) n pobuhete ppeKBeEHLN]Y, CTAaTUCTUUKY
BepoBaTHONy c/oBa y AaTOM TEKCTY. MaKo Ty nojasBa camor C/I0Ba YI1IaBHOM Cle4u eKCNOHEeHUMjanHy
pacnogeny, BepyjeMo, 13 0BMx 6pojeBa He BUAMMO fa TO Mopa 6UTK ciyyaj n ca AUCTPUBYLMjOM CBUX
¢dpeKkseHuMja. To NUTarbe ,MeMopujcke” Mpupoae AaTOor TEKCTA, A4a /M HEeroBe NPeTXo4He peyeHuLe
6MTHO yTMUy Ha cneaehe, pasmoTpuhemo KacHuje.

MNpumep 3. U3 ncte Kibure ,Mpuye o nHbpopmaumin” yammmo cnegehe nornasme ,1.2 inbepanmsam” un
n36pojMmo BeAMKa M Masia cnoBa Cpricke azbyke (KomnjyTepckmum nporpamom). Oa ykynHo 3938 3HaKoBa
TeKcTa UMa 3217 BENMKUX UKW MannX CNOBA CPMCKe a3byKe, COPTUPAHUX Y , TON ANCTY™:

1. A 403 0,125 11. 4 116 0,036 21. W 30 0.009
2. N 326 0,101 12. J 104 0,032 22. h 26 0.008
3. E 292 0,091 13. ¥ 104 0,032 23. b 25 0.008
4. O 292 0,091 14. K 93 0,029 24. ) 22 0.007
5. P 210 0,065 15. 1 93 0,029 25. 1 21 0.007
6. H 191 0,059 16. N 93 0,029 26. 4 14 0.004
7. T 142 0,044 17. 5 65 0,020 27. Jb 11 0.003
8. B 136 0,042 18. 3 55 0,017 28. B 8 0.002
9. C 135 0,042 19. X 44 0,014 29. ® 7 0.002
10. M 118 0,037 20. I 41 0,013 30. LI O 0.000

MnacmaH y ,Ton McTn®, cnoso, 6poj nojas/buBarba mehy 3217 cnosa un ppekeeHumja.

Mporpam 3a reHepucatbe 0BUX GPEKBEHUM]a Y HACTaBKy CaZpKu U MHade yrpaheHe nporpame 3a
NvHeapHy perpecujy (Machine Learning - Linear Regression, Python) u upTarse rpada. To cy KpaTku
nporpamm o Kojux hy HelWTo HaBECTM KacHMje. JeaH LpTa CAUKY aMCcTpmbyunje BepoBaTHOha Tavaka
neso (rpad 1), a gpyru (rpad 2) n3padyHasa AMHeapHy perpecujy (ONTUMANHY NpaBy AMHKUjY cpeabnX
BPEAHOCTU) U MPUKa3yje je nopes UCTUX TavaKa Ha CAULM AeCHO.
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Mpadp 1.m 2.

import matplotlib.pyplot as plt

X = [lAl, lBl, lBl, ’1’!” "D;” V'P)V’ VEV’ V)KV’ 'S'I |M|, 'Jl, lKl, lﬂl,
lJBl, ’M” ’H” VI_BV’ VOV’ VHV’ VPV, |C|, 'Tl, 'Tl', lyl, I(Dl, le, ’L‘L’,
l'ql, ’LI” ’]_H’]

y = [403, 326, 292, 292, 210, 191, 142, 136, 135, 118, 116, 104, 104,
93, 93, 93, 65, 55, 44, 41, 30, 26, 25, 22, 21, 14, 11, 8, 7, 0]

plt.scatter(x, vy)

plt.show ()
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import matplotlib.pyplot as plt
from scipy import stats

< =1(1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18,
19, 20, 21, 22, 23, 24, 15, 26, 27, 28, 29, 30]

y = [403, 326, 292, 292, 210, 191, 142, 136, 135, 118, 116, 104, 104,
93, 93, 93, 65, 55, 44, 41, 30, 26, 25, 22, 21, 14, 11, 8, 7, O]

slope, intercept, r, p, std err = stats.linregress(x, y)
def myfunc (x):
return slope * x + intercept
mymodel = list (map (myfunc, x))
plt.scatter(x, vy)
plt.plot (x, mymodel)
plt.show()

Kpaj npumepa rpadosa.
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Npumep 4. Y HacTaBKy Kibure ,Mpuye o nHpopmaumju” je cnepehe nornassmwe ,,1.3 UcTUHa nan naxk”.
Mehy ykynHo 4108 Tnx 3HakoBa 610 je 3295 BeNNKUX U MannUX CnoBa a3byKe, COPTUPAHUX V:

A 412
n 336
E 326
O 308
T 206
H 196
P 155
M

LN WN P

C 131
10. 4 127

0.125
0.102
0.099
0.093
0.063
0.059
0.047

137 0.042

0.040
0.039

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

K
J

y
B
M
n
3
r
l.|
M

127 0.039
118 0.036
115 0.035
100 0.030
89 0.027
78 0.024
57 0.017
38 0.012
36 0.011
34 0.010

21.
22.
23.
24,
25.
26.
27.
28.
29.
30.

h 33 0.010
27 0.008
26 0.008
26 0.008
25 0.008
9 0.003
9 0.003
8 0.002
6 0.002
0 0.000

CeFXFEF T X

3a pa3inKy og, NPETX0AHUX NpuMepa Ha cnegehem rpady je gucTpubyumja BepoBatHoha oBUX cioBa.
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Moaceham, 412 je 6poj nojaB/bmBarba cnosa 'A' y gatom Tekcty. OH nogesbeH 6pojem 3295 cBuX CnoBa je

seposaTtHoha Tor cnosa, Pr(A) = 0.125, koja je nocnearsn 6poj KonoHe. [
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Y cBa Tpu npumepa Bogehe dpeKkBeHuUje MMajy HEKM CamMOorIacHUUM Koju cy y rpynama 1-3, a 3a tbMa
cnepe cee peha cnosa a3byke. TelKo je HanameT pehu aa v je oBa AncTpmubyumja (cBMUx cnosa as3byke)
€KCMOoHEeHUMjaHa, WTOo 61 3HaYUI0 He3aBMCHOCT cneaehunx genoBa TeKCTa o4, MPeTXOA4HMX.

YHanpeg, £aTo ¢/10BO a3byKe y TEKCTY MOXKe Ce M0jaB/bMBaTU Y EKCMOHEHLMja/IHOj pacnofenu, a Aa 3a
AMCTPUBYLMjy CBUX CnoBa a3byKe To He mopa BUTU. Y cay4dajy HacyMUYHOT TeKCTa, AUCTPUbYLMja cnoBa
b6uhe yHndopmHa (MakcumanHe BepoBaTHohe Ha MHTepBany Te a3byke), anun he y cayyajy cMUcaeHuUx
nopyka nmatu yewha u peha cnosa. 3aT1o he ,,cMUCNIEH” TEKCT (ca NOPYKOM) MUMATU Makby MHPOPMaUnjy
oA ,6ecmncneHor” (HacymuyHor)!

OBO 3anarkarbe je NOTBPAA, MHAYe KaXKy MM ,,ancypAHor” ctTaHoBMLWTa moje ,, Teopuje MHpopmaumje”, aa
CaonLwiTaBakbeM NOPYKa Was/beMo Makbe MHdopmaumje. To je 3aTo WTO je Wym (CMeTHa) A04aTaK Koju He
6puwwe opurnHane seh nx camo 3amarsvyje, geanmHbopmuile Hac. JJocneaHo y MOjoj HaBO4HOj Teopuju,
opraHM3aumnjom moryhHOCTU cMakbyjeMOo HUXOBY ,, KOAUYMHY onuuja“ (MHpopmaumjy), UM CAKYHO, ca
opraHM3aumnjom ApywTBa cMakbyjy ce cnoboae (npocevyaH obum nsbopa) nHansmaya. To cy 3anpaso u
HEKW Of, IMaBHUX CaZprKaja pacnpaB/baHMX Y OBOj CKPMMTKU, NONYT NPUBAAYHOCTU MUHUMANN3MA.

64.3. Pa3ggojuBocT

EpnaHr je o0CHOBHa jeanHMLA TeNEKOMYHUKaLMOHOT caobpahaja Kojy KopucTe AnsajHepu roBOpHUX
cUCTEeMA — Ha3BaHa No AaHCKOM MaTemMaTuyapy, CTaTUCTUYapyY U UHXKEHEPY, KOju je n3ymeo obiactu
caobpahajHor NHKerepcTBa U Teopuje YeKara. M3HeTM NpomMeT y epaaHrMma je npocevyaH 6poj no3unea
M3mepeH y AaTom nepuoay (4ecto jegaH caT), 40K je noHyheHu caobpahaj oHaj Koju 61 ce NPeHOCno ako
61 cBU NoKywaju 6uaum ycnewHu. Osae hemo Harnacuti camo jeaaH og, acnekata EpnaHrosux npoueca,
HMXOBY cenapabuaHocT (pasaBojuBOCT).

Teopema 2. (EpnaHros npouec) NpeTnocTaBumo fa Cy UCMyHEHWN CBU YCI0BU 3@ EKCMOHEHLMjaNHN
npoLec 1 Aa BaXKK cenapabuaHocT, Tj. Aa je NojaBa 4,Ba UV BULLE PA3/IUYUTUX CUTHANA Y UCTOM
TPeHyTKy (ckopo curypHo) Hemoryh gorahaj. Taga je BeposatHoha nojase TauHo j = 0,1, ..., s curHanay
WHTepBany BpemeHa t > 0 jegHaKa

rae je napametap A > 0.

Zoka3: Mpema dopmynam notnyHe BepoBaTHohe je

j
Fi(t+At) = Z Fi(t) - Fi_1(At).
i=0

Haume, npujem j curHana y untepsany t + At moxe ce pacTaButu Ha j + 1 HesaBucaH gorahaj:

1. OcurHanay t, aj curHanay At;
2. 1curHany t,aj — 1 curHany At;

j*1. jeurHanay t, a 0 curHanay At.
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Yamemo nu gososbHO Mano At — 0, Taga npeTrnocTaBKa cenapabuiHOCTM UCK/byYyje cuTyaumje og, 1 o
j. 3aToje

Fi(t + At) = F;(t) - Fo(At) + Fj_1(t) - F;(At).
M3 uctor pasnora (At — 0) ce y uHTepBany At MoKe NojaBUTU jefaH UM HUjedaH curHan, Tj.
Fo(At) + F;(At) = 1.
Otypaje
Fi(t +A0) = [ () = [F-1(0) = F®)] - Fy(40).

Osgae je Fy(At) BepoBaTHoha fa ce Hehe NojaBUTU HUTU jefaH o4 CUrHana y uHTepsany At nog,
NPETNOCTaBKOM BaXKeHa eKCMOHEHLMjaNHOr NpoLLeca, Te je:

Fi(At) =1 - Fy(At) = 1 — e ™ =L - At + o(At).
Mpenackom Ha nMmec, Kaga At — 0, nobujamo jegHaunHe

dF;
_letft) =—\- F}(t) + A F}_l(t)'

ca noyeTHum ycnosuma Fo(0) = 1, F;(0) = 03a j > 1. /lako ce pewasajy cmeHom F;(t) = e‘“fj(t),
rae cy fj(t) HenosHaTe dyHKupje. Lobujamo

dfi(t
P2 s
rae je fo(t) = 1. Pexkyp3uje aajy:
A t)) )
fj(t)=( j!t) , ). F,-(t)=(j? reM,

Tume je Teopema fOKa3aHa. B

Mornepajmo Kako ce ucta Teopema (EpnaHros npouec) Hanasu n3 Koamoropossbesux gudepeHunjanHmx
jeaHauunHa. 36or cenapabuUnHOCTK, 338 Mann MHTepBan At y Kojem ce MOXKe o4BWjaTh HajBULLE MO jeaHa
TpaHchopMauuja, I?(At), moryha je camo jegHa npomeHa cTakba cucrrema. Mpema Tome, 3a 4aTo I camo
je jepaH op koedumumjeHaTa k;j (I # j) pasnnunT og Hyne. Ako je F; BeposaTHoha peanusauuje i-Tor
cTarba (cTurno je [ og, S cMrHana), oHAa cucTem 3a Bpeme At moxke npehu Hajaame y i + 1 cTarbe.

360r HE3aBUCHOCTM je ryCTMHa BepoBaTHohe MelyCoBHMX Npenasa KOHCTAHTHa, Na 3a CBaKO | je:
Mig =—=h Ajjp1 =4

[L,OK Cy CBU OCTaNM KoeduLMjeHTH Hyna. To je A0BOJ/bHO Aa ce dopmupa cuctem andepeHumjanHnx
jeaHauYmHa

dF;
dtft) = —A- Fi(t) +A- Fi—l(t)

ymnje pewemse je EpnaHros npouec.
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EpnaHros npouec ce moxke 4o6uTH 1 13 T3B. bepHynjeBe Weme Koja nocmaTpa camo jegaH cyyajHu
porahaj m Koju ce gewasa ca BepoBaTHOhom p, aun nsocrtaje ca seposatHohom g = 1 — p. Ako onut
NnoHaB/bamo 1 NyTa, oHAa bepHynunjesa BepoBaTHoha aa he ce pgorahaj m gecutn tauHo j = 0,1, ..., n
nyTa U3HOCH

ny ...

P() = (j)p’q”"-
Akon - P,(j) = a, kapa je j dukecnpaHo n n — oo, Taga
a’

P,(j) - ]_' e %

JeTtasbHa objawrberba 1 AOKa3e MOXKETe BUAETM Y MOjoj KbK3n KBaHTHa MexaHuKa, 1.1.7 Pacnogene
BepoBaTHoha. NMocebHO camo o cenapabuaHocTn KacHuje hemo ce No3abaBUTM Maso geTasbHUje.

Teopema 3. (MyacoHos cTaB) AKo je
n
full) = () P = po)n "

W aKo HM3 BpojeBa p, = a,, = a Kajan — o, Taja je

ak
. "
31—{2 falk) = T e %

JoKas:

k n—-k

fu(k) = (Z) pr(1—p )" = #'_k). (O;_n) ' (1 _O:Tn) B

=a_5.(1_@)" (1—%)-(1_%)...(1_k;1).

" (1-%)

n
Kaga n — oo Tpehu dpakTop, BeMKM pasnomak, Texu 1, cpearn Texku e~%, a npsu a® /k!. Tume je cTas
[OKasaH. |

Kapga y bepHynunjeBoj wemu mepmumo n nyTa nojasy Aorahaja i y TOKy BpeMeHa t, a Kada 3a UCTO Bpeme
n — oo pobuhemon -t - p, — a, OAHOCHO N - P, — A, AOK je a = At. OBa je anpoKcMMaLuja Hapo4mTo
norogHasan > 50 unp < 10. U3 MNyacoHose aobujamo EpnaHrosy, To 6p:Ke LWITO je a Makbe.

XaoTWYHO KpeTatrbe YecTuLa, N03HATO Kao bpayHOBO KpeTakbe, MMa 0BY 0COBUHY. AKO ce ancuca jeaHe
yecTuue Nomepa 3a X y/1eBo UK yaecHO npema bepHyanjesoj wemu, oHga he KpeTakbe MHOTO YecTuua
OnMcMBaTK rpaHMYHM npouec MyacoHoBor cTaBa.

Ca gpyre cTpaHe nmamo ycnose EpiaHrosor npoueca:

i KpeTakbe YecTuLe He 3aBUCKU 0 M36opa NOYETHOT TPEHYTKA;
ii. yecTuLe y pasanumuTum obnactuma ce Kpehy He3aBUCHO;
iii. HeMaMmo 4Be AU BULLE YeCTULA Y UCTO] TAYKMK.
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Mpema ToMe je jacaH cmucao BepoBaTHohe

lk
Fk(k) = F e“k, A>0

raoe je A = np o4yekmBare, p BepoBaTHOhA CBAKOTr NOjeaMHOT UCXOAA Y HU3Y OZ, 1 ONUTa, NMPU Yemy je
}esbeHu 6poj peanusaumja TauyHo k. Osako dopmynncaH MyacoHoOB NpoLLec ako ce NnpoBepasa U fo6po
anpokcumupa bepHynujesy pacnogeny 3a A < 10 u n > 50.

MNpumep 5. Y npetxoagHom, 4. npumepy, BepoBaTtHoha nojas/bmBatsa cnosa '®' je p = 0.002. Tpaxknumo
BepoBaTHohe fa y cayyajHo 6GupaHom HM3y oz 100 ciioBa Tor TEKCTa:

1) 6ypae TayHo 5 cnosa 'P;
2) 6poj cnosa 'd' Huje Behu og, 5.

N3 BepoBaTHOhe Aa je HacyMmn4HO €10BO ynpaso TpasxkeHo, Pr(®) = p = 0.002, cneam BeposaTHoha Aa
TaKBo (NnojeanHo) cN10BO Huje TpaxeHo, Pr(—~®) = 1 —p = q = 0.998. Kako Hu3 o, 100 c/ioBa MOXKeMO
CXBAaTUTUM KAO HE3ABUCHO NOHaB/batbe jegHor cnosa 100 nyTa, To je npema bepHyaunjeBoj wemm:

1) fioo(k =5) = Pr{k = 5} = (*3°) x 0.002° x 0.998°% ~ 0.000002;

2) fioo(k <6) =Pr{k <5} =Pr{k =0} +Pr{k =1} + -+ Pr{k =5} =

~ 0.818567 + 0.164041 + 0.016273 + 0.001065 + 0.000052 + 0.000002 =~ 0.99.

MehyTum, moxkemo npumeHuTU 1 MyacoHoBy anpokecumaumjy, jep A = np = 100 X 0.002 = 0.2 < 10w
n = 100 > 50. Tako uspayyHaBamo:

k 5
1) Pr{k=5}= % e =22 ¢702 % 0.000002;
O.Zk _ _ 0.2 0.0 0.008 0.00 0.00032
2) Pr{k <5} =Xg e % =e"? G+T+T4+ T ) ~ 0.999.

Pe3ynTaTtu cy jeaHaKM y NPBUX LWECT geummana, a busanv 61 jow Buwe yjegHaveHu 3a Behe n 1 marbe p.
CnyyajHu Uceyak gaTtor TeKcTa: ,,HacTtojehu Aa Ty HelWwTo NoNpPaBMMO Y He3Hakby a CMO 3anpaBo KPTBe
WKPTaperba NpMpoae y AaBakby MHbopmaumje. Fpumu cy NpumMeTMan® — Kao wro ce sunam, ma 101 cnoso
W jegHo nojassbmBakbe cnosa ,,d“. HajseposaTtHuje (py = 0.82) na y Hu3y og oko 100 cnosa, cnosa '¢p' HU
Hehe 6uTn.

OuekunBarbe 1 BapujaHca MyacoHose pacnogene cy E(X) = Var(X) = A, y 5. npumepy A = 0.02, wTo ce
BMAM Aa je Takohe TauyHo Kpos 2, 3. u 4. npumep, jep ce BepoBaTHohe cnoBa '¢p' Tamo nojassbyjy peaom:

5 7 6
2268 =~ 0.002205, 3217 0.002176, 3295 = 0.001821.

Bapujauuje cy y oKBMpY M3pavyHaTe BapujaHce, a CIMYHO je U ca bepHyaunjesom wemom. To je yjegHo U
BPCTA ,,eKCnepumMeHTanHe"” NoTBpAae Aa ce NojeAMHa C/10Ba Yy TEKCTY ApKe eKCNOHEHUMjaIHe pacnojene,
KOHKpeTHoO MyacoHoBe. Takohe, Aa je Nnojas/bMBatbe yHanpes, AaTor C/1I0Ba Y HU3Y C10BA TEKCTA /IMLLEHO
memopuije.
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65. Perpecuja

Bpatumo ce Ha npumepe rpadosa [64. Mpad 2] AucTpmnbyLmje cNoBa Yy TEKCTY M NPaBe NHUje Koja UX
Hajbosbe npeacTas/ba. Yamumo caga cneaehu npunor (1.4 demuHnsaumja) us ncte Krbure ,Mpuye o
nHbopmaumin“, npebpojmo cBe 3HakoBe HoBoOr TekcTa (3850) u nocebHO younmo u npebpojmo cea
hupunnyHa Benrka n mana cnosa (3150). Pesyntar je:

A+a=3+373=376 H+H=3+205=208
B+6=1+39=40 HB+w=0+35=35
B+B=1+102=103 O+0=2+284=286
Fr+r=1+45=46 N+n=4+90=94
O+n=6+93=99 P+p=0+161=161
b+h=0+6=6 C+c=3+155=158
E+e=1+300=301 T+1=2+136=138
K+xk=0+14=14 h+h=0+21=21
3+3=4+66=70 Y+y=2+129=131
M+n=5+320=325 P+¢p=1+15=16
J+j=0+110=110 X+x=0+17=17
K+k=3+94=97 U+uyu=0+39=39
N+n=1+73=74 Y+y=0+23=23
Jb+mn=0+14=14 Ll+y=0+0=0
M+m=0+121=121 W+w=0+27=27

HakoH copTupatba no 6pojy NojaB/bMBakba CNOBaA, 40OMjaMO HUXOB ,MaacmaH":

1. A 376 0.119 11. J 110 0.035 21. B 35 0.011
2. 1 325 0.103 12. B 103 0.033 22. W 27 0.009
3. E 301 0.096 13. 4 99 0.031 23. 4 23 0.007
4 O 286 0.091 14. K 97 0.031 24. k 21 0.007
5. H 208 0.066 15. M 94 0.030 25. X 17 0.005
6. P 161 0.051 16. 1 74 0.023 26. ® 16 0.005
7. C 158 0.050 17. 3 70 0.022 27. K 14 0.004
8. T 138 0.044 18. ' 46 0.015 28. /b 14 0.004
9. ¥ 131 0.042 19. b 40 0.013 29. B 6 0.002
10. M 121 0.038 20. 1, 39 0.012 30. LI O 0.000

Y nocneam0j KONOHMU cy PppekBeHUMje, Tj. ,CTaTUCTUUYKe BepoBaTHohe”. To cy bpojeBu npeTxogHe
KOJIOHE Ae/beHWN KOHCTAHTHUM Bpojem cBux cnosa (3150).

65.1. lMpaBosnHMjCKa

Ha cnegehe age caunke cy rpadosu auctpubyumje ropkbix 30 BEAMKUX U Manux coBa cpricke hupuaumue.
Ha neBoj, Ay ancuuce, Aone NOTNMCAHO CI0BMMA KaKo b1 ce Morao BUAETU HUXOB Nopeaak, MHavye us
NpPeTxo4Hor njacMmaHa ,Ton ancte”. [lecHo je ucta guctpnbyumja ca rpadpom npase AMHUje (MnHeapHe
perpecuje) Koja ux ,Hajbosbe” anpokcnmmpa.

Tauke anctpubyuuje aate cy naposmuma koopamHata (X, ¥i), 3a k = 1,2, ..., s, rae je y Hawem caydajy
6poj cnosa s = 30. Ha npumep T(8, 0.044). Npasa nmHuja perpecuje je fi, = f(xx) = ayxx + ay, ca ay
U @, KOHCTaHTHUM NapameTpuma Koje hemo caga u uspadyHatu. Hus xj cy, Kao WwTo Buanmo, npsux 30
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npupoaHux 6pojeBa, a KOHCTaHTe (a1 U A3), TPAKUMO METOAOM HajMakbMX KBagpaTa, Tj. Tako Aa 36mp
csux 30 KBaZpaTa pas/IMKa opAMHaTa AaTUX Tavaka (Y ) U opauHaTa perpecuoHe auHuje (f;) byae wro
je moryhe matu.

0124 e 0124 e
ae{ © ated *
i .
L J
n <
nce e
. 006
a0e
". 0.04
0.04 )
-~
toes 0.02
e

002

’oo.. 0.00 4
.I....
0.00 ®

e ~0.02 < r r - - T .
AMLEOMPCTYMN ) BAKDAITLUNBUNH XL, U 0 5 30 1s 20 75 0

Apyrvm peuvrma, TparkMMOo TaKkBe a4 U a; Aa GyHKLMja

glag,a) = (fi —y1)?> + (o —y)* + -+ (i —y)? =

= (a1 +az —y1)? + (a1 + ay — y)% + -+ (a5 + @z — y5)?

S
= Z(a1xk + ay — yi)?
k=1

MMa HajMatby BPeAHOCT:

0 i)
_g—O _g=

- Y 0)
Jday Jda,

S S
Z 2(a1x, + az — yi)xx =0, z 2(a1x, + az —yi) =0,
k=1 k=1

S S S S S
2 — —
alzxk‘l'azzxk—zkakv a1zxk+azS—ZYR
k=1 k=1 k=1 k=1

k=1

alAZ + a’2A1 = Bl' a1A1 + a,S = BO

rae cy bpojesu:
S S S S
A, = Z x2 = 9455, A, = z X =465, B; = Z XxYr = 7958095 B, = Z Vi =1,
k=1 k=1 k=1 k=1

nosHatu (s = 30). Cuctem AMHEapPHUX jegHauMHa:

{alAz + a2A1 = Bl
a1A1 + a,S = Bo

MMa pelleme:
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sBy — A1By _ s Qier Xkyi) — Qf=1 xx)
sA, — A s (T %) — Cioy xi)?

(

|

{ka AzBo — A1B; (Zi 1x,%) - (Zi 1 %) Q=1 Xk Vi)
2 =

a, =

A, — A2 s (o xd) — (T xp)?
_30-7.958095 — 465 —226.25715 0.0033556862
177309455 — 4652 67425
9455 —465-7.958095 5754.485825 0.0853464696
%2 =730 9455 — 4652 67425
[06unamn cmo rpad NnpubamkHo npase nHuje, jeaHaumHe f(x) = —0.003x + 0.085. KoeduumjeHTn cy

joj manu 6pojesu 360r pasmepe KoopaMHaATHOr cucTema. OpguHaTe cy AeNoBU jeanHuLe (BepoBaTHohe)
a ancuuce cy npupogHu 6pojesu (30 nyTta Behu), a 3aTUM by paBHajy U ydyelwha MHOTMX PETKUX C/I0Ba.

Cpeftbe BpeAHOCTM (O4EKMBaba) AaTUX M M3PAYyHATUX TayaKa cy:

N N

Uy = Z XYk Min = Z X fre

k=1 k=1

Uy = By Wiin = @14, + a4,

Aakne jeaHake cy (a1 A, + @, A1 = By), 0oBAe U = ly = phin = 7.9580952380952, ca pasnmkeama (39 u
41) Tek HakoH 13. geunmane, a 1 To 360r rpelaka 3a0KpYKMBakba. McTe cy 1 BapujaHce:

N N

1 1

oy = EZ(Xk - ﬂy)z = EZ(xk — tin)? = ot = 0% = 131.796994,
k=1 k=1

na cy UM ucTe u Aucnepsuje g, = Ojip = 02 =11.480287, wTo je pasyM/bMBO U MHTYUTUBHO, jep Ccy TO
Mepe cpearbe yaa/beHOCTU MHadYe GPUKCHUX TadaKa ancumce (x; = k) oa jegHe teHe PUKCHe Tauke (u).

Kako je 6poj andal HeraTmsaH, a 6poj anda2 je penatusHo manm (a; < 0un a, = 0), To peaHn 6pojesu
Ha Kpajy McTe Aajy HeraTMBHe opauHarte (f, = a,x, + a,), HaBoAHe BepoBaTHohe cnoBa (ca peagHUM
6pojem x;, > 25). OHe cy, fakne, HETauHe M YMHe AoAaTHU npobnem ynotpebe oBe perpecuje.

Y cnepehoj Tabenv HaBOAMM NPETXOAHY ,, TON AUCTY” ynopeao ca u3padyHaTum sepoBaTtHohama, HoBe
npema bopmynu fi, = a1x; + a, ca koebdbuumnjeHtuma a; = —0.003356, a, = 0.085346. Nocneare
HeraTuBHe U3payyHaTte ,BepoBaTHohe" Takohe cy y Tabenun, Mako TaKBMUX CTBAPHO HEMA:

1. 0.119365 0.08199 11. 0.034921 0.04843 21. 0.011111 0.01487

2. 0.103175 0.078634 12. 0.032698 0.045074 22. 0.008571 0.011514
3. 0.095556 0.075278 13. 0.031429 0.041718 23. 0.007302 0.008158
4. 0.090794 0.071922 14. 0.030794 0.038362 24. 0.006667 0.004802
5. 0.066032 0.068566 15. 0.029841 0.035006 25. 0.005397 0.001446
6. 0.051111 0.06521 16. 0.023492 0.03165 26. 0.005079 -0.00191
7. 0.050159 0.061854 17. 0.022222 0.028294 27. 0.004444 -0.005266
8. 0.04381 0.058498 18. 0.014603 0.024938 28. 0.004444 -0.008622
9. 0.041587 0.055142 19. 0.012698 0.021582 29. 0.001905 -0.011978
10. 0.038413 0.051786 20. 0.012381 0.018226 30. 0.000000 -0.015334
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3aT0 HK ), fi Huje 1, a Tpebano 6m 6utn. CanyaH je npobnem ca LLieHOHOBOM MHPOPMaLMjOM, HE AaTHX,
Hero perpecujom gobujeHnx BpeaHOCTU. Mnak HaBoAMM OBaj pPadyH:

Sy== ) Yilog,yi = 4292664 Sin=— Y filog fi 4486895
Yi>0 x>0

Y3umam camo nosutmneHe BepoBaTHohe (cBux 15 geunmana, Komnjytepom). Ucnaga ga je nHdopmaumja
»pacytnx“ S, (opanHata) unak marwa oa ,yjeaHadeHe” undopmauuje Sy, (MHKje). To je npuxsat/bmeo,
jep ,xopusoHTanHuje” BeposaTHohe, paBHONPABHUjUX UCX04a, MMajy Behy MHbOpMaLHjy.

3a Kpaj 4edMHUWMMO 1 3aNaMTUMO ,,AUCTaHLy” n3mehy AaTMX U OBAKO M3pPaYyHaATUX BPEAHOCTH:

diin = d(fiin, ¥) =V (i = y1)? + - (fs — 5)? = 0.072938

Taj 6poj dji, YTONMKO je Matbk WITO je 6o/be Hanerakwe MHUje Ha Tauyke AaTe pacnogene. 3a pas/nKy o4,
avcnepsuje o = 11.480, mepe npoceyHe yAa/beHOCTM CBUX ancumca o4 ukcmpaHe, oo dji, = 0.073 je
MeTpUKa, pacTojatbe n3amehy HM30Ba (BpXoBa BeKTOpa).

65.2 MapabosHa

Y3MKO oneT ucte NpeTxoaHe Tauke AUCTpubyumje o3HadeHe naposBmuma KoopamHata (xy, Vi) MHAeKca

k =1,2,...,s. bpoj cnosa je s = 30 u, Ha npumep E(3, 0.096). Nunuja perpecuje 6uhe caga keagpatHa
dyHRUMA frar = f(x) = B1x? + Box + B3, KOHCTaHTHUX NapameTapa B, B, v B3 Koje Tpebamo
M3payyHaTu.

Mpeux s = 30 npupoaHux 6pojesa xj aeduHuwy opamnHaTe fi, = f(xx) = B1xZ + Box) + 3 napabone
foar KOjy TPaxmMMo — TaKo Aa cy pasnuke |fi — yi| wTo je moryhe marbe. Kopuctumo onet ucty metoay
,HajMarux KBagparta“:

9Bs, 2B = ) e =y10? = ) (Buf + Bt + Bz — )’
k=1 k=1

Tpetupajyhu 1, f2 1 B3 Kao Henmo3HaTe NPOMEH/bUBE, Ca HU30BUMA X, U Vi, AAaTUX KOHCTaHTU:

0 0 0
99 _ 0, 99 _ 0, 99 _ 0,
a9, 9P, dp3
P1As + B2As + B3A; = By, P14z + BA; + B3Ay = By, P14z + B2A1 + sP3 = By,
rae je:
S S
Ay = Z xp =5273999, A; = Z xp = 216225,
k=1 k=1

N

A, = Zx,% =9455, A, =
k=1 k=1

NgE

Xk = 4'65,
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S S

Bo=1, B, = Z Xy Vp = 7.958095, B, = Zx,iyk = 104.390476.
k=1 k=1

OBo cy KoedULMjEHTU CUCTEMA IMHEAPHUX jeAHAauYMHA MO Heno3HaTtuma 1, B, u B3:

P144 + B2As + B3A; = B,
p14s + oA, + f3Ay = By
P14; + B2A1 + B3s = By

HenosHaTe Tpaxkumo KpamepoBom, meTogom aetepmnHaHTh (s = 30):

A, As A, B, A3 A,

A= |A; A, A;]=9051851200.000034, A,=|B; A, A;|=1552316.1428571267
A, Ay s By A; s

Ap= |43 B; A;| =-78496972.6952381, A.=|A3 A, B;|=1029193145.7523854
A2 Bo S AZ Al BO

Aa Ab Ac
pr == = 0000171, B, =—==—0008672, p;=— =0.113700.

Napabona perpecuje, keagpatHa dyHKumja f(x) = B1x2 + Box + 3, uMa MuHUMyM fo = =3 X 1076y
B2

TAYKM Xo = Y 25.283823, wTo 3Hauu Aa tbeHe BpeaHOCTM HaKoH 25. cnoBa pacty. To ce Bugu y
ynopeaHoj tabenun ,ton nucre”:

1. 0.119365 0.105199 11. 0.034921 0.039059 21. 0.011111 0.007217
2. 0.103175 0.097042 12. 0.032698 0.034331 22. 0.008571 0.005919
3. 0.095556 0.089227 13. 0.031429 0.029947 23. 0.007302 0.004965
4. 0.090794 0.081756 14. 0.030794 0.025905 24. 0.006667 0.004353
5. 0.066032 0.074627 15. 0.029841 0.022206 25. 0.005397 0.004084
6. 0.051111 0.067842 16. 0.023492 0.018851 26. 0.005079 0.004158
7. 0.050159 0.061399 17. 0.022222 0.015838 27. 0.004444 0.004575
8. 0.043810 0.055300 18. 0.014603 0.013168 28. 0.004444 0.005335
9. 0.041587 0.049543 19. 0.012698 0.010842 29. 0.001905 0.006438
10. 0.038413 0.044130 20. 0.012381 0.008858 30. 0.000000 0.007884

Y npBoj KoNoHM Tabene je ,nnacmaH” cnoBa, y Apyroj je aata ¢pekseHuuja, y Tpehoj nspauyHarta. Bugm
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ce Aa HakoH 25. nosuuuje gate seposatHohe u
Jasbe onagajy, Aok napabonHa pacte. To 3Hauu
03 HW KBaZpaTHY, HX NPaBOJIMHU]CKY perpecujy,
& CBaKy 360r kbeHMx nocebHOCTH, He Tpeba cyBuLle
pa3BAauMTM y npumeHama. Mehytum, Hosm rpad,
KBaZpaTHe perpecuje, 3Ha4yajHo 60sbe Nexu no
AaTUM TayKama, Kao LUTO MOKasyje C/INKA NeBo.

a0 “easy Mnase Tauke NpeacTas/bajy AaTe BeposaTHohe

0004 \'Q“ cnoBa hupunuue, nnasa AMHUja NPABOSUHUjCKY

. ‘L ' ' N perpecujy, a *KyTa je perpecuja napabosom. Ucta
° 3 0 & % 4 9 Cy OYeKMBaHbe HOBE perpecuje NPeTxXoaHuMm, jep:

s s
Hpar = Z xkfk = Z xk(ﬁlxl% + ﬁzxk + .83) =
k=1 k=1

N

S S
ﬁ12x1§+ﬁ22xﬁ+ﬁ32xk = 143 + 24z + B3A1 = By = p,,.

k=1 k=1 k=1

[Jakne, cpepbe BpeLHOCTM (MaTemMaTMYKa OYEKMBaAHbA) NapabosiHe, NPaBo/IMHUM|CKe perpecuje u aate
AUCTpubyumje jeaHaKa cy:

Hpar = Hlin = Uy = LU = By =7.958095.

BapwujaHca 1 gucnepsunja KBagpaTHe perpecuje nsHoce:

1 S
Olar = ;Z(fk — )% = 62.802826, Oy = /agar = 7.924823
k=1

Ma cy Tpu gucnepsuje (4ate, MMHUjCKe N napabosiHe perpecuje), KOPeHN BapujaHCK:

oy = 7.924826, o0yin = 7.924815, opar = 7.924823,
Yy NOPETKY CY: Oy < Opar < Ty, @71 Pa3auke cy 3aHemapsbuse. LLleHoHoBa Hdopmaumja je

Spar = — z filog, f = 4295455

fx>0
Tpu (jeaHako gedunHucaHe) LLleHoHOBe MHbOPMaLUje OBUX pacnoaena:
Sy = 4.292664, Sjip = 4.486895, Spar = 4.295455,
cy y nopetky: Sy, < Spar < Sjin. LMCTaHLe BEKTOPa IMHEApHe U KBafpaTHe perpecuje of, aate cy:

diin = d(fiin,y) = 0.072938, dpar = d(fi)arr y) =0.037036.

Hajsuwe cy yjegHayeHe BepoBaTHOhe NMHeapHe perpecuje 1 Takea Mma Hajsehy nHbopmaumjy, jep joj je
HEeW3BeCHOCT, @ OHAA U eMUTOBaHa MHPOpPMaLLMja, MaKCcMManHa. MHpopmaLmja paBHONPaBHUjUX LLAHCK
Beha je. Kog aate pacnogene pasnvke seposaTHoha Hajsehe cy M OHa o4 0BMX U3pavyyHaATMX MMa Matby

MHpopmaumjy.
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OBO 3anarkatbe HamM MOMKe U3rneaaTtu ,YyaHo", aam NpMMeTMMO Aa je aocneaHo. CaapyKajaH, CMUCAEH,
WM NAMETHMU]jM FOBOP je YCMEePEHNjU, OPraHU30BAHU|U, OH je peayKoBaH o4 HenseecHOCTU. CAMYHO je ca
nosehaBarbem MHbOpPMaLMje KaHana NpeHoca NopyKa 40K ce goaaTtHo ontepehyje cmeTHhama (Lymom).
Takohe, 6osbe ce yknanajyhu y 6o/be opraHM3oBaHO APYLUTBO ry6UMO HeKe nyHe cnoboae (KonnymHe
onuuja, Tj. tHbopmauumje). Texxehn cUrypHoCTH oApmnyYeMo ce HEM3BECHOCTU, yKnanajyhu ce y nopegak
ofycTajemo og ,HenoTpebHux” onumja, oa pmusmka. Takohe, To 3Ha4M Aa pacty HejegHaKoOCTM moryhux
Hawwux u3bopa (3HaMo LITa HaM je YMHWUTKM), CMakbyjy ce , lITeTHe” anneme u obum Hawmx cnoboga je
3anpaBo Makbu. Taga je marba LLleHoHOBa MHPOpMaLMja HaLWKX O4NYKa.

Mo3HaTo Ham je Aa 3a4aum TparKerba EKCMOHEHLMja/IHUX perpecmja MeToama HajMmakbnx KBaapaTta HUCY
NIaKo peLunBu, nNpe ceera 360r HeE3roAHUX TPAHCLEeAEHTHUX jelHAaYMHA Koje Ham Taja cToje Ha nyTy. To ce
Aenom BUamn ns npumepa Koju cnegm, a 3atum hemo caBnagatv v 1aj npobnem, Ha Apyrayunjy HaumH.

65.3. EKcnoHeHumMjanHa

Heka je aaTa ncra auctpubyumja cnosa, ca KoopamHatama Tadaka (X, = k, yi) ¥ NOTPaXKMmo Hajbamnxy
H0j EKCMOHEHLMjaHy pacrnogeny. To MOXKemMOo NOKYLIATX HA MPETXOAHM HAuMH, Tj. METOL40M HajMakbUX
KBaJpaTa, Kao WTO je NpuKasaHo y cnegehum npumepy.

Mpumep 1. dyHKumja f;, = f(x) = e~** uma koepuumjeHT A > 0 KojU TPAKMMO METOAO0M HajMakbUX
KBagpaTa. To 3Hauu, 3aBMCHO 04, NapameTpa A, Hahu MUHUMYM byHKUMje:

g) = Z(fk -yt = Z(e_kk —Yk)z-
k=1 k=1

3a CTauMoHapHY TauKy, HanasMmo 13Bog, g no A, Tj. g—i = 0, 0AHOCHO X7 — ¢ —k(e‘“‘ - yk) = 0. Cnegu

Aa Cy O4YeKnBaHe BPeAHOCTM AaTe M OBe pacnoaene jeaHake (iy, = [, = ), Te:

s s s 5 5 s
©= Z ky;, = Z ke M = — ) — (M) = __(Z e—m) _
k=1 k=1 k=1 67\’ 67\'

k=1

a( , 1-— e~sh L 1-(+ 1)e~s* 4 se~(s+DA
SR (P N )

oL 1—e (1—e?)2
MehyTtum, Beh 3a jegHoundpeHe 6pojese s, Te 3a A

He mHoro Behe og, 1, 6uhe
se~(STDA o (S 14 1)6_57‘

nasa s — oo ca obpom TayHoWhy MUMamMo NPOLEHY as
_ a2
u=e 7‘/(1—e 7‘) -
Y patom npumepy je u = 7.958, a Tome ogrosapa
A = 0.353. Buanmo Taj ekcnoHeHuujanHu rpad a4

F(x) = e~0:353%
}yTO 60jeH Ha CMLM AeCHO, ynopeao ca NiaBom
NpPaBoM JIMHWjOM 04, Npe, Kao M AaTe NaaBe Tayke

¢dpekseHumje (BepoBaTHohe) cnoea. [ p z v = o = =
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Beoma mHoro BeposaTHohe (3kyTor rpada) TpoLuu ce Ha BelomMa Maso C/I0Ba, Ma OKO/IMHA OYeKMBaHOr
(oko 8) uma 3apaBHEH, CKOPO XOPM30HTaNaH rpad, 6al y ,,ennueHTpy”. 3aTm, NOBPLLNHA UCNOA OBOT
rpada Huje jeaMHUYHa, Te OH He NpeAcTaB/ba pacnoaesny BepoBaTHoha.

[pyrv HauMH Tparkera HajbnKe eKCrnoHeHUnjaHe pacnoaesie AaToj je ogmax NPeTnocTaBKoM Aa ABe
pacrnogene nmajy UCTO O4EeKUBaHbe, Tj. Cpetby BPeAHOCT Haj3HavajHujer mecTa ancuumce. MNocebHo oBae
npubamkHo x = u = 7.958 pmajey = 1/u = 0.126, a notom ,,Haj6bos/bum” npocTo npornawasamo rpad
fy(x) = ye™"*, nocneaHo pasmatparuma u3 nogHacnosa ,64.1. HesasucHoct”.

pad oBe ekcnoHeHuUMjanHe PyHKUMje perpecuje,
KYTE JIMHWjE HA CIMUM NIeBO, NMPUJIMYHO YCMNELLHO
npo/asu Kpo3 gate Tayke BepoBaTHoha c/oBa.

Y OKONMHU O4YeKknBaka, ancumce U =~ 8, Harnob
L eKCrnoHeHumjanHe pyHKLMje NPUBANKHO je

| % d _
oo 2 Joar (1) = —y2e™ V¢ = —0.006.

0.02 { o8 . Y nopehemy ca Harmbom npase a; = —0.003, T0
e soe je 6UTHO cTpMMje onaaakbe, Ha ywTpb jow Buwe
' . 3aHeMapeHMx cnoBa oBe pacnoaen. 36or bper
o : 1c nafara BepoBaTHOha, MHPOpMaUuja perpecuje
eKCNoHeHUMjanHOM GYHKLMjOM je Matba o4 0BAe
npeTxoaHo obpaheHux. U 3aucta, To ce BuAM M Ha nonucy LLieHoHoBMX MHPOpMaLmja:

S, = 4292664, Sy, = 4.486895,
Spar = 4.295455, S, = 4.033481.

360r UCTOr OYEeKMBakba M UCTUX BPEAHOCTYM ancumce, perpecuje v Aate Tauke UMajy UCTy aucnepsujy,
o = 11.480287, ann Hemajy ncte anctaHue djj, = 0.072938, dp,,r = 0.037036 1 de = 0.029945, u3

yera cfiegm Aa je eKcnoHeHUuWjanHa pacnogena HajbauxKa aatoj, mano 6o/ba o4 HaBeAeHUX.

* %%

MowTo ce eKCNoHeHUMjaNHa perpecuja ANCTpubyLmMje cnosa TEKCTA NOKasana Hajbo/bom, 3aHUM/bUBA
HaMm nocTaje Teopema 13 Hacnosa ,41. OrpaHnyerba”, aa he ca yHanpes 4aTMM oYeknBarbem Hajsehy
MHbOPMaUMjy UMaTW ryCTUHA BepoBaTHOhe eKCNoHeHLMjanHe pacnogene. Pacnogena cnosa TEKCTa Ca
CMUCNIEHUM Cafip*KajeM je eKCNoHeHUMjaNHa, a TakBa pacnogena ,Hema namhere” [64.1. Teopema 1] 1
OTY/a 3aK/by4aK Aa NPeTXoAHMN AEeN0BM TEKCTA HEe YyTUYY BUTHO Ha cneaehe.

3a pasymeBakbe OBOr Napagokc, noHyamhy npeasor. Mpouec Koju je ,,3aTBopeH” ca eKCNoHeHLMjaHOM
pacnogenom eeh je Tako ,,NpebyKkupaH” aa He moxke nosehaBaTtu cBOjy MHPOPMaUMjy. YcnyT He HapacTa,
a KaKo (yraBHOM) cTapy nHGopMaumnjy He rybu — OH JaNeKo CTUXKe HenpoMereH. EKCnoHeHuujanHu cy
OHW Npouecu, AaKkne, Koju nHopmaumje 406pPO KOH3epBUPaAjY.

Cagfa ce HeobWYHa, Aa He Kaxkem dpaHTacTUYHa, NpeacTaBa NPETX0AHMX TEOPEMA NOYMHE CAaraTv nonyT
KOLKMLLA Mo3aurKa. Hagam ce ga npumehyjete KOAUKO je NnpesioxeHo objallbere cariacHo ca OnwToM
TEXXHOM NPUPOLE Ka Mak0j MHPOPMaLMjK, 43 je OLTPa MMCA0, N3BECHOCT TEOPEME, UM OpraHu3aumja
YONLITE, KOJIMKO NPUBAAYHa CBOjMM MakbKOM OMnumja cBEMY, TONMKO M 0460jHa HEM3BECHOCTMY.
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65.4. O nporpammparsy

Komnjytepcku jesuk ,,MutoH” (Python 3.9.7) KOpMCTUM Kao IMYHM KaNKy1aTop, a NOHEeKas nporpammpam
ca pasHUM Apyrum noctaskama’®. Paamo cam Kao NpojeKTaHT 1 nporpamep 3a 6aHKe, a U y HacTaBu, anu
TO 04,3BHO HUMje MOje OCHOBHO 3aHUMatbe. CNoXKeHM]a ,,u3padyHaBara” BOJIMM PaguTh ca MOAYIMMA U
dYHKLMjaMa Koje nporpammpam cam.

AHanusy dpeKkBeHLMje coBa U LpTare rpadosa pase mu gse GpyHKumje, slovaFr() n slovaGr(). Mpea uma
a30byKy BEJIMKUX U MasNX C/IOBA, YNTA 334aTV TeKCT, Bpoju cBe KapaKTepe TeKcTa, bpoju cBa faTa cnosa y
TEKCTY, copTupa dpekseHLMje cnosa. ObUYHO Apyrom No3nsBam Npsey, OHa NPeHOCU napameTap 1 Bpaha
nncTy cnosa u ogrosapajyhy ancty ppekseHumja. MapameTap je BUHapHM BPOj, PELLUMO XXX, 3Hayekba:
1xx ga ce wramna ,TekcT”, x1x Aa ce wramna ,,a3byKa” aeTas/bHO ca BEIMKMM M Manum cnoBuma, xx1 ga
ce wTamna ,Ton ancTa“. AKo ce He HaBege, Taj napameTap je ,,000“.

def slovaFr (binarno = '000'): # brojanje datih slova u 'teka.txt'

LI

binarno = 'bbb', b in {'0', '1'}:
'lbb' stampa 'text'
'blb' stampa 'azbuku'
'bbl' stampa 'top listu'

# open file in read mode

teka = 'teka.txt'

file = open(teka, encoding = 'utf-8', mode = 'r')
text = file.read()

file.close ()

if binarno[0] == '1': print(text) # ako je binarno 'lbb'
znaka len (text)

#eng—l — ['A', lBl, lcl, lDl, lEl’ lFl, |G|, |H|, |I|, lJl, lKl,
lLl, lMl, lNl, lol, lPl, |Q|, |R|, |S|, lTl, lUl, lvl, lwl, le, lYl,

#engz — [lal, lbl, lcl, ldl’ lel, |f|, |g|, |h|, lil, ljl, lkl,
lll, lml, lnl, lol, lpl, 'q‘l |r|, ‘S‘, ltl, lul, lVl, 'W‘, ‘X‘, |y ,
'Z']

srbl — ['A', lBl, lBl, ll’!l, IHI, VT)l, |E|, |>K|, 131, IMI, lJl,
lKl, lJ‘Il, 'JB', IMI, IHV, ll_bl, |O|, |H|, IPI, ICI, lTl, 'T]', lyl, l@l,
le, 'H'I lql, ILII, IH_'[V]
161, 'B', 'I", I’Hl, lbl, |e|, ‘}K‘, 131, 'M', ljl,
'K', 'J-[', 'Jb', 'M', IH , 'H:', |o|, ‘J._I‘, lpl, 'C', 'T', lhl, lyl, l(i)l,
'X', l]-_-Ll, 'q'l 'Ll', lml]

0]
=
o}
N

Il
o)

azb4 = [] # verovatnoce
# komada slova

Q
N
of
w

I

19 Oarosapam Ha NuTarba.
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azb2 = srb2 # mala slova

azbl = srbl # velika slova
broj = 0
koda = len(azbl) # broj s slova azbuke
for i,x in enumerate (azbl) :
slovl = azbl[i]
slov2 = azb2[i]
brl = text.count (slovl)
br2 = text.count (slov2)

br = brl + br2
azb3.append (br)

if binarno[l] == '1': #stampa azbuku, binarno 'blb'
print (slovl, '+', slov2, '=', brl, '+', br2z,
l_l, br)
broj = broj + br
continue
print ('Ukupno svih znakova =', znaka)
print ('Zbirno datih slova =', broj)
nn = 1
while True: # buble sort
if nn == 0: break
nn = 0
k = koda -1
for i in range (k) :
J=1 + 1
if azb3[i] < azb3[j]:
a = azbl[7]
b = azb3[j]
azbl[j] = azbl[i]
azb3[j] = azb3[1i]
azbl[i] = a
azb3[i] = Db
nn = nn + 1
rbr = [] # redni broj u 'top listi'

for i in range (koda): # stampanje 'top liste'
rbr.append (i+1)

vv = 0

if broj != 0: vv = azb3[i]/broj
azb4.append (vv)

if binarno[2] == '1': # binarno 'bbl'

print ("%$2d. %s %4d %1.3f" % (rbr([i], azbl[i],
azb3[i], azb4[il]))
return (azbl, azb4) # vraca top listu: slova, frekvencije
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To je npBa ¢yHKUMja. Peunmo, cmewTeHa je y pongep 'D:\Python',ymoayn 'ras', Kaga ce moxe
nosuBaTV U HEMOCPeAHO Hapeabama:

import sys
sys.path.append('D:\Python"')
import ras

X,y = ras.slovaFr('111")

MmaheTe cBa Tpu WTamMnakea, a y BpaheHum nuctama x, y buhe ,Ton ancta” peaom BenmMKux ciosa ca
oarosapajyhum ¢pekseHumjama. MNpse e Hapeabe foaajy ,,MMMTOHY” No3nLMjy 33 TpaKere JaTOTEKa,
Tpeha umnopTyje Moj MoayA, y Kojem ce Hanase oBe QyHKLMje, a YeTBPTa N03MBa GYHKLUN]Y ,CNOBHUX
¢dpeKkBeHUMja“ ca napameTpom ,,111“.

Cnepeha je dyHKumja slovaGry():

def slovaGr(binal = '0000', bina2 = '000'"): # regresije i graf

binarno = 'bb..b', b in {'0, '1'}

binal:
'"lbbb' distribucija datih
'blbb' linearna regresija
'bblb' kvadratna regresija
'bbbl' eksponencijalna regresija
bina2:
'lbb' stampa 'text'
'blb' stampa 'azbuku'
'bbl' stampa 'top listu’
LI
slo, fre = slovaFr (bina2)
s = len(slo)
x =[]
for i in range(s): x.append(i+1)
y = fre

# racun linearne i parabolne regresije
BO = Bl = B2 = Al = A2 A3 = A4 =0
for i in range (s

)
BO = BO + y[i]
Bl = Bl + x[i]*y[i]
B2 = B2 + y[i]*x[1]**2
Al = A1l + x[1i]
A2 = A2 + x[1]**2
A3 = A3 + x[1]**3
Ad = A4 + x[1]**4
print ('Al =', Al)
print ('A2 =', A2)
print ('A3 =', A3)
print ('A4 =', A4)
print ('BO =', BO)
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print ('B1 =', Bl)
print ('B2 =', B2)
nazivnik = s*A2 - Al**2
brojnikl s*Bl - A1*BO
brojnik2 = A2*B0 - Al*Bl
alfal = alfaz =0
if nazivnik != 0:

alfal = brojnikl/nazivnik
alfa?2 = brojnik2/nazivnik

print ('f(x) = al*x + a2'")

print ('alfal ="', alfal)

print ('alfa2 ="', alfa?)

f1 = []

for i in range(s):
fl.append(alfal*x[i] + alfaZ2)

# determinante Kramera
import numpy as np

deter0 = np.array([[A4,A3,A2], [A3,A2,Al], [A2,Al,s]])
deterl = np.array([[B2,A3,A2], [B1,A2,A1], [BO,Al,s]])
deter2 = np.array([[A4,B2,A2], [A3,B1,Al], [A2,B0,s]])
deter3 = np.array([[A4,A3,B2], [A3,A2,B1], [A2,A1,B0]])

det0 = np.linalg.det (deter0)
detl np.linalg.det (deterl)
det2 = np.linalg.det (deter?2)
det3 = np.linalg.det (deter3)
#print (det0, detl, det2, det3) # stampanije po potrebi

betal = beta2 = beta3 = 0
if det0 != O:
betal = detl/detO
beta2 = det2/det0
beta3 = det3/det0
print ('f(x) = bl*x"2 + b2*x + b3"')
print ('betal ="', betal)
print ('beta2 =', beta2)
print ('beta3 ="', beta3)

import matplotlib.pyplot as plt # graf distribucije
if binal[0] == '1"':
plt.scatter(x,v)

from scipy import stats # graf linearne regresije
if binalll] == '1':
nagib, presek, r, p, std err = stats.linregress(x, fl)
def funk(x):
return nagib * x + presek
grl = list (map (funk, x))
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'""'"plt.scatter(x,fl) # crta tacke '''
plt.plot(x, grl) # crta liniju

import numpy as np # graf kvadratne regresije
x = np.linspace (0, 30, 100)
X np.arange (0,30,1)
f2 = betal*x**2 + beta2*x + beta3l
if binal[2] == '1':
plt.plot (x,f2) # crta parabolu

import math # graf eksponencijalne funkcije
gama = 0
if B1 !'= 0: gama = 1/Bl
x = np.linspace (0, 30, 100)
X = np.arange (0,30,1)
f3 = gama*math.e** (-gama*x)
if binal[3] == '1':
plt.plot (x,£f3) # crta eksponencijalnu

plt.show ()
par = [Bl, alfal, alfa2, betal, beta2, beta3, gamal]
return(slo, fre, par) # slova, frekvencije, parametri

OBakBe nporpame MMam y pasHMM Bep3suvjama (y MoayamMma), 3a pasimumte GpyHKUMje U NpescTaB/bakba.
AKO NokpeHeTe HaBeAeHM rpaduyKkn Moayn Hapeabom

x, y = ras.slovaGr ('1111")

[aK/e ca yK/by4eHa CBa YeTMpK 3a LupTarbem,
pobuhete CAMKY AeCHO, a HU30BM X Uy buhe
cnosa v ogrosapajyhe ¢ppekseHuMje y pegocnesy
,Ton aucre”. Mnase TauKe cy gaTe ppeKBeHUMje, o109
npasa IMHWja perpecuje je nnaBa, perpecuja .08
napabonom je XKyTa, a YeTBPTa eKCNOHEeHLUMjalHa je
3eneHa.

0.12 4

Q.06 4
0.04

U3ocTaB/barbem npse jeanHuue (0111) Hema il

Tavaka, gpyre (1011) Hema npaBe nuHuje, Tpehe 060 1

(1101) Hema napabone, a yetspTe (1110) Hema y

eKcnoHeHunjanHe perpecuje. NoKywajte gambe ! - % - r 2 -
KOMBuHoBaTH!
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66. [lpyra a3byka

Ctun Koju gobap nucal, MMa, Uan Tema Kojoj ce yderbak MOCBETMO YMHE HMXOB TEKCT YMTaoly ynyheH
OTNPUINKE KOHCTAHTHUM. Te 3anucaHe mucam ynyheHe csety, npumeheHe 1 yntaHe, He mory nobehu
3aKOHMTOCTMMA KaHaa NpeHoca, BEPYjeM, a CamMo je NuUTakbe Aa U je Bpeme uau Hawa moh Takea ga
npouece n popmannsyjemo.

M3 npeTxogHUX pasmaTparba MOM/IM CMO HayuuTK pasnnke usmely jeaHoNMKKX, 61aro KOCUX U Beoma
CTpMUX rpadrUKMX pacnogena BepoBaTtHoha €/10Ba, a MOXAa Takohe 1 peun uam naeja. NpumetTnmo nu
€KCMOHEeHLUMja/IHy 3aBMCHOCT TUX ,,C/Ty4ajHUX" (Ha cacBUM C/lydajaH HauMH MOTY Ce M0jaB/bUBATU U HEKK
npoLecu y nocebHMm cuTyaumjama, nonyT geuumana bpoja m = 3.14159 ... Kaga ux npsu NyT YATamo)
TOKOBa, CaZa 3HaMO Ja Cy He3aBUCHW 0/, CBOje MPOLUIOCTM U 3aTO OTMOPHU|U HAa CMETHE U NPOMEHE.

Mopep Tora, Aa cy ,jacHuje” mmcam mare MHGOPMATUBHE, Aa cy ,pacyTe”, 3aTo MyTHe U Hepasym/buBe
jep cy ontepeheHe gesnHdpopmaumjama, aa he npenpuyaBarbem o4 yxa [0 yxa, Kpo3 reHepaLmje Take
eBOJlyupaTn y ,,CBOjCTBEHE" CPeANHM Koja UX NpeHocH YnHehu Taj ayrv naHad, ,LLpHOM KyTujom“. Anm
OCTaje OTBOPEHO NUTAkbe Aa /M U WTa Ham 06auK rpada pacnogene Aybsbe Kasyje 0 eMUCUjU, OAHOCHO
0 je3unKy, ayTopy, Uan ngejama Koje ce emuTtyjy. Moxe nm 1aj 061u1K rpada 6MTK BpCTa OTUCKA NPCTa, Tj.
HewTo nonyT AHK emuncunje?

KakBa je pasnuka usmehy ngeja kojuma ce 6aBMMo 0631POM Ha je3NK KOjM rOBOPUMO UM LT MOXKEMO
pehu o fomeHUMa Hawer 6aB/berba — NUCAHMUM je3MKOM OrpaHnyeHnm? Kakee 6u 6une pasnvke nsmehy
TEKCTYa/IHOT, C/IMKOBHOT, MY3WYKOT M3parkaBakba, Y pacnoaenama cumbona huxosux ,jesmnka“? Hasmpy
Ce MHOra C/InYHa NUTama Koja MM TeMY Ha KOjoj cam ce 3aTeKao YnHe MaHAOoPUHOM KyTHjoMm.

Huje HM To Kpaj npuye o Teopuju Nnpema Kojoj je MHbopmaLLMja TKMBO NPOCTOpPa, BpeMeHa U maTtepuje, a
HEeHa CyLTUHA HensBecHoCT. lpe cBera, jep je y TakBOj TeOpMju ,UCTMHA" yBEK 04pas ,,CTBApPHOCTM, Na
Cy OHAa 1 came 6ecKoHa4yHOCTM (360r cBOje maTeMaTMUKe IOTMYHOCTM) 4E€0 HEKE ,peanHocTn”, gogylwe
Hama ancTPaKTHe, a/in A0XBAT/bMBE Hallem pasymy U HensbexkHe y bapaTatby ca yobuyajeHUM NUTKUM
KOHayHocTMMa. He nomuwsbam y Tum ,,daHTasmnjama” 3ao06mhm HUTKM Nnpobaeme Koje cy Ham y CXBaTakby
cBeTa Hanpasuan Pacenos napagoKc (Hema cKyna cBux ckynosa), Fegenosa Teopema HemoryhHocTH,
NN MOMEHYTU ,MPUHLMIN HEU3BECHOCTU" MPUMEHEH Ha ,, LLeNy” BaCMOHY.

[pyraumju, a jegHako ,4yfaH npumep” je HauMH Wupera CBEMMUPA YCNOB/bEH NPEHOCOM MHOPMaLMja

13 Herose NPOLUNOCTU Y CafalwhocT M ByayhHocT. CMeTHe Koje cy Npu TOME HYXKHEe, OYUTO je Aa Cnopo
HacTajy, jep ranakcuje ganeke nNPoOL/IOCTU jol YBEK ,jacHO” Buanmo. MehyTum, nsBecHocT aganTauuje
Te MHpopMaLmje O CTakby HEKAZALHOCTU jOL Aa/by NPOLNOCT yYMHUMhe Ham ,HeBua/bMBOM”. He camo

Aa he ,,Benuku npacak” (npe oko 13.8 mununjapam rogmHa) 6UTK y HENPO3MPHOj Marau 3a GOTOHE KakBe
nx nosHajemo, Beh aa 61 1 pM3nKa jow Aasbe NPOLNOCTM MOraa BUTM Hama HEBUA/bMBA, HECXBAT/bMBA

W, WTaBMLe, 34paBOM Pa3yMy HEMpPUXBAT/bUBA.

McnoctaBuhe ce aa oBa ,KpaTKa CKPUNTA“, KAKO MU je U3rneaana Ha noyeTky nucarba ,MHpopmaTuuke
Teopuje”, He caMo Aa ce He MOXKe 3aBPLINTM Ha NPBOM AeNy, Hero Aa Hehe cTaTh HU ca apyrum. A Tek
caM ce NPUNPEeMMOo pacnuncaTtu ce o cenapabuaHMm nNpoLecMma, na Mmaao 036U/bHNje 0 KOHTUHYATHUM,
3aTMM KosimoropoBs/beBMM, NOCEBHO joLl 0 ANCKPETHUM M3BOPMMA, aCUMNTOTCKMM NOAEeNaMa, a Aa U He
NMOMMHLEM KOJIMKO Tora umam pehu o Kogupary. MehyTum, cBe TakBe Teme mopahe Ha YeKarbe, jep
NPeHOCHULUM NOopPYKa Ha KOjuMa oBAE PaaMMo Nnokasahe ce KOPeHOM MHOTMX CIMYHUMX HacTaBakKa.
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66.1. EHrnecku jesuk

Pa3amoTpMmo oneT uctn moj Tekct ,,1.4 demumHmnzaumja”“ us ckpunte ,Mpuye o MHGoOPMaLMiN“ KOjUM CMO
ce baBuau y Hacnosy ,,65. Perpecnja“, anun caga npesesieH Ha eHrneckn ,1.4 Feminization” y ynopeaHoj
ckpunTtu ,Information Stories”. Bpojumo cBe 3HaKoBe eHrneckor Tekcra (4525) n nocebHo ogBajamo cBa
Be/IKa M Mana c/ioBa eHrneckor andabera (3661). Pesynrar je:

A+a=0+256=256 N+n=3+302=305
B+b=2+39=41 O+0=1+294=295
C+c=3+94=97 P+p=1+64=65
D+d=1+119=120 Q+q=0+6=6
E+e=2+463 =465 R+r=0+230=230
F+f=4+87=91 S+s=1+243=244
G+g=1+58=59 T+t=10+ 354 =364
H+h=0+175=175 U+u=1+99=100
l+i=7+312=319 V+v=0+48=48
J+j=0+2=2 W+w=4+65=69
K+k=0+19=19 X+x=0+10=10
L+1=3+112=115 Y+y=0+54=54
M+m=1+96=97 Z+z=0+15=15

HakoH copTupatrba no 6pojy nojas/buBatba C/10Ba, £,006MjaMo HUMXOB ,,NaacMmaH”:

1. E 465 0.127 10. b 120 0.033 19. Y 54 0.015
2. T 364 0.099 11. L 115 0.031 20. V 48 0.013
3. 1 319 0.087 12. U 100 0.027 21. B 41 0.011
4. N 305 0.083 13. C 97 0.026 22. K 19 0.005
5. 0 295 0.081 14. M 97 0.026 23. Z 15 0.004
6. A 256 0.070 15. F 91 0.025 24, X 10 0.003
7. S 244 0.067 16. W 69 0.019 25. Q 6 0.002
8. R 230 0.063 17. P 65 0.018 26. J 2 0.001
9. H 175 0.048 18. G 59 0.016

Y nocneamn0j KonoHu cy dbpeKkBeHUUje, Tj. ,cTaTUCTMUKe BepoBaTHohe”. To cy 6pojeBu npeTxogHe
KOJIOHE Ae/beHU KOHCTaHTHUM Bpojem cBux cnosa (3661). O3HaunMMo Kao 1 npe peaHe bpojese ose
nucre ca x = (1,2, ...,26), ogrosapajyhe dppexseHumje y = (0.127,0.099, ...,0.001), a ca s = 26 6poj
cnosa oBor andabera.

KoeduumjeHTn notpebHm 3a uspadyHasarbe perpecuja cy By = Y51 Yx = 1 v game pegom:

N N

B; = Z XY = 7231904 = u B, = Z xZy, = 82.939634
k=1 k-1
S S
A = Z x, = 351 Ay, = ) x2=6201
k=1 k=1
S S
As = Z xi = 123201 Ay = ) xi=2610621
k=1 k=1
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NHPOPMATUYKA TEOPUIA I

Ha npeTxoaHo gate HauMHe, nomohy oBMx KoeduumnjeHaTa Aob6MjaMo jeaHauYMHe AMHeapHe, KBaapaTHe
M eKCNOHEeHUMjanHe perpecuje gatnx ¢ppekBeHumja:

fiin = A1X + 1y a, = —0.004286, a, = 0.096321

foar = B1x? + Box + B B, = 0.000209, B, =—0.009923, pB; =0.122625
1

fe=ve™"* y = — = 0.138276
By

lpadosu perpecuja cy:

Mnage cy Tauke gaTte pacnogene c10Ba EHrECKOr
TEKCTa, NAaBa JIMHMjA UM je INHeapHa perpecuja,
JKYTa je napabosHa, a 3e/1eHa eKCNOoHEeHUMjanHa.

uu{ \
0174

010 1

Ha npeu nornepa Hucy BUA/bUBE MoSe BUTHUje
pasfiMKke og oarosapajyhux npownmx pacnogena
»MCTOr” cpnckor Tekcra. Nopepg, osora:

008 4
nos 4

0.04 4

» S, = 4134927, Sy, = 4.274688,
B Spar = 4146303, S, = 3.856565.

-0.02 4
o s 10 15 20 25 o

Buam ce fa je eKCnoHeHUKjanHa pacnogena onet

Hajmare MHGOPMATUBHA, a IMHeapHa Hajsuwe. Mahu 6pojeBn MHbopmMaLMja y O4HOCY Ha OHe CPNCKOr
jesunka npe ceera cy nocneaunua mamer bpoja cnosa. cte mare BpeaHocTn nHpopmaumje nobujane bu
Ce 1 33 NOTNYHO HaCyMWYHe TEKCTOBE, HaUME:

N

S
1 1
Ss = —ZPkIngpk = —z§10g2§=logzs
k=1 k=1

Kaga cy cee BepoBaTHohe jeaHake py = 1/s, a uma ux s. Mehytum, log, 26 < log, 30, na je 3aTo

Moaceham ga cam 360r oBora, yonwTe, Har/iaWwasao 4a npupoaa nopeg, ,M3beraBakba”“ paBHONpPaBHOCTH
BuLWwe ,,Bonn“ u kpahe pacnogene seposatHoha (marber 6poja s), jep , TeXn“ maroj MHGoOpMaunju, Kaga
rog 7o moxe. Ca gpyre cTpaHe CToje NPUHLMNN MHOTOCTPYKOCTU, CBEMPUCYTHOCTHM, Kao M KOH3epBauuje
(3akoHa oaprKarba) MHPopMaLMje, Na 0Baj CBET He HecTaje.

Buaenn cmo aa cy cee YeTUpu cpestbe BPeAHOCTN (MaTeMaTMyKa OYeKnBakba) OBaKBUX pacrnogena ucre
(oBae u = B; = 7.231904), na cy um oHAa jeaHake v BapujaHce o2 = 95.539029, a 3aTo 1 aucnepsuje
o = 9.7744068. OHe cy oBae mepe cpefHe yaa/beHOCTM KoopauMHaTa ancumce (x-oce) og ucrte puKcHe
TayKe (0YeKMBakba [) Y CBUM Npumepuma perpecunja. MehyTum, yaasbeHoCTH gate pacrnogene:

d, = 0.060087, d, =0.027475, d. = 0.033720.

HUcy jeaHake. MNpBe ABe cy Makbe je o4 oarosapajyhux cprnckor jesuka, anu je Tpeha nowwuja.
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61.2. JTopem nncym

Jlopem nncym je TEKCT Kojy 4yBa mecTa 06u4yHO y rpadmyKoj, UiTaMnaHoj U N343aBaYKOj MHAYCTPUjK 3a
nperneg pacnopega v BU3yenHux makeTa. To je NarKHU TEKCT KOju ce NoCTaB/ba Ha Npa3Ha MecTa TOKOM
npunpeme WTamnaHor, rpaduyKkor uam sebd amsajHa. Ogsomak ce Nnpunucyje HenosHaTom cnaravy ms 15.
BEKa 3a Kora ce cmatpa Aa je wudposao gaenose UmuepoHosor ,,De Finibus Bonorum et Malorum®, pagu
ynoTtpebe y KibM3n npumepaka Tunosa. ObMYHO Noymmse ca:

“Lorem ipsum dolor sit amet, consectetur adipiscing elit, sed do eiusmod tempor incididunt ut labore et
dolore magna aliqua...”

Jlopem nncym je HAMepPHO AM3ajHUPaH Aa HEMA 3HaYeHe, anu Aa U3riesa Kao npasu TEKCT, WTO ra YMHU
CaBpLUEHMM YyBapom ,mecTa”. NMornegajmo gasbe Wwra MoXKe KasaTh CTaTUCTMKA O TakBom. [eceT nacyca
TEKCTa ,,lIopemM UNCyma“, Koje cam HaCyMMUYHO reHepPMCcao 3a OBY NPUJIMKY, CagpKM YKYNHO 7195 3HakKa u
op Tora 5981 cnosa eHrneckor andabera (s = 26), 6eacnosa K, W, X, Y, Z:

1. E 716 0.120
2. | 616 0.103

10. M 281 0.047
11. C 258 0.043

19. F 49 0.008
20. H 19 0.003

3. S 553 0.092 12. O 218 0.036 21. J 1 0.000
4. U 536 0.090 13. D 198 0.033 22. K 0 0.000
5. T 525 0.088 14. P 143 0.024 23. W 0 0.000
6. A 484 0.081 15. V 107 0.018 24, X 0 0.000
7. N 381 0.064 16. G 86 0.014 25. Y 0 0.000
8. L 344 0.058 17. Q 83 0.014 26. Z 0 0.000
9. R 325 0.054 18. B 58 0.010

Kaga ce ta cnoBa (K, W, X, Y, Z) usbaue, nobuja ce ckpaheHa ton amcra (s = 21):

1. E 716 0.120 8. L 344 0.058 15. vV 107 0.018
2. 1 616 0.103 9. R 325 0.054 16. G 86 0.014
3. S 553 0.092 10. M 281 0.047 17. Q 83 0.014
4. U 536 0.090 11. C 258 0.043 18. B 58 0.010
5. T 525 0.088 12. O 218 0.036 19. F 49 0.008
6. A 484 0.081 13. D 198 0.033 20. H 19 0.003
7. N 381 0.064 14. P 143 0.024 21. J 1 0.000

3a simHeapHy perpecvjy f;(x) = a;x + a, Hanasumo a; = —0.005767 n a, = 0.1110556. KeagpaTHa
perpecwja, napabona f,(x) = B1x? + B,x + B3 je ca napametpuma fB; = 0.000167, B, = —0.009438,
Bz = 0.125126. Cpeatbe BpeAHOCTM (O4eKMBahba) jeaHaKe cy um i = 6.559438, a oTyaa KoedumumjeHT
Y = 1/u = 0.152452 ekcnoHeHuujanHe perpecuje f,(x) = ye Y*.

0.120 0.105 0.116 0.131 8. 0.058 0.065 0.060 0.045 15. 0.018 0.025 0.021 0.015
0.103 0.100 0.107 0.112 9. 0.054 0.059 0.054 0.039 16. 0.014 0.019 0.017 0.013
0.092 0.094 0.098 0.096 10. 0.047 0.053 0.047 0.033 17. 0.014 0.013 0.013 0.011
0.090 0.088 0.090 0.083 11. 0.043 0.048 0.042 0.028 18. 0.010 0.007 0.009 0.010
0.088 0.082 0.082 0.071 12. 0.036 0.042 0.036 0.024 19. 0.008 0.001 0.006 0.008
0.081 0.076 0.075 0.061 13. 0.033 0.036 0.031 0.021 20. 0.003 -0.004 0.003 0.007
0.064 0.071 0.067 0.052 14. 0.024 0.030 0.026 0.018 21. 0.000 -0.010 0.001 0.006

NoubkrwnNe
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NHPOPMATUYKA TEOPUIA I

Ha Tabenu je Ton ancTa ca ynopeaHum seposaTtHohama aate, iMHeapHe, KBaapaTHe M eKCnoHeHujanHe
pacnogene peaom. 360r jeaHaKMX O4eKMBaHbA U jeaHaKo BaxkaapeHux ancumca, CBe YeTupu pacnogene
“Majy ucTe BapujaHce 0? = 56.385256 Takohe, a oHAa jefHaKe v gucnepsuje o = 7.509012.

NHdopmauuje oBux pacnogena:

Sy =4.316589, §; =3.987831,
S, =3.952735, S, =3.617013,

NoKasyjy yjeaHa4yeHoCT M, O4eKMBaHO, HajBehy y cayYajy cammx pacyTUx AaTUX TavaKa M HajMakby KOZ Haj
cTpmuje (y MoYeTKy) eKcnoHeHuujanHe pacnogene. Mehytum, makcumanHa moryha nHoopmaLmja oBux
cnosa (s = 21) je S = log, 21 = 4.392317, wTo 3Haum fa fo S, jeasa aa uma ,mecra’.

Ta mana pasnnka nHGopmauuja, MakcumasnHa u ciosa nopem uncyma, AS = S, — Sy, = 0.075728, je
,NpocTop” y Kojem ce unak mory Hahu Heke nopyke. Ha npumep, moryhe je ga Ha MOM CajTy OcTaB/bam
HABOZHO /1aXKHWU TEKCT IOPEM UMCYMa, @ A3 3aMPaBoO UCKOPUCTUM Ty MPBY HEroBe He-HacyMUYHOCTH 3a
HEeKo Koaupatbe, Koje 61 0byyeH YnTaol, Herfe y CBeTy 3Hao AeKkoampaTtu. [la cBu ocTaam MMajy OTBOPEH
NPUCTYM HAWMM CTPAHMLAMa, Y yBepekby Aa cy becmucneHe, 0K Hac ABA TAKO KOMYHULMPaMO.

Yaa/beHoCTU n3padyyHaTux pacnogena o4 aare:

Qlé

d; = 0.028599, ad |

d, = 0.013908, a2 .‘

d. = 0.047638, ox: 4\‘.\,\..

an \&,

NnoKasyjy Aa je 3a c/ioBa lopem uncyma Hajbosba 606 ‘\\'\‘.\‘\
napabosiHa (KBagpaTHa) anpoKcMmaLmja, a 4a je 004 NS N
Hajnowmja eKCnoHeHumMjanHa. To ce nomano n Buan 002 5,,}“'
Ha ynopegHom rpady oBux Anctpmnbyumja, AecHo. 400 b e
OneT cy nnaBe Tayke gate pacnogene, a naasa je

NPaBO/IMHM|CKA perpecuja, XKyTa je KBagpaTHa.
3eneHa anpoKcHMMaLnja je eKCNoHeHLUMjaNHa 1 HajaoWMKMja je o4 OBMX 3a NOPEM UMNCYM.

MHaue, 360r BeOMa HecpasmepHUX jeAnHMLA AyKUHA ancuuce U opanHaTe (x 1 y oce) YmHM ce aa je
INHKWja 0BMX TayaKa MHOrO BULe HareTa Hero wTo jecte. KoeduuymjeHt npase je —0.006 camo, a 1o je
mamrbe o, 1 oacto!

61.3. BuxkHepoBsa wmndpa

BurKHepoBO WndpoBare je meToaa 3ameHe a3byyHor TekcTa Kopuwherem cepuje Liesaposux wudapa,
3aCHOBaHWX Ha CNOBMMA K/byda. OBO je NpocTu 06/uK Wwudpe nonnandabercke 3ameHe. Ha Taj HauuH je
KoampaH (Vigenere) npeTxoaHu eHrnecku TekcT [66.1] ca KibydHom peun ,ponedeljak”, koju je npesog,
CPMCKOr TeKcTa [65.]. HamepHo y3Mmam Tpu Bepsuje UCTOr TeKCTa, OBAE AeTa/bHO aHanu3npaHe, pagm
NaKuwer pasymeBatrba Aa/bUX pe3ynTaTa.

CBux 3HaKoBa Tor TeKcTa je 4518, a KogHWxX cnoBa 3661, a 3a pa3/IMKy o4, HEKOAMPAHOT eHrnecKkor 6e3
Mannx C/10Ba, Kao LWTO ce BUAM M3 nonuca pesyntata y cnesehoj HecoptTupaHoj Tabenn. Cnosa 36UpHO
HaheHMX TamMo M OBAMO MMaA TA4YHO jeHAKO, an HELUTO Of, OCTa/IMX 3HAKOBA YHMKOA He Npeno3Haje.
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NHPOPMATUYKA TEOPUIA I

A+a=125+0=125
B+b=132+0=132
C+c=184+0=184
D+d=143+0=143
E+e=182+0=182
F+f=88+0=88
G+g=135+0=135
H+h=158 +0=158
l+i=188+0=188
J+j=74+0=74
K+k=79+0=79
L+1=144+0=144
M+m=116+0=116

N+n=121+0=121
O+0=150+0=150
P+p=143+0=143
Q+q=112+0=112
R+r=221+0=221
S+s=210+0=210
T+t=146+0=146
U+u=91+0=91
V+v=148+0=148
W+w=215+0=215
X+x=174+0=174
Y+y=106+0=106
Z+2=76+0=76

Beh u3 oBe Tabene BMANMO yjegHadeHocT cBux moryhux (s = 26) cnoBsa, WTO je HETUMWYHO 3a TEKCTOBE
ca cmucnom. OBa yjeHaueHoCT ce jow 60/be BUAM HAKOH COPTUPAtbA:

1. R 221 0.060 10. V 148 0.040 19. M 116 0.032
2. W 215 0.059 11. T 146 0.040 20. Q 112 0.031
3. S 210 0.057 12. L 144 0.039 21. Y 106 0.029
4. 1 188 0.051 13. D 143 0.039 22. U 91 0.025
5. C 184 0.050 14. P 143 0.039 23. F 88 0.024
6. E 182 0.050 15. G 135 0.037 24, K 79 0.022
7. X 174 0.048 16. B 132 0.036 25. Z 76 0.021
8. H 158 0.043 17. A 125 0.034 26. J 74 0.020
9. O 150 0.041 18. N 121 0.033

Op Hajsehe (R: 0,060) go Hajmarbe (J: 0,020) dpeKkBeHUMje, Tj. ,CTAaTUCTUUKe BepoBaTHohe”, HeobUYHO je

Mafia pa3/inKa. 3a IMHeapHy perpecujy
fi(x) = ayx + ay

0.09
. \\\ [ABa Cy napameTpa:
" \\. a; = —0.001497, a, = 0.058672.
2 | = \ 3a KBagpaTHyY perpecujy
il - \._‘. fo(X) = B1x* + Box + B3
- \\. napameTpu cy:
\ B, = 0.000013,
e \ e B, = —0.001849,
T e, S5 = 0.060315.
001 o Cpeatba BPeAHOCT (MaTeMaTUYKO OYEKUBAHE)

20

jeaHaKo je cBMM OBMM pacrnogenama
u = 11310571,

a oTyaa Koeduumjenty = 1/u = 0.088413 ekcnoHeHuujanHe perpecuje f, (x) = ye ™. Ha Toj camum
NeBO, NpUKasaHu cy rpadosun. EKcnoHeHUujanHy pacnoaeny (3eneHa AMHKUja) BUAMMO Kao NPOMALLaj.

NHdpopmaLmje oBe YeTMpK pacnogene peaom cy:
Sy = 4.636296, S, =4.637270,

Sy = 4.638081, S, = 3.989773.
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NHPOPMATUYKA TEOPUIA I

NHpopmaLmja noTnyHO HacyMUUHUX (s = 26) cnosa 6una 6u Sy = log, 26 = 4.700440 v 10 je Hajsuwe
LUTO Ta €NOBa Mory ocTBapuTu. [lakne, noctoju pasnauka AS = S, — S, = 0.0638104 koja fo3B0/baBa
nexkoanparbe BuxkHepose wngpe. Ta je pa3nnKka marba of, ciMdHe nopem mncyma (0.075728), a wito roa,
je oHa marba TO je nopyKa aybsbe cakpmeeHa. Ca ManmMm y30pKOM TeKcTa BurkHepoBor Koga Hamoryhe je
AeKkoguparbe, OH je Taga ,HenpobojHa wudpa“ (Ha3mB Koju je Taj Kog, Ayro Hocno). MehyTum, ca gyum
TaKO KOAMPAHUM TEKCTOBMMA MMaA HauMHa AelndpoBakba U OHK Cy MO3HATHU.

[ucTtaHue oBe Tpu pacnogese o aaTe cy:

d; = 0.000099, d, = 0.000088, d,= 0.003573.
MpasosvHujcKa pacnogena (d;) Hajbaunska je AaToj, a ekcnoHeHumjanHa (d,) je Hajoasba. Tome Tpeba
[onaTtun Aa je koedumumjeHT onagarba oBe npase jeasa jeaaH npomun, a; = —0.001497, a 1o je Tako

Manu 6poj (yrao) ga 61 y KoopAnHaTHOM CUCTEMY jeJHAKMX jeaMHMLA AYKMHa (ancuue 1 opauHaTe)
jeasa NPUMETUIN HbeHY HarHyToCT.

Ha Kpajy npumMmeTMmMo 4a cy MaTeMaTMYKO OYeKMBakbe (cpestba BpeaHOCT) U aucnepsuja (cpeare
0A4CTyNake 0f Cpeare BpegHoCTH) AaTe pacnogene:

u=11.310571, o = 7.813040.

Cpeftba BPeAHOCT pacnoHa s = 26 jeHaKo BepoBaTHMX cnoBa buna 6u uy = s/26 = 13, a cpeame
OACTyNare 0f, TaKBe Cpeftbe BPEAHOCTU, Ha HAYUH OBE AMcnepsuje u3padyHato, 6uno 6u:

= 7.516648,

_ \/(1 — #o)* + (2 —po)? + -+ (s —po)?
0y = S

LUTO Cy He3HaTHe pasnuke og obpaheHe pacnogene. To Takohe NoTBphyje TEXKMHY HeHOr AeKoaNpatba,
0a je noHalwame BukHepoBe wudpe 6AUCKO ,LLPHOj KyTHjn“.
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67. WpeanHreposa mayka

Mpuya o LLpeanHrepoBoj Mayky Hagpacna je cBojy NPBOBUTHY MUCHjY, KAO U CBAaKM 3aHMM/bUB NpUMeEp

3aCHOBAH Ha Ta4yHOj Hayun. CmuwwsbeHa 1935. og cTpaHe aycTpujckor dusmnyapa EpsmHa LpeaunHrepa aa
61 KaO MUCAOHM EKCMEPUMEHT OCBET/IM/IA TellKohe Tymayera TaZla HoBe KBaHTHE TeOopuje, OHa je oBAe
3ro4aH AoAaTak carnefaBatkba yonwTe (ancTpakTHUX, MaTeMaTUYKKUX) KaHasa npeHoca MHdopmMaLmja.

KBaHTHa ¢U3MKa Karke Aa 0bjeKaT HeHor npoyyasakba, NonyT YecTuLe UAK aToMa, Hema CTBapHOCT Koja
Ce MOMKe YTBPAMUTM A0K Ce He namepu. [lo meperba, CBOjcTBa NpeAMeTa, Kao LUTO je MMMY/C, KoaupaHa
CYy MaTemMaTUYKOM GpOpPMYIOM TanacHe GpyHkKumje o moryhmnm ncxoamma HakoH mepersa. OBO Kogmupatbse,
nnm (No3HaBaouMma) pacseT/baBatbe, MefyTum, HarnalaBa HejaCHOCT TUX CTakba Npe Mepetba.

Op oprosopa noHyheHux 1930-mx, Hajaasbe je nobauunna T3e. KoneHxareHcka MHTepnpeTaLmja, Kojy cy y
AAHCKOM rpagy pa3suv CBETUTE/bU KBaHTHe Teopuje, Hunc Bop n BepHep XeuceHbepr. YTBpaMAM cy Aa
3aMcTa He nocToju AedUHUTUBHA PeaSIHOCT Npe Mepera, Kaaa je objekat 6uo y HeaedUHUCAHOM CTakby
no3HaTOM Kao cynepnosuyuja. LLtasuwwe, XajseHbepros npuHuLN HeoapeheHocTn, Koju je OTKPUBEH TUX
rOAMHA, KaXe @ He MOXeMO Ca3HaBATU MHXEPEHTHE NPUPOAHE NapameTpe yectTuue, NnocebHoO NOoXKaj

Y UMMYAC, UIN TPEHYTAK U eHeprujy, UCToBpeMeHo 1 TauyHo. Kaxke Aa To Huje 360r cnabe TexHuKe, manor
3Hakba, UM CIMYHMX HALWWX OFpaHMYera, Hero 36or oy6/bMx NPUPOAHUX pasnora.

LWpeamHrepos MMCaOHM eKCNEPUMEHT UCTPAXKYje KaKo Ce CBe OBO AellaBa KaZla Ce KBaHTHU objeKaT
npeHece Ha HeLWTO NO3HaTMje. 3aMUCINO je KYTUjy Y KOjoj Ce Hanasm pagmMoakTUBHMN aTOM, yNaKoBaHa
OTPOBHa CYNCTaHLUa U MavKa. PaaMOaKTMBHOCT aTOMa MOXKe UM He y BUI0 KOM TPEHYTKY YYMHUTU Aa
OTpOB ybuje MauKy. AKO je KONMeHxXareHCKo Tymadete Ta4HO, OHAA Cy M NPe HEero LWTO je AowWw o A0 6uno
KaKBOT Mepetba, aTOMM, @ TUME U MayKa, buamn y cynepnosmnumjm }Xnea-man-mprea madka. OTeapatbem
KyTuje AelaBa ce meperbe U 4ePUHUTUBHO U3jalltbaBakbe A3 je MAYKa WK XK1Ba UK je MpTBa.

Pa3Boj gorahaja y KyTuju, oTBaparbe KyTuje 1 CTakbe MayvKe HaKOH MPOLLEC je U MMa CMUCA NMPUMEHUTH
Ha Hera casHatba U3 OBEe CKPUMTE, Ma KaKo Ham Ce TO Ha MPBU Noried YMHUIO ancypaHum. Ha npumep,
KaKo Ha MMKPO HMBOY NOCToje 06jeKTUBHE HEM3BECHOCTU, KOje Ce Y HEKMM TauKama NpPeKpeTHULLE mory
APaCcTUYHO OApaXkaBaT Ha Makpo niaHy. Uam aa byayhHocT moske yTuuati Ha npownoct?.

AKO 3ancTa NoCToje HEM3BECHOCTM U Ay6/bUX Pa3/iora 04 OHUX Koje MMamo 360r CBOjUX OrpaHunYerba, To
noB/iaym Aa je nepmoandHocTu [59. MeproamyHn curHanun] Tpebamo cMaTpaTi OrpaHUYEHUM NojaBama.
CBU peasniHU Npouecu Taa BpeMeHOM NocTajy ,upHe KyTnje” [61.2. Eproanyka Teopema) 3a eBeHTyasiHe
Aaneke ,untaoue” npownoctn. Takohe, fa MOXKEMO NPUXBATUTU HEKY BPCTY PEANHOCTM OMLMja Koje ce
Hucy gecune (Dimensions).

AKO CMO ZlaHac *KMBMW, TO Ce CTakbe TaZa MOXKe NOoCMaTPaTh M Kao OCHOBA 3a MCK/byYMBaHbE MHOLLTABA
MmoryhHOCTU M3 NpeTxoAHe NPOLWIOCTU, KaKBa je, peunmo, 4a CMO jyde HacTpadanu y caobpahajy. OHo
he ce NokasaTtu jeaHaKo ,,06jeKTUBHUM®, Tj. OCZIOHLEM Y HayYHUM [OKa3MMa Kao, Ha Npumep, AaHallHbe
CTakbe CMPTU HEKOra KO jyde jecTe HacTpagao y caobpahajy. McTo 61 Kao BpCTYy UCTUHE Mopana BUAETU U
caMa maTemaTuKka, 6uno y gaHac no3HaTUM a HecxBaheHm moaennma, Uam y jow yBeK HEOTKPUBEHUM.
OHfa je BaXKHO M NMUTakbe peasHOCTU 06PHYTOr TOKA BpeMeHa, Makap To 6uno camo 3a BpcTe ,4ectmua”
HamMa AaHac, UAK 3ayBeK, NOTNYHO Heno3HarTe.

20 Cnepe He camo moja 3anakarba OBaKBMX ancypaa.
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NHPOPMATUYKA TEOPUIA I

67.1. Aupunxneos NpUHLMUM

Y cB0joj NpBO6UTHOj ynoTpebu Aupnxneos npuHumn®! kaxe aa he ce y 6ap jeaHoj kyhuum 3a ronybose
Hahu 6ap aBa ronyba, ako nma suLle ronybosa Hero Kyhuua. Ako je n + 1 npeameTta pacnopeheHoyn
nocyaa (n = 1,2,3, ...), Taga he 6ap jeaHa nocyga cagpasaTv 6ap 2 npeameta, gogajemo. Y ckyny ca
Tpu npupoaHa bpoja, 6ap ABa 6poja cy ncte napHocTu (0ba NapHa, nam oba HenapHa). Y cBakoj rpynum
oz 13 ocoba, 6ap ase ocobe nmajy poheHaaH y Uctom meceLy.

MN3a oBux nakwnx npumepa, Hamsrnes 6esasneHor MpmuxneoBor NPUHLMNG, MOXEMO HAaclyTUTU MHOTO
TexKe 3a4aTke U npobneme, 360r vera je OH YecTa TeMa MaTeMaTUUYKMX TaKMUYEHA Ha HajBULLEM HUBOY.
Ha npumep, ako je y ogenetrby 27 yueHuKa 1 13 payyHapa, oHAa NocToju 6ap jeaaH payyHap 3a Kojum cy
6ap Tpu yyeHuKa.

MNpumep 1. LLecT rpagoBa cy NOBE3aHW CBAKM Ca CBAaKUM jeHOM AMPEKTHOM JIMHMjOM, ayTOBycom nau
KenesHuyom, anm He obema. [lokaxkmmo aa mehy uma noctoje Tpu rpaga Koja cy mehycobHo BesaHa
NIMHMjaMa ncTe BpCTe.

Pewerse. MocmaTtpajmo camky gecHo. Heka cy A, B, C, D, E, F nomeHyTux wect rpagosa. Heka cy nytesu
AB, AC, AD, AE, AF, oz Kojux 5 cy 6ap Tpu nucto
nose3saHu (ayTobycom mnu kenesHuuom). Heka cy
To AB, AC n AD. Be3aHu cy peummo ayTobyckom
NnHUjom. Ako 1 BC nma aytobycKy nHKjy, oHAa je
3agaTak peleH (AB, BC 1 CA umajy aytobycky
NMHWjy). A ako He, oHAa je BC »kenesHuyka Besa.

MehyTnm, TaKBO 3aK/by4MBatbe BaXKM 3a IMHUjE
CD v DB, Koje Hucy ayTobycKe —ako ca A Hucy ca
JIMHWjOM UCTe BPCTe, Na Cy OHAA Te XKeNe3HUYKe U

ncTe cy BpcTe Bese ca rpagom B.

Hehemo ce aamwe 6aBUTH camnm [MPUXNEOBMM NPUHLMIIOM, HEro HeroBMM ocrnopasarbemM. Haume, no
KOMEeHXareHCKoj MHTepnpeTaLmju KBaHTHE MeXaHMKe, KaKo je Ha MPeTX0A4HOj CTPaHM HaBeAEeHO, KBaHTHe
yecTuue npe mepera 6uhe y cTarby cynepnosmnumje, Heke Bpcte AMMB02% cTBapHOCTK, Kao Yapaak HU Ha
Heby HM Ha 3embu?,

Mogen CANYHOT CTakba Y ,PeasHOCTM MaTeMATUKE" MMaMO Y TymaderbMma 6eckoHauHocTu. U3aBsojuhy
XnnbepTtoB napagokc xotena paHg (1924), MMCaOHM eKCMEepUMEHT KOju UNYCTpyje ,HeNnpuUxXBaT/bnso”
€BOjCTBO HECKOHAYHUX CKYNOBa. 3aMUCIMMO XMMNOTETUYKMN XOTen ca Npebpojuso 6eckoHaYHMM 6pojem
coba, oA, Kojux cy cBe 3ay3eTe. 3aMUCAMMO Aa Taga Aohe jow jeaaH rocr.

YnpaBHUK xoTena he 1 HOBOr rocta cmecTuTH y coby, a Aa CBMU ocTann UMajy cmewwTaj. OH he HoBor chaTu
y coby 1, a rocty 13 cobe 1 aa oae y coby 2, oHom U3 2 ga oge y 2 1 Tako gasbe. Ceu roctu umahe cobe.
A pohe n n HoBUX rocTujy, oH he nx ynyTntn y npemx n coba, npetxogHuke y cnegehux n,oan + 1 go
cobe 2n, oBe y cnegehux n coba v Tako gasme.

2! Gustav Lejeune Dirichlet (1805 — 1859) Hemauku maTemaThyap.
22 lumbo — n3saH cTBapHOCTK, Un xpulhaHcko mecto namehy Heba n nakna, .
23 Bajka Byka CredaHosuha Kapuuha (1853).
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Takohe je moryhe npumunTh jow npebpojuo 6ecKoHa4YHO MHOIO FOCTUjy, TaKO LUTO CTApOr rocTa U3 cobe
1 ynytnmo y coby 2 1 yonwiTe cBakor u3s n-te cobe y coby 6poj 2n, Tako aa cobe HenapHor bpoja octajy
npasHe 3a NpumMmarbe 6€CKOHaYHOr H1U3a HOBUX FrOCTHjy.

Mogen je mogen, pehu heTe 3a 0BakBe MaTeMaTMUKe 3aBpP3/1ame, @ CTBAPHOCT je cTBapHocT. MehyTtum, y
Teopuju nHdopmaumje Kojy 3acTynam, UCTUHA je CTBAPHOCT, Na je n beCKOHAYHOCT NpeaMeT UHTepaKuuja
Ca HeYMm ,,cTBapHuUm”, 6e3 063mpa Aa M U M1 ca TaKBUM MMaAN HenocpeaHy MHTepakumjy. To he butn
npu4ya o Pa3Bojy HayKe, BEPYjeM, KaKBa je 6uia 0 OTKpPMBakby eIeKTPOMArHeTHOr 3payera, o4 Bua/bmee
HaM CBETNI0CTW A0 crnekTpa BehnHom Hama HeBua/bMBor. Takohe o ersucteHuUnju 38yKa, o4 ppeKkBeHLn]a
KOje MOXKemo YyTW Na [0 CxBaTakba 3BYKA KA0 Tpenepeha cpeanHe ppekBeHLmMjama Koje He Yyyjemo.

Tpehu npumep Ha UCTy Temy ,,r'ypatba nog Tenux” je ,,3a0bunaxkere” (Bypass). To je KoHLenNT, 3a caaa,
camo ,Teopuje nHpopmauumje“. MocTynnparbem ersucteHumje ob6jeKTMBHe CAy4ajHOCTM M NoAEeLlaBabeM
UHAYKTUBHE aeduHMLMje AnmeHnsnje n3 tononoruje (Dimension), nokasyje ce ga TpMma NPOCTOPHUM
OVMMeH3njama Tpeba fopati Tpu BpemeHcke! Maeje gonase noyetkom 80-Mx Kafda cam UX CMaTPao camo
anCTPAKTHUM ,urpuLama’ ca reometTpujom, ga bux Tek HEKOIMKO AeLeHNnja KacHuje Te ,cBeToBe" n3BaH
no3aTor U NpM3HaTor 4-AMm NPOCTOPHO BPEMEHCKOT KOHTMHYYMA, Ha3MBao nceyao-peanHowhy, noTom
napanenHMm CBETOBMMa, Aa bMX KacHUje 4yo 1 3a ,,MHOTo CBeTOBa" KBaHTHe mexaHuKe (Everett, 1957).
PaspahuBarem je Ta Teopuja 3a MeHe NocTajana cBe NpuxsaT/bMBHja.

Ca jegHe cTpaHe, nonasehu og, ,MmaTeMaT30BaHe"” naeje CBETA, a OHO LUTO MOXKEMO A0Ka3aTh Aa ce He
MOXKe faecuTn — Hehe ce AecuTu, 1 Aasbe 4a je UCTUHA PeasHOCT, a ca Apyre cTpaHe, 4a je uHdopmauuja
TKMBO PeasIHOCTH, HA Hally PeaNHOCT MOXKEMO I1e4aTu Kao Ha BPCTY ,,Mceya0 peasnHocTh . Y nakeTy ca
TUME UE M ONUCUBAHE HEKE ,,CTBAPHOCTU KOMMNIEKCHUM BpojeBrnMa, KOju ce y pasHUM NpopavyHUMa
(peurmo 36mMp KorbYroBaHO KOMMJIEKCHUX je peanaH 6poj) nojassbyjy Kao peasHu pesynTaTtu.

Ha Taj HaumH rnegajyhun, ako je KOHaYHOCT Kpajibyi gomeT Mohu Halwmx nepuenumja (He y matematuum),
TO jOL yBeK He 3HayuM A3 6eCKOHAYHOCTH, UK 3a06unaxKerba NyTem napanesiHe peanHocTu, He NocToje.
Tapa Ha AvpuxneoB NPUHLMN MOXKEMO rNefaTh Kao anpoKCMMaLMjy peasHoCTU MaKpOo CBeTa KOju Hac
OKpY’Kyje, Kao BPCTy NOCAeANL,a 3aKOHA BeIKUX BpojeBa, MM jo LWMpe Kao Ha OHY BPCTY ,,cMNa“ Koje
HacToje A OKyn/bajy.

CafawmOocCT Ce pasBuja TOKOM jeHe BpeMeHCKe IMHMje Kao MHGopMaLmMja KaHaloM NpeHoca, aHanorHo
HauyMHUMa TpaHCchopMaLMje CUTHaNa Y CBOjCTBEHWN NPEHOCHMKY (M NPEeHOCHWKa curHany). MpenosHajemo
y TOMe M oApuLarba 04 c10604a *KUBUX jeAMHKM pagy CUTYPHOCTU, YA PYKUBaHA Y KONIEKTUBE, HacTaHaK
Behux opraHMsame, ann 1 NerOCT, MHEPLMjY, UM 3aK0e oAprKatba. 3aTO je Hala CTBapHOCT noberna us

6eCcKoHaYyHOCTH, @ 3aNpPaBO CMECTU/A CE Y jeAHOM HeHOM geny?

67.2. [yTarbe BpemeHa

TpajeKkTopuje cagawHboCTh LpPTajy 3aKOHM nHepLMje, Ta4Hnje NPUHLMN HajMakber 4ejCcTBa, UAM CMOHTAaHa
TEXKHba Pa3Boja CTakba Y Matbe MHGOPMATMBHA, Y BULLE BepoBaTHa. OBPHYTO U jeHAKO TauHO, TEOPUjcKa
du13mnKa pekna bu, TpajekTopuje KpeTarba YectTnua pewerba cy Ojnep-JlarpaHKoBum andepeHumjanHux
jefiHauYMHa — Koje cy oneT Ha ,,PUHLMNY Hajmarber aejctea” dpusmke Npoctop-speme®* (cTp. 54).

24 Space-Time, 1.2.6 Lagrangian, Theorem 1.2.10, p. 53.
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MehyTum, NpoTULarbe BPEMEHA 0BAE CariegaBaMo Mano Aasbe o4 3BaHU4YHe pusuke. MNpe csera, 70 je
3aKpPMBJ/bEHOCT 4-AMM NPOCTOP BpeMeHa Teopuje penaTMBHOCTM y jol ABe AnMeH3nje BpemeHa (Times
in Relativistic Motion, November 16, 2014). ConcTtseHn nocMmaTpau je Ae/IoM Yy BpemMeHy HeBUA/bUBOM
penaTUBHOM NOCMATPAYy M OTyAa PeNaTMBUCTUYKA AUNaTaumja BpemeHa.

Bp3unHa npoTularba BpemeHa je (y mojoj Teopuju Hpopmalmje) marba ca MakbM 06MMOM peannsaumja
ncxom[a, ca MakbOM YKYNMHOM KOIMYMHOM gorahaja nocmaTpaHor oKpy»Kerba. 3a1o he aTomcku, uam 6uno
KOju ApYrv, YaCOBHULM NOCMATPAHOr CUCTEMA PAAUTU CIOPUje Kaa My KOMYHMKaLuje Teky cnopumje. A
Taja je TakaB Matbe MHPOPMATUBAH U, NPEMA HaYeTHOM MUHUMANU3My, npmeaavaH. OTyaa jeaHauymnHe
onwTe penaTMBHOCTU NOKa3yjy rpaBUTALLMOHY MPUBIAYHOCT MeCTa ca CNOPMjUM TOKOM BpeMeHa. 3aTo cy
N Oa/be TayKe CUCTEMA KOjU POTMPA NPUBAAYHE OHUM BAMMKUMA LEHTPY.

CAnYHO ce Aellasa v NPUANKOM jeHONMKOT MHEPLMjaNHOr KpeTakba (CreuunjasiHe penatmBHOCTH), Kaaa

Npou3BoA jeAnHMLA BpeMeHa M AYXKMHA Yy NPaBLYy KpeTarba OCTaje KOHCTaHTaH, aan 3a nocmaTpaya Koju
BUAM KpeTakbe OHe ce Metbajy Tako Aa cy npse Behe a gpyre marbe ca Behom 6p3vHom. CONCTBEHU XOZ,

je onet aesiom y BpeMeHMMa HEBUA/bUBMM PenaTUBHOM, asiv TaKaB He MoB/ayun NPoCcTop 3a cobom (WwTo
ce y c/iyyajy rpasutaumje goraha), a HUTK genyje Ha MPOCTOP NOCMATPaya, Na 3a YectTuue Koje bu morne
onayKkaTu onucaHa KpeTarba TakBu gedpuunti gorahaja He nocTajy GUTHM.

EdeKkaT npuBnayHocT MarKa MHGOpMaLMje Hanasnmmo 1y npueaavHoctn naxu (The Truth), 36or Koje
Ce OHe NaKlue Wupe Meaujuma, jep NosyucTuHe u GUKLMUjy YMHM NPUBAAYHMjUMA 33 YNTakbe Of A,0Ka3a
MaTeMATUYKKMX CTaBOBa. Havme, nax je pasbnaxkeHa uctmHa! CaMyHe 3aKOHUTOCTM TUYY CE€ MHOTUX OHMX
Teopeme 0 afanTaLyju NOPYKe Koja ce NPeHOCH KaHanom (M 06pHYTO je, ann Marbe NPUCYTHO), Aa bu ce
HaKOH Ayror HM3a TaKBMX KOHCTAHTHMX TpaHchOopMaLLMja MOPyKa jaB/basia Kao CBOjCTBEHM BEKTOP, @ Cam
KaHan Kao LpHa KyTuja.

Kapa je nHdopMaumja CBOjcTBEHM BEKTOP KaHaa, OHa ce He TpaHcdopmuLie TeKyhu TaKBUM M MOCTUNKE
CBOj ONTUMYM (MMHUMYM) M3beraBarba Merbatba, a BepoBaTHONe Koje je M3parkaBajy CBOj ONTUMYM (OHe
Makcumym). To nocyhyjemo 13 nuHeapHe anrebpe 1 HacnyhyjeMo 13 KNacMYyHMX TeEOPUja CyYajHOCTK.

[pyra cTpaHa oBe npuye je Takohe 3aHMM/bUBA. CMOHTAHOCT NPUBAAYeHba MakbKa ,KoAnYMHe onunja“
oprosapa UCToj oabujarba BULWKA, Ko LUTO OBAE OTKPUBAHO Y ,,CM/IM HEM3BECHOCTUN”. YHMBEP3aHOCT
oBe NojaBe MOTMBHMLIE A3 je TParKUMO M Tamo r4e HUKaga He 6UCMO, PeLMMo y CBMM BPCTama GU3NYKUX
cuna. Jasbe y TOM cmepy je 3anakake fAa CBaka AaHac npernosHaTa yectuua GusmKe MMa Hekun Haboj, Aa
pearyje Ha HeKy no3HaTy ¢u3nyKy cuny. MNpema Tome, goaatv hemo, cee Hama nosHate puUsnUKe cune
nokpehy ce carnacHo TOKOM BpeMeHa Halle CagallHoCTH, A0CAeAHO HaueHOj WTearbu HPopmMaumje
KaKBY je M1 BUAMMO.

Tpeba 6UTK eroueHTPUYaH Na BEPOBaTK Aa HEMA APYIMX CMAa Camo 3aTO LUTO MX HE MOMKEMO BUAETH, HU
APpYyraumjmx 4ectTmua Kojuma 61 Bpeme TEKI0 CYNPOTHO HaweMm, HUTK moryhHocTu aa ,,nceyao peanHocT”
MOCTOjM Ha HaYMHe Koje He MOXKEeMO onayKkaTu HenocpegHo. Y Tome he Hac Beh caga mokaa nokonebatu
CUMETPMja HEKUX NO3HATUX jeaHauYMHa pU3MKe Ha CMep BPEMEHA, a Aasbe TO YUMHUTU 1 cnoboae bupatba
6UN0 Koje YeTUpM oA LWEeCT AMMEH3Mja NPOCTOpP-BpemeHa (HOBe Teopuje nHbopmaLMje), CTaB/batbemM
AYKUHE ict 332 BpEMEHCKY KoopuaHarTy.
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